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24. Notes on Certain Analytic Functions

By Mamoru NUNOKAWA*) and Shigeyoshi OWA**)

(Communicated by KSsaku OSID), M. $. A., March 13, 1989)

1. Introduction. Let (n) denote the class of functions of the form

(1.1) f(z)=z+

_
az (n e :-(1,2, 3, ...))

k=n+l

which are analytic in the unit disk cU--{z:Izll}.
A unction f(z) belonging to the class (1) is said to be starlike with

respect to the origin if it satisfies

{zf’(z)}>O (z e cU)(1.2) Re
f(z)

which is equivalent to

(1.3) ]arg(zf’(z)f(z) )1<= (z e cU)"

Let *(a) be the subclass of (1) consisting of functions which satisfy

(1 4) arg ( Zf’(z)

tor some o (0<o<_1) and tor all e cu. Clearly, a tunetion f(z) belonging
to the class *(o0 is starlike with respect to the origin in the unit disk cU.

urther, a tunetion f(z) in the class (1) is said to be convex of order
o if it satisfies

zf"(z)(1.5) Re(l+ f’(z)}>a
for some a (0<=a 1) and or all z e cU. We denote by J(a) the subclass of
/(1) consisting of all such unctions.

2. Some properties. We begin with the statement of the following
lemma due to Miller and Mocanu [1].

Lemma 1o
with f(z) a.

Let f(z)=a+anzn+an/lZn/l+. (n e ) be analytic in cU
If Zo=roe (0rol) and

If(zo) max If(z)I,
[zlr0

then

(2.1)

and

(2.’2)

where m1 and

Zof’(Zo) --m
f(Zo)

Re {1+ zof"(Zo)}>m,f’(zo)
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(2.3) mn If(z)--al2 If(Zo)l--lal
if(Zo)12__lal2-- If(Zo)l+la

Applying the above lemma, we derive
Theorem 1. Let a function f(z) be in the class o(n) with f(z)=/=O for

0<lzl< 1. If Zo roe (0< ro< 1) and
If(Zo) min If(z)I,

Izl<=ro

then

(2.4) Zoff(Zo) 1-m

_
0

f(Zo)
and

(2.5)

where m>_ 1 and

(2.6)

Proof.

Re I1+ Zof"(Zo)}>_ l-m,f’(Zo)

m>_n Zo-- f(Zo)[ ro--If(Zo)l
ro--lf(Zo)l- ro+lf(Zo)l

We define the function g(z) by

(2.7) g(z)-- z
f(z)

Then, by the assumption and the maximum principle, g(z) is analytic in
cU, g(0)=l and Ig(z)] takes its maximum value at Z=Zo=roe in the closed
disk zl<_r0. It follows from this that

(2.8) [g(z0) l=max [g(z) l=z0.
izl_ro If(Zo)l

Therefore, applying Lemma 1 to g(z), we observe that

(2.9) Zog’(Zo) 1- Zof’(Zo) =m
g(zo) f(Zo)

which shows (2.4) and

(2.10) Re{l+ zg’’(z) )g’(zo)

zf"(Zo) Zof’(Zo)=l--Re { f(Zo)-Zof’(Zo) }--2Re { f(Zo) }
m f’(Zo)

which implies (2.5), where m>_l and

m n g(Zo)-- 11 Zo--f(zo)=n >_n ro If(Zo)l.
--[g(z0)[--I r--[f(zo)l ro+[f(zo)l

This completes the assertion of Theorem 1.
Noting that if f(z)e (n) is univalent in cU, then f(z)vO for O[z[l,

we have
Corollary 1. Let a function f(z) in the class (n) be analytic and
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univalent in cU.

then

and

where m1 and

If Zo roe (0 ro 1) and

f(Zo) I=min If(z)I,
Izl<ro

Zof’(Zo) 1--m <: 0
f(Zo)

Zof"(zo) } > 1--m,Re 1-t-
f’(Zo)

m>n lZo- f(Zo)[ ro-lf(Zo)ln
r-If(zo)l- ro+lf(zo)l

In order to show next property, we have to recall here the following
lemma due to Sheil-Small [3].

Lemma 2. Let f(z)e(1) be starlike with respect to the origin,
C(r, O) {f(td) 0< t <r}, and T(r, O) be the total variation of arg {f(te)}
on C(r, 0), so that

(2.11)

Then we have
T(r, )<.

With the aid of Lemma 2, we prove
Theorem 2. If f(z) e /(1) belo.ngs to the class () with (1/2)=<<1,

then f(z)e 5*(2(1-)), or (c)___5*(2(1-)) for (1/2)<=<1.
Proof. For a function f(z) belonging to the class () ((1/2) =< <1)

we define the function g(z) by

(2.12) lq- zf"(z) =c+(1-) zg’(z).
f’(z) g(z)

Then we see that g(z) is starlike with respect to the origin in cU. With an
easy calculation, (2.12) leads to

(2.13)
f(z) \-Z] -where the integration in (2.13) is taken along the straight line segment

from 0 to z. It follows from (2.13) that

(2.14) zf’(z)f(z) {o t-(’g(tz) )-dt}
An application of Lemma 2 implies that

(2.15) !arg (g(tz))l < (zecU)
g(z)

where 0tl. Letting

(2.16) s-- t- (g(tz) )-"g(z)
(2.14) implies that
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(2.17) arg ( zf’(z) dr).f(z) ) --arg (10 s

Since, from (2.15) and (2.16),
(2.18) larg (s) ]<=(1--a),
we have

(2.19) ]arg (: sdt) <(1-) (z e cU)

by the property of the integral mean (see e.g., [2, Lemma 1]). This proves
that

(2.20) arg ( Zf.(Z ) <(1-) (z e CU)
f(z)

that is, that f(z)e *(2(1--a)).
Taking a= 1/2 in Theorem 2, we have
Corollary 2. If f(z) e (1) belongs to the class j(1/2), then f(z) e

*(1), or

(z e ).arg (zf’(z)f(z) )1
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