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80. Properties of Certain Integral Operator

By Shigeyoshi OwaAa*) and Ke HuU**)

(Communicated by Kosaku YosIpa, M. J. A., Oct. 12, 1989)

1. Introduction. Let 4, denote the class of functions of the form

o

1.1) J@=z+ > @zt (neJl={1,2,3, .-}

=n+

which are analytic in the unit disk U={z: |2|<1}.
A function f(z) in the class 1, is said to be a membker of the class
() if it satisfies
1.2) ’i@—1]<1—a (ze V)
2

for some o (0 w<C1).
Let the functions f(z) and ¢(z) be analytic in the unit disk ¢J. Then

the function f(z) is said to be subordinate to g(z) if there exists a function
w(z) analytic in U, with w(0) =0 and |w(z)|<1 (z € V), such that

(1.3) J@)=g(w(z)) (zeU).
We denote this subordination by
1.4) f(@)<g(z).

In particular, if g(z) is univalent in ¢J, then the subordination (1.4) is equiv-
alent to f(0)=g(0) and F(U)Cg(U) (ctf. [2]).

This concept of subordination can ke traced to Lindelof [5], but Little-
wood ([6], [7]) and Rogosinski ([10], [11]) introduced the term and discovered
the basic properties.

For a function f(z) belonging to the class . 4,, we define the generalized
Libera integral operator J, by

(1.5) TG@= T [t rwa (@zo.

The operator J,, when ¢ ¢ J], was introduced by Bernardi [1]. In partic-
ular, the operator J, was studied earlier by Libera [4] and Livingston [8].
2. Properties of the operator J,. In order to derive our results, we

have to recall here the following lemma due to Miller and Mocanu [9] (also
Jack [3]).

Lemma. Let the function

(2'1) w(z):bnzn+bn+lzn+l+ tre (%632)

be regular in the unit disk U with w(2)#£0 (z e U). If z,=r,e" (r,<1) and
(2.2) IW(Z")IZIHEX |w(2)],

then B
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(2.3) 2w’ (20) =mw(z,),
where m is real and m>n=>1.

Applying the above lemma, we prove

Theorem 1. If a function f(z) defined by (1.1) is in the class A, (),
then
2.9 JLLE) <14 Qe

n+1

Proof. It is clear for f(z):z (ze U). Then we assume that f(z)=z

(ze U). Define the function w(z) by

(2.5) ,f]ﬁcLJ;A(@*:__l L a A—aw(z)

for f(z) e A.(«a), then we see that w(z)=0,2"+b,,,2""'+ - - - ig regular in U
and w(z)#£0 (z e U). Note that

(2.6) Us@y=—c U 141 f@
Therefore, if follows from (2.5) and (2.6) that

S _ l—« 2w’(2)
@.7) 2 1= (w(z)+ i )

Suppose that there exists a point z, ¢ U such that

ln‘aa,x lw@)|=|w(z,)|=

Then, with the aid of Lemma, we have

:__l—a (1 m )> A—a)n+c+1) -1_
n+1 c+1/= m+D(e+1) = ’

which contradicts that f(z) € J,(w). This shows that |w(z)|<1 for all ze U,
that is, that
EGORSINIES
n+1
Taking ¢=0 in Theorem 1, we have
Corollary 1. If f(2)e A, (a), then

1[50 gy, A0z
2.9) ; jo R

Next, we have

Theorem 2. If a function f(z) defined by (1.1) is in the class A, (),
then

2.10) Re{iﬂ”f(z))}>0 (ze U,
where

The bound of |B| s best possible for the functwn f(z) defined by
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2.12 oy A—a)mtot1) .0
(2.12) J@) =2+ Dt 2
Proof. By virtue of Theorem 1, we see that
(2.13) icﬁ(&)l__lt <l=a L oqp.
4 n+1

Therefore, it follows from (2.13) that
Re {ew ;Q_(_L(g))_} >0 e )
z
for
Bl 5 —sin= (2 ¢).
-2 n

Further, the bound of |B| is best possible for the function f(z) e A.(«) de-
fined by

(2.14) Jf@) _qy A—a)2"
z n+1
which is equivalent to (2.12).
Letting ¢=0 in Theorem 2, we have
Corollary 2. If f(z)e A, (), then
2.15) Re {ﬁg f ALl dt}>o (e ),
z Jo ¢
where
BI=Z —sin(2 %),
2 n+1
The bound of |B| is best possible for the function f(z) defined by
(2.16) f@=z+A—a)z"*".
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