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17. Single-point Blow-up for Semilinear Parabolic Equations
in Some Non-radial Domains

By Yun-Gang CHEN*) and Takashi SUZUKI**)
(Communicated by Kosaku YosIipa, M. J. A,, March 14, 1988)

§0. Introduction. In this note, we consider
ut—_‘Au"I'f(u)y (t, ») G(O’ T)XQ’
E) u=0, (t,x) e (0, T)Xo0,
(0, 2)=uy(x), zrel.
Here QCRY (N=2) is a bounded domain with smooth boundary and the
initial value u,=wu,(x) =0 is sufficiently smooth, say, u, € C'(2)NC,(2). The
nonlinear term f(u) satisfies
0.1 feC¥0, 0)NC[0, ), f(s)>0 for s>0.
Let u=u(t, ) be the classical solution of (E). Its existence time T is
defined by
0.2) T=sup {c>0|u(t, ) is bounded in [0, ] X £}.
It is well known that for a large class of f and initial value u,, the
solution u(t, ) may blow up, i.e., T<+ oo and
0.3) B u(t, ) ooy = - oo

In this case we say that u=wu(t, x) is a blow-up solution, and T is the blow-
up time (see, for instance [3], [4]).

Here, we consider the blow-up points in some non-radial domains and
will give some single-point blow-up results under a weaker hypothesis than
the radial symmetry or convexity for Q.

Definition. The blow-up set, or the set of blow-up points of u=u(t, x)
is defined as

S={x ¢ Q|there is a sequence (¢,,,) in (0, T) X 2 such that
t, 1T, ,—~x and w(t,, x,)—>o0 as n—+ oo},
and each point x € S is called a blow-up point of u(t, x).

By the definition, we can see that S is a closed set. The standing as-
sumption throughout this note is that f(-) and %, is such that the solution
blows up. For f we assume the following condition.

(F) There exists a function F'=F(u) such that
(i) F()>0, F'(s)=0 and F’(s)=0 for s>0;
.. © ds .
(ii) X W<+ 0 ;
(iii) there is a constant ¢ >0 such that
JF(F(8)— f(S)F'(8)=cF()F'(s) for s>0.
This condition is originally introduced in [6]. It can be seen that
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f=u* (p>1), f=2e** 2>0, u>0) or f=au?+bu’ (a,b>0, p,¢>1) satisfies
().

With the concepts to be defined later in §1, our main result reads as
follows.

Main Theorem. Let {7 ,}/_, be a set of independent unit vectors and
{T,}-, be hyperplanes defined by T,={x e RY|x-7,=c,} for c; € R such that
N2+, j=1,---,N. Suppose that 2 has weak Gidas, B., W.-M. Ni,
and L. Nirenberg (GNN) symmetry for each T, and f satisfies (F). If for
each T, u,(x) is symmetric and weakly GNN decreasing along +7, (j=1,
-+, N), then the solution blows up only at a single point. Actually, the
blow-up set is nothing but S= N4, T,.

We would like to mention that the results can also be extended to the
cases concerning the Neumann or Robin boundary condition, and for some
unbounded domains such as RY, or domains with corner points in 992.

§1. Definitions of GNN properties. We recall some concepts intro-
duced by B. Gidas, W.-M. Ni and L. Nirenberg in [7].

Let 7 € RY be a unit vector and T, be the hyperplane defined by T,=

{xeR¥|z-r=2} for a real number 2. Since £ is bounded, if |2|>
sup {{z||x € 2} then T,N2=. Put
a.n o*=sup {§| T;N 2+ 2}, oy =1Inf {6|T,N 2~}
Then — o0 <9, <d*<+ o0 and T, N2+ @ if §,<2<é*. For T, and a point
x € RY with z ¢ T,, the reflection (or symmetric point) of x for T, is a point
2’ € RY such that the line segment connecting x and 2’ is orthogonal to T,
with dist (z, T) = dist (', T,), where dist(-,-) indicates the Euclidean
distance.

Definition 1.1 (Weak GNN property). Let 1€ (6,,0%), de(@,d* and
put G={x e 2|2- 7>}, GO)={x e Q|x-7>d}. We say that the domain Q2
has weak GNN property for T, along the direction 7 or G is a weakly GNN-
type subdomain of 2, if for each § in (1, 6*), the reflection set G'(8) of G(3)
for T; lies in £, where

G'(3)={x’ € RY |’ is the reflection for T, of x, x € G(9)}.

Definition 1.2 (Strong GNN property). We say that the domain 2 has
strong GNN property for T, along 7 or G is a strongly GNN-type sub-
domain of 2, if 2 has weak GNN property for T, along 7 or equivalently
G is a weakly GNN-type subdomain of £, and T, is not orthogonal to 92
for each § € (1, %).

Definition 1.3 (Local GNN property). Let G be a connected com-
ponent of {xe2|x-7>2}. If G satisfies the assumption of Definition 1.1
(respectively, Definition 1.2) then G is called a weakly (resp. strongly)
GNN-type component of 2 for T, along 7.

Definition 1.4 (GNN symmetry). Let ¢ (dy,0*). We say that 2 has
strong (respectively, weak) GNN symmetry, or 2 is strongly (resp. weakly)
GNN symmetric for T,, if 2 has strong (resp. weak) GNN property for T,
both along 7 and —7.
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It is obvious that the strong GNN symmetry implies the weak one.

Definition 1.5 (GNN decreasing property of a function). Let g(x)e
C(2) and G be a weakly GNN-type subdomain, or component, of 2 for T,
along 7. We say that g(x) is strongly GNN decreasing (resp. weakly GNN
decreasing) along 7, if for each d§ € (1, 6%),

1.2) g@)<g(x') (resp. g(@)=gx)), xe G()
holds true, where «’ is the reflection of x for T,.

§2. Fundamental lemmas concerning blow.up sets. For each two
nonzero vectors ¥, z in R¥, let 6= {y, 2> € [0, z] be the angle between them.
As an improvement to the general case of a result in [2], we have the fol-
lowing fundamental lemma.

Lemma 2.1. Let u be a positive solution of (E), Q be an open subset
of 2 and v be a nonzero vector in RY. Suppose that f satisfies (F). If
there is a constant ¢ in (0,7/2) and a time z€(0,T) such that the angle
0={v,Vu) is confined in [0,0] or [xr—o,z] for all (¢, %) € [z, T) X Q, then there
is no blow-up point in Q.

This lemma can be proved by the method of [6] of introducing some
auxiliary function J(¢,x2). However, we take some different form of their
J, and consequently our argument does not depend on the boundary condi-
tion of u.

The following lemma also follows from the argument of [6] of reflect-
ing some portion of Q.

Lemma 2.2. Let G bea strongly GNN-type component of 2. Suppose
that f satisfies (F) and u(x) is weakly GNN decreasing and non-constant
in G. Then there is no blow-up point in G.

With Lemma 2.2, we can show a single-point blow-up result for strongly
GNN symmetric domains.

§3. Outline of proof of main theorem. From Lemma 2.1, we can
derive the next.

Proposition 3.1. Under the assumption of Main Theorem, the blow-
up set is located in UJ., T;.

Outline of the proof for main theorem. For simplicity, we only deal
with the case T;,={x,=0}. There is no blow-up point in 2\(UJ}_,T,) by
Proposition 8.1. For each j, we can see from GNN property and the
smoothness of 952, that there exists a constant 2 e (34,0*) such that G=
{x € Q|x,>2} is a strongly GNN-type subdomain of 2 for T,={x € RV |x;=2}
along e;, the positive direction of x,. Thus, there is no blow-up point in a
neighborhood of P,, the intersection point of positive x;-axis and 32, by
means of Lemma 2.2. Similar argument can also be made in the negative
direction of -axis for j=1,---,N. Hence there is a positive number ¢>0
such that there is no blow-up point in the domain Q.= {z € 2|dist (x, 02) <e},
namely, S is compact and SC2,N(UY, T)), where 2,=2\Q..

Therefore, we can take a closed surface /" in @, Udf2 such that the sub-
domain £, enclosed by the boundary I' is simply connected and has strong
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GNN symmetry for T,, j=1, ---, N, with SC2,. Let e (0,T), then u(z, )
is strongly GNN decreasing for the corresponding hyperplanes and vectors.
Noting that

sup {f(u(t, 2)) [ (¢, x) € [0, T) X '} <+ o0
sup {u,,| (¢, ) € [c, T)X 2, #,>8}<0 for each small 6>0 (1<j<N), we can
easily get the conclusion by a similar argument to the proof of main
theorem for strongly GNN symmetric domains. Q.E.D.
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