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§0. Introduction. Weyl's reciprocity theorem says that the sym-
metric group &€,, and the general linear group GL (#, C) are mutually com-
mutant (i.e. (&, GL (n, C)) forms a dual pair [3]) on the tensor space (C™)®™.
The purpose of this paper is to give the spinor analogues of this theorem :
we claim (8p(2m), 3p(2n)) forms a dual pair on the o(4dmn)-module A(C*™),
and describe its irreducible decomposition as a 3p(2m)P3p(2n) —module
(Theorem A). The affine Lie algebra pair (C®, C$) also forms a dual pair
on /\(W;m,,) (Theorem B). As corollaries we deduce new dualities for
branching rules. Details appear in our forthcoming paper [2], where we
also construct various dual pairs for all classical Lie algebras, and for their
affinizations. Our method is similar to that of [8], which deals with dual
pairs on the Shale-Weil modules.

§ 1. Finite dimensional case. 1.1. After [1] we review the spinor

01
[y, o]
+ [g (l)‘]X = O}. Let C(W,,) be the Clifford algebra over the vector space

l

Wy :=V'®V,~C", where V':=@,_,Cy’ and V,:= @', Cy,, with a sym-
metric bilinear form (, ) defined by

(‘P‘i’ \I/‘j)=5tj and (‘l"t’ ‘l’j)=0=(\l/'u Th) for ]-Si’ ]Sl
As a C-algebra C(W,)~Mat (2!, C). Itsirreducible representation is real-
ized on the exterior algebra A(V?), with defining 1 the vacuum vector and
V* (resp. V) the creation (resp. annihilation) operators. Write [a, b] for
ab—ba, and the spinor representation s is defined by

1
s:02D) 5 [B(’; ;0 ]Héw, ¥le COW,)=~End A(VY,

—EI,
0 BB ey, [0 0L i i
[0 “ 5 gt g—m, ol gttevd  (=uish.

1.2. Now we deal with the dual pair (3p(2m), 3p(2n)). Recall that
1 1
2n): = {X e gl ‘X[ ] [ ”]X=O
spem): = (X egiem ‘x| _ M|+, }

n n

_ {[A B] A,B,Ce g[(n)},
C —tAll'B=B, 'C=C
and let l=2mn. Then there exist two Lie algebra monomorphisms R : 3p(2n)
—0(2l) and L: 8p(2m)—0(2l) so that R(3p(2n)) = L(3p(2m)) and L(3p(2m))’

representation of the orthogonal Lie algebra o(2l)={X € gl(2l)
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=R(3p(2n)), where A’:={x ¢ 0(2]) |[x, A1=0}. Such R (resp. L) arises from
the right (resp. left) action of 3p(2n) (resp. 3p(2m)) on Mat (2mx2n, C).
Considering so R and so L, we get

Proposition 1. The map gp(2n)—C(W,,,,)~End A (V™) defined by

3p(2n) 5 "f g __OEJ ]»_*_)_1_ i @2, Ay J— =52, y_, 1) € End A(V*™)
PO Etj+E _1_ < D 5, p
o 0 ] 2 2 % gl T2 D)
00 o e -
o s, ol 5 o O ) (A <)

18 a Lie algebra monomorphzm, and so is the map

sem s [0 9 | 5 @ pd e, v D e End A7

L0 —Ey,
_g qu-gEqp]’—)_;_ZZ: ([wjp "P_j’q]"-[‘lfj’q’ 1P,—J'd?])

[ 0 0 12

sz, o5 5 Wi Vs d e vis) Q<m0

Here we use symbols **? (resp. Yar,p) <0< m, 1<k<n) for the
basis of V* (resp. V), instead of 7 (resp. ¥) (1<7<D in 1.1. Note that
AVH= AN(VI®r~ A (C*™)®™ as gp(2n)-modules.

Let §:={h e 3p(2m) |k is diagonal}, n, := {[‘% _,i]lA is strictly upper

triangular, ‘B=B} and n_:=‘n,, then we fix a triangular decomposition

3p@2n)=n,@hdn_. By L) we denote the irreducible g-module with highest
weight 2. A sequence Y=(y,, - -+, ¥,) € Z" withn>y,>- - - >¥Y,.=>01is called
a Young diagram contained in the m X n rectangle, and the set of all such
sequences is denoted by R,,,. ForY=(y,) eR,,, weset|Y|:=23, Y,, and define
Y'eR,, by taking the complement of Y in R,, and transposing it: for
example,

F3 5
Y 3 pand i R el mn
Rm,,9Y=[E}= 2 =n‘:# —> Y= E]::n__= = 2 eR,,
Ly fo] | ) ©
0 2

) (m=5, n=4).
Put Y([Ejf _E ):=yj for Y=, -+, ¥n) €R,,, and we identify a

J

diagram with a dominant integral weight of 8p(2m). Then our main result
is
Theorem A. As a 3p(2m)P3p(2n)-module,
/\ (VZmn) ~ @Y eRansp(Zm)(Y)®Lsp(2n)(YT).
The highest weight vector of the Y-component with respect to 3p(2m)
®3p(2n) s Ngp-s ¥»!-1, where Y e R,,, is identified with (52) as follows:
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R,.2Y 1...n; —m-..-—1
. 1ft1 1l
[ . 1110. -
= n[ «—> . e 110.-. | = (gg)p=1;--~;m e Mat(mxzfn).
. 0 Kk HAALHE 1)

All irreducible highest weight module of 3p(2n) appears as the irredu-
cible component of N (V*™), when m varies over Z.,.

§2. Affine version. 2.1. Let §:=g®CIt, t-'1PC*t be the non-twisted
affine Lie algebra associated to a simple Lie algebra g (see [5]). We review
Frenkel’s spinor representation of 0%(2l) [1]. Let C’(Wu) be the Clifford
algebra over the C-vector space W, :=W,, Q@ C[t, t-'] with a symmetric form
s W () 1=y, (s ¥, Where () = @ 1. Put Wi := (W ®ICIED®
(V,®1) and Wi :=(WuRt'Clt'DB(V'®1), then A(W3) becomes an ir-
reducible C(W,)-module by defining 1 the vacuum, W; (resp. W) the crea-
tion (resp. annihilation) operators. Define

1 if u>0>y,
:a(wb@) : :=a(wb@)—(aly), b(v))e, where ¢ :={1/2 if p=0=y,
0 otherwise
and the spinor representation § is defined by
§: 82 > ¢ ®—>id e End A(W3)
X (k) : =X@t—>3 ez :0()b(k—p) ¢,
for X e o(2l) that satisfies s(X)=(1/2)[a, b] (¢, bec W,) and ke Z.

2.2. We proceed to the dual pair (C®, C®). Again taking I=2mn we

get a Lie algebra monomorphism L (resp. R) by defining

L: 8p*(2m) 5 A(k)——> L(A)(k) e 0*(2) [resp. R: 3p"(2n) s A(k)
——>R(A)(k) € 0" (2D)
¢t em NI ¥ en) ’ Ny

Proposition 2. The map $oL: sp*(2m)— End AWz.) (resp. $oR:
8p"(2n)—End AW is a level n (resp. m) integrable representation of
3p"(2m) (resp. 3p”(2n)), and [§ o L(3p*(2m)), § - R(3p"(2n))]1=0.

Theorem B. Asa 3p"(2m)P3p"(2n) —module,

AW i) = DBy e, L ¥ (Y, m)QLP* (Y, m).
The highest weight vector of the Y-component is /\7}>=11P-p"7(0)'1, where (§?)
is as in Theorem A. All level m irreducible integrable highest weight
module of CL appears as the irreducible component of AW,

Here we write Li(Y, n) for Li(1), when the highest weight 1¢ (H®1
@Cct)* satisfies A(c))=n and 2|z, =Y € R,,,=—>h* (see 1.2).

Theorems A and B are shown by the Weyl-Kac character formula and
its application derived by Jimbo-Miwa [4].

§3. Dualities of branching rules. We derive two affine cases here.
First; noting AW igsmw = AW z)Q AW z,.) we deduce

Corollary 3. Define the coset Virasoro module AL, (resp. %) by
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L (Y, )= B e, et ey OL (Y, MBL M (Y, 1)
(resp. L*" " (y, DQL* " *(y', m) =Dy en, 1 . BYY'QL¥" *(y, I+ m)).
Then AL, ~B%v foryeR,,, ¥ eR,,and Y eR,,,, ..
Next we consider the restriction to the subalgebra
3p(2n)RCIt, t-'11PCe Cap(2n)RCIE, t ' 1PCec=2ph"(2n).
This time the counterpart is 8p*(2m)=—s> 8p"(2lm), where ¢ is defined by
Lemma. (i) The following map is a Lie algebra monomorphism.

- E’, B’ ®F,.,_, 0
caprems|Pe S ](’L+kl)i———>2[ ) —E’qp®E‘+’"‘,](k+1)
L[EPQE,, 0 X
+ 3 [FeFe g (CEERED
[(0) E"q—(i)—E ](’L-}-kl)p——)V‘ [O E? ®Eji j+1+Eq QRQE -+ 1](10-]—1)
+ Z [0 B ®E L+i- j+1+Eq ®El+l jH](k)
J=i+1 O
0 0
— k
[qu+E« ](Hkl) Z [E”q®El v port B QB9 0]( )
l 0 0]
k+1),
j=lZ+:1‘i [qu®Ejzt-t—j+1+Eqp®Eu'i'j“J 0 (k+1)

co " Cm) 5 o8 Gim) a<i<l, ke Zand 1<p, g<m).

(ii) Letl=2. Then «(3p"(@2m))=/{x € 3p"(dm)|c(x)=x}, where o is the
order 2 diagram automorphism of C{) [4].

Corollary 4. Define A% (resp. BY) by

LY (Y, m) =@y en, , AVDL** (Y, lm)
(resp. L*"®™(Y, 1) = ®ycr,, . By ®L*"*™(y, n)).

Then AY,~B} as a Virasoro module, for YeR,,, ,and ye R, ,.

This is our second duality, which is shown by using ‘“principal picture”
on A(W;,). The case n=1 of Cor. 3 appears in [6] and [7], and the case
=2 of Cor. 4 appears in [4].
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