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The eigenvalue problem of the Laplace operator and its relation to the
geometrical structure of the domain have been studied by many authors.
It is usually the case that the eigenvalue and its eigenfunction vary con-
tinuously under the smooth deformation of the domain. But if the defor-
mation of the domain is weak or wild (i.e. the topological type is not
conserved or some part of the domain degenerates, etc.), the set of the
eigenvalues may not converge to that of the limit domain and some of the
eigenfunctions may behave singularly on the perturbed portion of the
domain. We deal with a singularly perturbed domain 2({)=D,UD,UQ()
(z>0) where one part Q(¢) degenerates to a one-dimensional segment as the
parameter {—0 while D, D,=@ and we characterize the behavior of the
eigenfunctions. J. T. Beale [1] has dealt with a domain perturbation
similar to the above. He has considered an exterior domain 9 of a bounded
obstacle with a partially open cavity and characterized the set of the scat-
tering frequencies when the channel to the cavity is sufficiently narrow.
Especially in the case of Neumann boundary condition, he has proved that
the set of the scattering frequencies is approximated by the union of the
scattering frequencies and that of the eigenfrequencies on the limit line
segment of the channel 71 with the Dirichlet boundary condition on the
endpoints of the segment. See [1] for details. By applying the method
of [1] to our situation, the set of the eigenvalues {y.({)};., of —4 for the
Neumann boundary condition, is decomposed as follows : {#(O)}r-.={2()}i-:
U{0/O}s-, where {0(0}r-. approximates the set of the eigenvalues on
D, UD, and {2,(0)};-, approximates the set of the eigenvalues of —(d*/dz?) in
the limit line segment for the Dirichlet boundary condition. The purpose
of this paper is to present a characterization theorem for the eigenfunctions
to {2.(O}r-; and {w({)}5-1, respectively.

§1. Formulation. We specify the singularly perturbed domain 2({)
in R” in the following form,
where D,(i=1,2) and Q) are defined in the following conditions where
' =(Zyy Xyy -+ -5 T,) € R*V.

(A.1) D, and D, are bounded domains in R” (mutually disjoint) with smooth
boundary which satisfy the following conditions for some positive
constant ¢, >0.
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D.N{z=(x,, 2) e R*| 2, <1, |2'|<8Cy}
={(1, ) e R*||2'|<8(4}
D,N{x=(x, ) e R*|x,= —1, |&'| <34}
={(=1,2) e R*||2'| <3y}
(A.2) QO=RQURMQOUI®
R(O={(&, ) & R"|1—2L<2,<1, |#/|<Col(z,— 1) /0)}
RAO={(®, @) & R"| —1<2, < —14+2¢, |&/|<Cp((—1—,)/0)}
Ir@Q={®,2)e R"|—-1+2t<2,<1-2¢, |2/|<C}
where p e C°((—2,0]) N C=((—2,0)) is a positive valued monotone increasing
function such that p(0)=2, p(s)=1 for s € (—2, —1) and the inverse function
p~': [1,2]—>[—1, 0] satisfies lim,_,(d*p'/d£*)(§)=0 for any nonnegative
integer k. Hereafter we denote the points »,=@1,0,..--,0), p,=(—1,0,
..., 0) and the set L= N, QO ={(3,0, ---,0) e R"| —1<2< 1),
We consider the following eigenvalue problem (1.1) in 2(¢) for small
£>0.

(1.1) 00 — on 9200,
av
where 4= 7_,0"/0x} is the Laplace operator and v denotes the unit out-
ward normal vector on 902(¢). Let {(0};-. be the eigenvalues of (1.1)
arranged in increasing order (counting multiplicity). By applying the
method of J.T. Beale [1], we can separate the set of the eigenvalues of
(1.1) for small £>0, i.e. {#()}-, is expressed as follows

1.2) {HK(C)}?-A: {wk(C)};;l U {xk(C)};:;l’

where {09}, is a perturbation of the set of the eigenvalues in D,UD,
for the Neumann boundary condition and {1,(0)};-. is a perturbation of that
for the operator —(d?/dz*) in L with the Dirichlet boundary condition on
the endpoints of the segment L.

Let {wi}x-: and {¢.}r-. be respectively the sequence of the eigenvalues
arranged in increasing order and the complete system of the correspond-
ing orthonormalized eigenfunctions of the following eigenvalue problem in
D,UD,.

{Aq>+ D=0  in 2©),

(1.3) %55_ =0 on 8D, U3D,.
v
O=0,=0, <0, < -+ - —>00, ||¢k"L2(D1UD2)=1’ k=1
We put 2,=(kx/2)* and S,(z)=sin (kx/2)(2+1) (k=1) which are respec-
tively the eigenvalues and the complete system of the eigenfunctions of
the following eigenvalue problem

{A¢+w¢=0 in D,UD,,

d2
A =0’ '_1 ’
ws {dz2 S+28 <z<1
S(—1)=S8(1)=0.

We also assume the following condition
(A.3) (e H{onleo= 0.
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By the above argument, we have,

Proposition.
1.5) limwk(C)':wk’ lim lk(c)=2k (k:]., 2, 3’ o ')-
-0 {—0

§2. Main result.

Theorem. Assume n=3. We can choose a complete system of the
orthonormalized eigenfunctions {@ o (|Piclliscocy=1 @i+ D) rraicy=0,
k+m) which are separated as follows {Dy i1 ={dr.cJi1 U {Vu}ie1 where O, ,
P and V., Tespectively correspond to 1(0), () and 2,(8), and satisfy the
following conditions,

2.1 1{1_1})1 Ve, llzapsu oy =05

(2.2) lim  sup |dVC" Y (@, 27) — Si(x,)]|=0,
-0 z=(21,2")EQQ)

(2.3) lim sup |@ (@) —gu()|=0,
{—0 r€Di1UD2

(2.9 lim  sup  [@e (@, 2)—Vi(a)|=0.

-0 z=(21,2)€QEQ)
Here we denoted by V, the unique solution of the following two point
boundary value problem (2.5) for each k=1,2,8, .-,

@V 3 B
o5 {kav_o, 1<2<1,
V)= ¢k(291), V(-D= ¢k(202).

and d is the (n—1)-dimensional Lebesgue measure of the unit ball in R*-*,
§ 3. Short argument about the proof.
Let {®, };-. be any complete orthonormal system of eigenfunctions in
L¥(Q(). We separate it into two families {®{}}r_; ({=1,2) by the follow-
ing conditions :

lim 198 |z oy = 005
3.1 L

gﬁo D |z caeyy < oo

It is easy to see,
1%11;1 1987 |zscpsu 0y =1, _lzl_lgl [ Ps¢l|zacpsupyy =0.

where @, (2)=PLU®) /|| 8%~ oy

The important point in our proof is to characterize the behavior of the
eigenfunction in the sense of the uniform convergence. We can apply the
method developed in [2] and [3] to {&, };-. and {&Z};., which are uniformly
bounded. Thus we can prove that each @, , converges uniformly to 0 in
D,UD, and any sequence of positive values {¢,} | 0 has a subsequence {s,,}
such that @, converges to S, or —S, when m—oo in Q(s,). Similarly,
we can deduce the asymptotic behavior of @).
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