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Some Applications of the Generalized Libera
Integral Operator
By Shigeyoshi OWA*) and H. M. SRIVASTAVA**)
(Communicated by K6saku YOSIDA, M.J.A., April 14, 1986)

Summary. The object of the present paper is to prove several interesting characterization theorems involving the generalized Libera integral
operator v6 and a general class C(a, ) of close-to-convex functions in the
unit disk. An application of the integral operator fie to a class of generalized hypergeometric functions is also considered.
1 Introduction. Let //denote the class of functions of the form

f(z) z +

(1.1)

,

anZ

which are analytic in the unit disk cU={z’[zll}. Also let q denote the
class of all functions in
which are univalent in the unit disk cU. Then
q
a function g(z) e is said to be starlike of order a if and only if
Re zg’(z) > a
(1.2)
[ g(z) J
for some (0I) and for all z e U. We denote by S*() the class
all functions in S which are starlike oJ order
Note that

.

3"(o)_*(0)--3"3

(1.3)

(0GI).

Throughout this paper, it should be understood that unctions such as
zg’(z)/g(z), which have removable singularities at z--0, have had these
singularities removed in statements like (1.2).
The class 3*(a) was introduced by Robertson [8], and was studied subsequently by Schild [9], MacGregor [5], Pinchuk [7], Jack [2], and others.
A function f(z) e l is said to be in the class C(, fl) if there is a starlike
function g(z) of order a such that

Re

(1.4)

z f’(z)_ >
[

g(z) J

Jor some (0I) and Jor all z e U. It Jollows from (1.4) that
(.5)
C(, )C(, r)
(0__<r__<).
In particular, C(0, 0) is the lamiliar class of close-to-convex functions, and
C(0, fl) is an important subclass of close-to-convex functions. Thus C(a,
provides an interesting generalization of the class o close-to-convex
functions.
In the present paper we make use of the generalized Libera integral
operator oq, defined by Equation (2.1) below, with a view to proving several
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interesting characterization theorems involving the class C(, ). We also
to a class of generalized
consider an application o the intergral operator
hypergeometric unctions.
For a function f(z)
2. The generalized Libera integral operator
belonging to the class
we define the generalized Libera integral operator
by
ffc

,

cc-

flc(f)--c+l:t-lf(t)dt

(2.1)

zC

(c>0).

,

The operator o, when c e
{1, 2, 3,
}, was introduced by Bernardi
[1]. In particular, the operator
was studied earlier by Libera [3] and
Livingston [4].
The ollowing result will be required in our analysis of the class C(a,/3)
using the general integral operator
Lemma (Miller and Mocanu [6, p. 301, Theorem 10]). Let M(z)and
N(z) be regular in the unit disk U with
M(0) N(0)-- 0,
(2.2)
and let be real. If N(z) maps ct] onto a (possibly many-sheeted) region
which is starlike with respect to the origin, then

Re

(2.3)

fl(z e cU)Re [

[N’(z) J

fl
N(z) J

(z e cU)

M(z)

(z e U).

and

Re M’(z)

(2 4)

< fl(z e cU)Re

With the help of Lemma, we now prove
Theorem 1. If the function f(z) defined by (1.1) is in the class C(a, ),
then

Re

(2.5)

(2.6)

> fl
{ z(_flc())’
(g)

(z e U).

Proof. A simple computation gives
c t-’ f (t)dt
z
Z(c(f))’_ f (z)--

[i

Setting

(2.7)
and

N(z)

(2.8)

z

=.1o t- g(t)dt’

so that (2.2) is satisfied, we observe that

(2.9)

Re M’(z)_
[N’(z)J

Re z_f’(z)
[

g(z)

)

> ft.

Thus, by using the lemma, we have

(2.10)

ReM(z)=Re{Z(c(f))’
-(g) J :> ’
X(z)
[

J
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which completes the proo o Theorem 1.
Corollary 1o Let the function f(z) defined by (1.1) be in the class
*(fl). Then oc(f) is also in the class
Proof. Setting f(z)=g(z) and a=fl in Theorem 1, we obtain

f(z) e *(fl).Re

(2.11)

-z(c(f))’
fl,
c(f)

which proves the corollary.
A natural combination o Theorem 1 and Corollary 1 is cntained in
Theorem 2. Let the function f(z) defined by (1.1) be in the class
C(, fl). Then c(f) defined by (2.1) is also in the class C(, fl).
Proof. Since g(z) e *(a) or f(z) e C(a, fl), Corollary 1 implies that
tic(g) e *(a).
(2.12)
Applying Theorem 1, we conclude that f(z) satisfies the inequality (2.5) for
g(z) e *(a), that is, that
q(f) e C(, fl),
(2.13)
which proves Theorem 2.
Putting c=fl=0 in Theorem 2, we have
Corollary 2. Let the function f(z) defined by (1.1) be close-to-convex
in the unit disk cU. Then vqc(f) defined by (2.1) is also close-to-convex in
the unit disk
Remark. Taking c--1 in Corollary 2, we obtain the corresponding
result given earlier by Libera [3, p. 758, Theorem 3].
Finally, by using the same technique as in proving Theorem 1, we arrive at
Theorem :). Let the function f(z) defined by (1.1) satisfy the following inequality"

Re

(2.14)

[-g-(zJ /

(z e cU)

for some fl (0gfll) and g(z) e S*(a). Then
Re (c__(_f))__’ fl
(2.15)
(z e q/).
J-o(g)

(

:.

Applications to the generalized hypergeometric unctions.
q) be complex numbers with
p) and b (]--1,
a
q).
(/=l,
bj=/=0, --1, --2,...
generalized
is
Then the
hypergeometric unction pFq(z) defined by
ap bl,
(3.1)
pFq(z)pF(a,
b z)
z
(a)... (a)
gq

(]= 1,

...,

...,

Let

...,

...,

...,

/ 1),
(P
(b)n (-qi i
where () is the Pochhammer symbol defined by
if n=0,
1,
(3.2)
() F(, / n)
i n e N.
F() ( + 1). ( + n-- 1),
We note that the Fq series in (3.1) converges absolutely or [zl c if p q
+1, and for z e cUif p=q/l.

(
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Applying Theorem 2 to the generalized hypergeometric function (3.1),
we shall prove
Theorem 4. Let the function
(p__<q+l)
z pFq(a,,..., ap; b,..., bq; z)
be in the class C(a,/9). Then the function

z/,Fq/(a,

..., a, c+l; b, .-., b, c+2; z)

is also in the class C(a, fl).

Proof. It ollows from the definitions (2.1) and (3.1) that
(3.3)
cc(Z pr(z)) c+ 1 tc-l[tr(a"
" a b, ., b t)]dt
(a,)n’." (a)n
c-+-I z +1

i

=n--0 (b,)

(bq)n n+c+l
=zp/lF/l(a, ..., a, c+l b, -.., b, c/2; z),
which, in view o Theorem 2, yields Theorem 4 immediately.
Finally, by using Theorem 4 repeatedly, we obtain
Corollary 3. Let the function
z pF(a, ., a b, ., b z)
be in the clas C(, [). Then the function
z /F/(a,
c2 z)
a, c+l, ..., c+l b, ..., b, c2,
is also in the class (a, fl), where c>=O (]=1, ..., k).
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