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36. Some Applications of the Generalized Libera
Integral Operator

By Shigeyoshi OwaA™® and H. M. SRIVASTAVA**)

(Communicated by Késaku YosIDA, M. J. A., April 14, 1986)

Summary. The object of the present paper is to prove several inter-
esting characterization theorems involving the generalized Libera integral
operator 4, and a general class C(«, B) of close-to-convex functions in the
unit disk. An application of the integral operator 4, to a class of gener-
alized hypergeometric functions is also considered.

1. Introduction. Let ./ denote the class of functions of the form

1.1) F@=z+ z 0,2

which are analytic in the unit disk U={z:|2|<<1}. Also let S denote the
class of all functions in ./ which are univalent in the unit disk ¢J. Then
a function g(z) € S is said to be starlike of order « if and only if
1.2) Re {iql(i)} >a
9(2)

for some a (0<a<<1) and for all zeU. We denote by S*(a) the class of
all functions in & which are starlike of order «. Note that
1.3) S* ) SS*0)=S*C S 0<a<l).
Throughout this paper, it should be understood that functions such as
29’'(2)] 9(2), which have removable singularities at z=0, have had these
singularities removed in statements like (1.2).

The class S*(«) was introduced by Robertson [8], and was studied sub-
sequently by Schild [9], MacGregor [5], Pinchuk [7], Jack [2], and others.

A function f(2) €  is said to be in the class C(«, p) if there is a starlike
function g(z) of order « such that

2f'(2)
(1.4) Re {‘Bﬁf} >8
for some B (0<8<1) and for all ze U. It follows from (1.4) that
(1.5) Cla, SC(a, 1) O=r=p<D).

In particular, C(0, 0) is the familiar class of close-to-convex functions, and
C(0, p) is an important subclass of close-to-convex functions. Thus C(e, B
provides an interesting generalization of the class of close-to-convex
functions.

In the present paper we make use of the generalized Libera integral
operator 4., defined by Equation (2.1) below, with a view to proving several
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interesting characterization theorems involving the class C(«, ). We also
consider an application of the intergral operator 4. to a class of generalized
hypergeometric functions.

2. The generalized Libera integral operator .. For a function f(z)

belonging to the class 4, we define the generalized Libera integral operator
g by
@1 gn="T1 [t rwat (20

The operator 4., when ce J1={1, 2, 8, - - -}, was introduced by Bernardi
[1]. In particular, the operator 4, was studied earlier by Libera [3] and
Livingston [4].

The following result will be required in our analysis of the class C(«, )
using the general integral operator 4. :

Lemma (Miller and Mocanu [6, p. 301, Theorem 10]). Let M(z) and
N(2) be regular in the unit disk U with
2.2) M(0)=N(0)=0,
and let B be real. If N(z) maps U onto a (possibly many-sheeted) region
which is starlike with respect to the origin, then

2.3) Re {%{%2} >p(z e U)=>Re {ﬁ\”f((j))} >5 (zeU)
and
@2.4) Re {%Eg }< Bz e U)=Re {%?(g} <8 (ze).

With the help of Lemma, we now prove

Theorem 1. If the function f(z) defined by (1.1) is in the class C(a, p),
then

@.5) Re {i(}((gf))l} g (zeU).

Proof. A simple computation gives

2(g. )y _ FT@—e I rrmd

(2.6)

49 j te-1g(t)dt
Setting 0
@.7) M) =2°f(2)—¢ j te-1 F(t)dt
and '
2.8) N) :f t-1g(t)dt,
so that (2.2) is satisfied, we observeothat
2.9) Re {%%}: Re {fgzgl}> 8.
Thus, by using the lemma, we have
2.10) Re {%%} —Re {E%ﬁ%%&} >8,
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which completes the proof of Theorem 1.
Corollary 1. Let the function f(z) defined by (1.1) be in the class
S*(B). Then 4.(f) is also in the class S*(B).
Proof. Setting f(2)=g(?) and a«=g in Theorem 1, we obtain
(2.11) J(2) e S*(B=>Re AILN N~ 5
DR (T >

which proves the corollary.

A natural combination of Theorem 1 and Corollary 1 is contained in

Theorem 2. Let the function f(z) defined by (1.1) be in the class
C(a, ). Then 4.(f) defined by (2.1) is also in the class C(a, p).

Proof. Since ¢g(z) € S*(a) for f(?) € C(a, p), Corollary 1 implies that
(2.12) 4.(9) € S*(a).
Applying Theorem 1, we conclude that f(z) satisfies the inequality (2.5) for
g(®) € S*(a), that is, that
2.13) g.(f) e Cla, P,
which proves Theorem 2.

Putting «=p=0 in Theorem 2, we have

Corollary 2. Let the function f(z) defined by (1.1) be close-to-convex
n the unit disk U. Then 4.(f) defined by (2.1) is also close-to-convex in
the unit disk .

Remark. Taking ¢=1 in Corollary 2, we obtain the corresponding
result given earlier by Libera [3, p. 758, Theorem 3].

Finally, by using the same technique as in proving Theorem 1, we ar-
rive at

Theorem 3. Let the function f(2) defined by (1.1) satisfy the follow-
ng inequality :

2.14) Re {ﬂf@} <8 (zed)
9(2)
for some B (0<8<1) and g(z) € S*(w). Then
240N
2.15) Re { i }< B (e

3. Applications to the generalized hypergeometric functions. Let
a; (=1, ---,p) and b, (=1, - - -, @) be complex numbers with

b,£0, —1, —2, .-+ (=1, -, 0.
Then the generalized hypergeometric function ,F,(z) is defined by
(301) qu(z)Equ(a'ly STy ap; bly D) bq; z)

S fﬂ?)L(ﬁ'g)_’z ng
“EGheen s eser,

where (1), is the Pochhammer symbol defined by
3.2) (2), = I'QA4+n) 1, if n=0,

"765”{1(”1)- --(+n—1), ifneN.
We note that the ,F', series in (3.1) converges absolutely for |z|<co if p<lq

+1, and for ze U if p=q-+1.
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Applying Theorem 2 to the generalized hypergeometric function (3.1),
we shall prove

Theorem 4. Let the function
z;qu(av ) ap; bly ) bq;z) (pé—(I‘l‘]-)
be in the class C(a, ). Then the function
2 pirFgi(ay, <oy ap c+15 by, -+, by, €425 2)
is also in the class C(«, p).
Proof. It follows from the definitions (2.1) and (3.1) that
(33) O[Zc(z qu(Z)) = C;}—cl J: tc_l[thq(al’ ] ap; bl, Sty bq; t)]dt
_ i (@), - -(a), c+1 2"
220 (b -+ (b)a ntc+l n!
=z p+1F’q+1(a1’ sty Oy c+1; bv oy bq’ c+2; 2),
which, in view of Theorem 2, yields Theorem 4 immediately.
Finally, by using Theorem 4 repeatedly, we obtain
Corollary 3. Let the function
2@y -y 0,5 by 0, b5 2)
be in the class C(w, B). Then the function
2ol i@y -y @y e+, e 15 by e, by 642, -, 625 2)
is also in the class C(a, p), where ¢;=0 (j=1, - - -, k).
Acknowledgements. The present investigation was carried out at
the University of Victoria while the first author was on study leave from
Kinki University, Osaka, Japan. This work was supported, in part, by

the Natural Sciences and Engineering Research Council of Canada under
Grant A-7353.

References

[1] S. D. Bernardi: Convex and starlike univalent functions. Trans. Amer. Math.
Soc., 135, 429-446 (1969).

[2] I. S. Jack: Functions starlike and convex of order «. J. London Math. Soc.,
(2)3, 469-474 (1971).

[3] R. J. Libera: Some classes of regular univalent functions. Proc. Amer. Math.
Soc., 16, 755-758 (1965).

[4] A.E. Livingston: On the radius of univalence of certain analytic functions. ibid.,
17, 352-357 (1966).

[5]1 T. H. MacGregor: The radius of convexity for starlike functions of order 3.
ibid., 12, 885-888 (1961).

[6]1 S. S. Miller and P. T. Mocanu: Second order differential inequalities in the
complex plane. J. Math. Anal. Appl., 65, 289-305 (1978).

[7]1 B. Pinchuk: On starlike and convex functions of order «. Duke Math. J., 35,
721-734 (1968).

[8]1 M. S. Robertson: On the theory of univalent functions. Ann. of Math., 37, 374—
408 (1936).

[91 A. Schild: On starlike functions of order «. Amer. J. Math., 87, 65-70 (1965).



