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27. Miixed Problem for Weakly Hyperbolic Equations
of Second Order with Degenerate First
Order Boundary Condition

By Masaru TANIGUCHI
Department of Mathematics, School of Science and Engineering,
Waseda University

(Communicated by Kosaku YoSIDA, M. J. A., March 12, 1984)

Introduction. In this paper, we are concerned with a mixed
problem for second order hyperbolic equations degenerating on the
initial surface with degenerate first order boundary condition in
(0, T) X 2 and prove the existence and uniqueness theorem for classical
solutions. The point of our proof is to derive the energy estimate.
To do so, we reduce our mixed problem to the one with positive
boundary condition for symmetric hyperbolic pseudo differential
systems of first order (see [1], [4], [5]). The detailed proof will be
given in Tokyo J. Math.

The author wishes to express his hearty thanks to Profs. H.
Sunouchi and K. Kojima for their kind criticisms.

Writing this paper, we have been informed the result of A. Kubo
“On the mixed problems for a weakly hyperbolic equations of second
order”, which is obtained independently of our paper. Both the
result obtained and the method used by him are different from ours.

§1. Statement of the problem and the result. In this paper,
we consider the following problem

a’“ 2t"Zh,(t, x) —t* 3] aytt, OB a
Xy hy=t &
au "
1.1) ¢ w0, x)=wu,(x), t(O 90) ul(x)

Blull=(/ z ault, s)w(s)w(s)%‘dr St 9 2

J

—B(t, s)%’;‘ma uls=g(t, 3)

in the domain (0, T) X2 where 2 is a bounded domain with smooth
boundary d2=S in R", k is a positive integer, v(s)=.(s), - - -, v,(8)) is
the inner unit normal at se S and v.a=0. We assume that all the
coefficients belong to B([0, T1x 2) or B0, T1xS).

For any s, € S, there is a following smooth coordinate transforma-
tion ¥ : V—W such that
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( i ) w‘('go):yoz(oy ?/6)=(0, Yozs = **» yOn)-
(ii) V and W are neighborhoods of s, and y, respectively.
(iii) ¥: V—W is a bijection.
(v) rTnS)=WNR .
and

(vi) L is transformed into the L where
1.2 Ezré—zt’c t t2k & .
(1.2) P Z} ki, v) ata m ;3 (6 y) iay,
a,(t, y) — + ¢! t,
=+ dy( y) ot + 3'Zz=1aj( Y) a
for any y ¢ WNR".
We assume the following conditions for the problem (1.1):

s 9
AT L(t, 0 ) hy(t, - t,
@D Lt o o) = o ]Z 6 @) ata z, uzla“( ) om xiax,

is regularly hyperbolic on [0, T] X 2 and Z o, (t, $)v,(s)y;(s)>0.

(A.II) (i) By the above coordinate transformation ¥, B is
transformed into B where

a8 B-—_ 1 {t"[a,,(t 0,y j]

+d(t, y)

7

'\/au(t 0,y )

R0, 4) O }+tk>:aj(t ¥
1
, t, 0, y)\"” R, 0, ¥')*\ ™
B
Fe 1+ ¢ 0 ) { dn(t, 0, )
’ h(t 0, %) ’ ] " ,
h(t, 0, 4& 0, y)——— | +7(E, ¥
3 [ 0,000 a6 B0 ,} 7t ')
for any y=0, ¥)e WNR""".
(ii)) The quadratic equation (¢+1)2242bz4-(¢—1)=0 has roots in
D={z e C||z|<1} where

=§: at, V)n A0, c=ft, )

a0 =[z ult, 0,9 = o (38066 0,00m)
(14) ﬁl(t 0 y/)z o
+(1+v'—dn(t 0 -?/T)> (]Z_: h (&, 0,y "n;

_ h(,0,9) v
ay(t, 0, ) JZ“: 1j(t 0 ?/)7]1)]

for any y=(0, ¥)e WNR" ' and any o =@, - - -, 9.)-
Definition. We say that the data {u,(x), uw,(x), f(&, x), g, 9)}
satisfy the compatibility condition of infinite order provided

(2 Y @ule=(2 Y oles =012,
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Now we have

Theorem. For any data u,(x), u(x) e H*(Q), f(¢, x) € E(H>(Q))
and g(t, s) e E(H=(S)) which satisfy the compatibility condition of
infinite order, there is a unique solution u(t, x) of the problem (1.1)
which belongs to E(H>(2)) where H*(2)= ﬁo H™(2).

§2. Boundary condition. In this section, we explain the suf-

ficient condition for the existence of the local coordinate transforma-
tion ¥ satisfying the assumption (A. II).

We set
3 0 n
L(t, ,—A,é) S Bt @ £,
o 5 90 ) o ]Z i )atax, ”21 2 x) zax,
@.1) Bo(t, s,% P > \/Z,JZ_)lau(t 8)vi(S)v, (8)~

+jZ=10(j(t’ S) ax _‘B(t’ S)—%‘

J

where v-a= fj v,(8)a,(t, $)=0. We consider the uniquely determined
relation B, (t s, T, Ev(8)+p)=E+D d(y)—clr for

e . 1 _Lo(t s, 7, &v(8)+7)
2] 32 4t ion

(Z nesm®)
= ‘_{Lo(t, S, 7, SXJ(S)"‘—?])
3 ayt, v |

+E&(t, s, 7, E0(8)+ 7)Y

22 { ;=11
z 5 -+

d~(77) \/N ~ —L (t S, 7, £V(S)+7})
where any £ € R and any 7 € R" satisfying Z v,(8)y;=

Lemma. If, for any fixed se S, the quadmtw equatwn (¢, +1)z2
4+2b,24(c;—1)=0 has roots in D={z e C||z|<1}, we can obtain the
local coordinate transformation ¥ satisfying (A.II) where b, and c,
are the same in By(t, s, z, v(s)+7)=E+b,d () —c,z.

Proof. We fix s,eS. Let p=(u, ---, #.) be the inner unit
normal at s,, Without loss of generality, we may assume that there
exists a smooth function p(x) which satisfies the following condition
e(V,NS)=0 and (9p/0x,)(V,) 0 where V, is a neighborhood of s, Now
we choose y,=p(®) and y,=x;,—(¢;,/p)r, C<j<n) as ¥. Then the
condition (A. IT) holds (see [3]). Q.E.D.

§3. Sketch of the proof of Theorem. First, we mention two
facts necessary to obtain Theorem.

By using a partition of unity on 2 and the local coordinate trans-
formation, we have only to treat the mixed problem in (0, T) X R* and
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the Cauchy problem inN(O, T)X R". .
For the operator L in (1.2), we have the principal symbol ¢,(L)
=§2+c2(77’)2—?2 which corresponds to the symbol of the wave equation

where 3 5
(g e ae )
T [FOMERA D, )]
6D (&= {t|ane ver 5 ane v | +he e
d@)= t"[; uy(t, Yhmin;— W<Z ay(t, y)m)
A By i B0 )]

for (8,7)=(, 7 -, 7.) € R* (see [2]). We have t*d(y)=d(y)], -, and
a(B)—-z[§+bd(77’) ly,—o— cF1+7(, y’) for B in (1.8), and b and ¢ in (1.4).
Also, we have the similar representation when we treat the Cauchy
problem (see [2]).

Using (A. 1), (A. II), the facts mentioned above and the method to
obtain the energy estimate in [5], we consider the localized problem
of (1.1) and can obtain Theorem.
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