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1o Summary. We can solve the Toda equation with two time
variables
(1.1) XY log t=t+t_/t
(X=3/3x, Y=3/3y, t=t(x, y)) using solutions of the telegraph equa-
tion
(1.2) (XY+1)u= 0.
Rational solutions, Bessel function solutions and solutions which are ex-
pressed by hypergeometric functions with two variables are obtained.

2. B/icklund transformation. When tn satisfies (1.1)
(2.1) r=XY log t, Sn= Y log t_/t
satisfies
(2.2) Yr=r(Sn--Sn+l), Xsn--r_--r.
Let us introduce the ollowing triple ot partial differential operators
(2.3) Mn=XY+sn+X-r, X=--r;X, Y=Y+sn+I.
Define
(2.4) T={u M0u0=0, Un+=YnU (n>O), u_=Xun (n0)}.
We can show

Theorem 2.1 (Bcklund transformation). If u e T then we have
Mu=O, u+=Yu, U_=XUn (n=0, ___1, +2, ...) and vn--Utn sat-
isfies the To.da equatio.n (1.1).

We can obtain all solutions of the Toda equation (2.2) with sepa-
rated orm r=f(n)g(x, y). f(n) must be a polynomial in n of order
2 and our solutions are

( ) r=(n--)(n-)a’(x)b’(y)(a(x)/b(y))-,
(ii) r=(n-a)a(x)b(y), (iii) r=a(x)b(y),

where a and are arbitrary constants and a(x) and b(y) are arbitrary
unctions. In this note we. only treat the Biicklund transforms o the
simplest solutions (iii).

3. One.parameter groups on T. No loss ot generality we can
assume, that a(x)--b(y)=l. In this case we have
(3.1) t=e, r=l, s=0,
(3.2) M=M=XY+I, X=-X, Y=Y.
We can determine all o the first order partial differential operators
D=a(x, y)X/b(x, y)Y+c(x, y) which commute with M (modulo M).
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Theorem :.1. Dimension of the vector space {D=aX + bY+c
MD--DM=(a+b)M} is 4. The bases are X, Y, Z=yY--xX, 1. If
u e ker M then Xu, Yu, Zu e ker M.

We can construct three one-parameter groups of linear transfor-
mations and a finite group which keep T invariant.

Theorem 3.2 (Main theorem). If u e T then
(3.3) X(2)u(x, y)=u(x+ 2, y), Y(l)u(x, y)= Un(X, y+ [),

Z(,)U(X, y)--eun(e-x, e’y),
(3.4) Rgn(X, y) (-- 1)u_(y, x)
belong to T. X(2), Y(I) and Z(,) are one-parameter groups of linear
transformations with generators X, Y and Z=yY--xX+n respec-
tively. Each of these one-parameter groups and corresponding
generators keep ker M invariant. {R=id., R} is a finite group.

We can show the ollowing commutation relations.
Theorem :.: (Commutation relations). For any values of com-

plex numbers , l and we have
(3.5) X(,) Y(/)-- Y(/)X(),

Y(/)Z() Z(,) Y(e/),
(3.6) X(2)Y YX() X(2)Z (Z 2X)X()

Y(p)Z=(Z+IY)Y([), Y(I)X=XY(z),
Z(,)X=eXZ(,), Z(,)Y=e-YZ(,),

(3.7) XY=YX, XZ=(Z-I)X, YZ=(Z+I)Y.
4. tigenfunctions. Eigenunctions of Z are given by Bessel

2unctions J(z) and Neumann unctio.ns N(z).
Theorem 4.1. Dimension o,f the )ector space T {u e ker (Z

+’)} is 2. Its bases are given by
(4.1) f(" x, y)--(--/-/y)/J/r(/-y),

g(" x, y)=(--/-/y)/N/(/-y).
We have the following relations.
(4.2) --Xfff x, y)=fff--1 x, y), Yf(" x, Y)--f0"+ 1 x, y),

--Xg(7 x, y):-g(7--I x, y), Yg(7 x, y)=gn(7+l x, y).
Since Y(X+ 1)--M Y-- 1 then it follows
Theorem 4.2. A base of the o.ne-dimensio.nal vector space

T (Un e ker (X+ 1)}= T (u e ker (Y--1)} is given by
(4.3) p--exp (y-- x).
(4.4) 2(,)= e exp (ey--e-x)=_ e-f(];x, y)
is a base of one-dimensional vector space

T {u e ker (X+ e-) ker (Y e)}.
Remark. u=(2(,)+2(-,))p gives 1-soliton (anti-soliton)solu-

tion of the Toda equation.. Rational solutions, u=Zp (k=0, 1, 2, ..) give a interest-
ing series of rational solutions of the Toda equation.



No. 3] Telegraph Equation and Toda Equation 81

Theorem 5.1 (Rational solutions).
(5.1)
is a polynomial in (x, y) of order
(5.2) pn----l+XY log P,,--Pn+I.P,-I./Pn,,

a,--YlogP,_./P,.
.is a rational solution of the Toda equation (2.2).

6. Hypergeometric solutions. By eigenfunction expansion we
.can construct various solutions of the Tod equation. If
(6.1) u=7=0 af(Y+] x, y) ( is an integer)
is convergent then it belongs to T. If we choose , and a suitably
then we can express u by hypergeometric functions with two vari-
.ab.les of order 2 which appear in Horn’s list ([1]).

Theorem 6.1 (Hypergeometric solutions). Put A An(Y x)
=(-x)+/l(n+r+l).

(1) ----1, a--(a)()/]!,
(6.2) u=A j, ((a)()/(n+7+l)/]!tc !)(--x)(--xy)

A(a, , n+"+ 1 , xy)= .Fo(a, Y)f(r x, y),
(6.3) un(x, 0)=An 2F(, fl, n+ + 1 x),

(2)
(6.4) un= An#(fl, n+ "+ 1 x, xy)=Fo( Y)fn( x, y),
(6.5) u(x, 0)-- An F(/, n+ 7+ 1 x),

(3) ,-- 1, a (/) / ()] !,
(6.6) un--AH(--Y--n, fl, x-, xy)--F(, --X)fn(" x, y),
(6.7) u(x, 0)-A F(-r--n, , x-l),
if we choose = then
(6.8) u--A exp (--2/--xy)Hs(--2-2n, n+7+1/2;

--(4x)-, --4/--xy)
exp (--X)fn(" x, y) fn(7 x 1, y),

(4) 1, a 1 / ()] !,
(6.9) un--AnH,(--T--n, x-, xy)=oF( --X)fn(" X, y),
(6.10) Un(X, O)=An F(--T--n, 3 x-),

(5) s=--2, a 1/()]
(6.11) u=AH,o(--r--n, x-, xy)=oF(8 X2)fn( X, y),
(6.12) u(x, 0)=A F(--(r+n)/2, (1--7--n)/2, ; 4x-).
Above series are all convergent on a suitable do,main in the co.mplex
(x, y) space.

We used Pochhammer’s notation
,F(a,, ..., c,,/, ...,/ z)- ]7--0 ((c,)... (a;) / (,)... (/)j !)z,
(a)--F(j+a)/F(a).
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