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72. Fourier Coefficients of Eisenstein Series of Degree 3

By Yoshiyuki KITAOKA
Department of Mathematics, Nagoya University

(Communicated by Shokichi IYANAGA, M. J. A., Sept. 12, 1984)

Our aim is to give explicit formulas of Eisenstein series for Sp,(Z)
except the 2-Euler factor. In case of Sp,(Z) they are given in [5] and
essentially in [1]. It is known, [6], that they are products of local
densities of quadratic forms up to elementary factors. Thus we have
only to evaluate local densities.

In this note, we assume that p is an odd prime, and m(=4) is
even natural number. Set

S= (1 1’"“) (1,.,,=the identity matrix of degee m/2).
m/2

We use the notation «,(T,S) in [2] for local densities, and for sim-
plicity we write «(T) for «,(T, S). Denote by X the quadratic residue
symbol mod p.

Theorem. Set d=A—p ™A —p* ™), and for a diagonal matrix
T whose diagonal entries are ep® (1<i<3) with ¢, € Z}, —1<a,<a,
<a,, set

T =a@T)—@* " +0°"™)a(pT)+p**""a(T),
and X(T)=1, X(—ee,), 2 —ee;) 0F X(—ee,) according to a,=a,=a, mod 2,
o =a,7#a, mod 2, a,#a,=a, mod 2 or a,#a,%a, mod 2. Then we have
T(T)/d:1_l__X(T)p(z—m/Z)(a1+az+as+6)’ and
1) n case a,=a, mod 2,
a(T)/d= >, ( 2. pe-m)pe-mmE

0<k<ar 0<i<(ai+az)/2—k-1

+pa1/2+(5—m)a2/2( Z p(Z—m/Z)k)( Z p(4_m)j)

0<k<ai 0<j<[(ag~az—1)/2]

+X(_6152)pa1/2+(5—m)a2/2( Z p(‘z—m/Z) k)( Z p(4—m)]’)

1<k<a1+1 0<j<[(az—a2)/2-1]

__|_X(T)p(a1+a2)/2+(Z—M/Z)Gs( Z p(Z—m/?)k)( Z p(?’—"‘)j)
0<k<ai 0<j<(aa—a1)/2
+X(T)p(7n/2—l)a,+(2—m/2)(a,2+a,3)+3—m (Z p(l—m/Z)j)pG—m/‘Z)k’
0<k<a1-1 0<j<k
2) in case a,7%a, mod 2,
a(T) d= ( (5—m)1) @-m/2)k
/ OSkZS:u1 0313(“«1;!;2—1)/2—’01) p
_|_X(T)p(m/2—1)a1+(2—m/2)(az+as)+3—m Z ( Z p(l—m/m)p(2~m/2)k
0<k<ai1-1 0<j<k

+X(T)p(al+az)/2+(Z-W/Z)as+(3-7")/2( Z p(Z—mﬂ)k)( Z p(3-m)1)'

0<k<ay 0<j<(ag—a1-1)/2
Corollary 1. Let a,(T) be the Fourier coefficient of Eisenstein

series of weight k (=0 mod2) for Sp,(Z) (n<8). Let T be a half
integral positive definite n xXn matriz. Then the Dirichlet series
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S0 0@ TYp~"
18 a rational function in p~°, and the denominator is
(A=p™) T2y L—prir o),
and the degree of the numerator in p=* is n, and if (v, |T)=1, then
it is n—1.

Corollary 2. Let T be a half-integral positive definite 33
matrie. Then Stegel series b,(s, T) in [3] is equal to «(T) in the theo-
rem when m s replaced by 2s.

To prove the theorem, we have only to see that the values in it
satisfy the induction formula in Theorem 1 in [2] which is explicitly
given in

Lemma. Let p be any unit of Z¥ with 2(p)=—1, and let S ve a
symmetric Z,~integral matriz of degree n with |S|=0. For a diagonal
matriz T whose entries are ep® (e, € Z3, a, € Z, 1<i<3) we write
a(elpau, &p", 8310“") fOT “p(T, S)

Set X(e,p™, 0™, &™) =a(e,p™, &,p™, &;p™) —p*~"ae(e,p™, &;p™, &p™%).

1) In case 0<a,<a,<a,.

X(ep™, ep™, ep*)—p° "X (0™, ep™ %, &™)
=d, (T, S)+p° "{X(ep™ % 0™, &p*) — P " X(e,p™ %, &p™ %, p™)}.
2) In case 0<a,=a,<a, (¢,=1 can be supposed).
X(p™, &p™, ep™)+p" " X (D77, p™ 7, &™)
=d,(T,S)+1/2)p° " (p—1—X(e) = X(— )X (D™ 2, £,p™, &0™)
407" X (ep™ %, p™, &™) + (42— e))p* " X (™7, ep™ ", &p™)
+(1/2)p* " (p—1+X(e) — XU(—e)) X (9™ 7, 9e, 0™, e50%).

3) In case 0<a,<a,=a, (,=1 can be supposed). Set

Z(T)=0¢(T)—p4‘"a(€1p“‘, espaz_z’ 20‘“)
_p4_n(1 +X(—83))05(81p“‘, paz—ly eapm_l)
—(1/2)p*~"(p—1—X(— &) — X(ex))ax(ep™, P® 72, &p™)
- (1/2)?)4—”(10 -1 —X(— 53) +X(53))a(51pal’ ﬂpaz_z’ ﬂespaﬁ)

+p' " alep™, p=77 &™),
then

Z(T)—p*"Z(ep™?, p™, ep™)=d,(T, S).
4) In case 0<a,=a,=a,=0 (s,=¢,=1 can be supposed and set
g=¢6).
a(T)__pIS—lina(p—ZT)
=d (T, )+ 1/2p* "@*+1(—)p —1—2))a(p® %, p°, ep*)

+@/2)p (' —U—e)p—14X()a(yp 2, p*, nep®)
+p4—na(epa—2, pa’ pa)+p4—n(1+x(_1))a(pa—l’ pa—l, epa)
+2p* (A +x(—e))a(p®?, ep®~, p*)
+p "0 —2—X(—1)—2X(—&))a(p®~!, —p*~}, —ep®)
—1/2)p° @ —p+X(—Dp+X(—1D))a(p*~?, p* %, ep®)
—(1/2)p° (P —X(—1)a(p®~2, ep®~2, p*)
—1/2p @ —p—2—Dp+2(—1))a(p® 2, yp*~*, nep®)
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—(1/2)p° " (p—A(—1)a(p®~?, epp®~*, yp*)
—p* (A +X(—1))al(ep®~?, p*~, p*~Y)
—@/2)p" A+ 1(—= )P —X(—1))a(p®~?, p*~*, ep*~)
- 1/2)p*~** (1 = X(—e)) (P —X(—1))ex(mp®~*, p*~*, nep® ).
When S=S, we have
a,(T,9)=A—-p"HA—p*™)
A+p"H1—p*™) if 0<a, (i=1,2,3),

1_p4—m 1f 0=a1<ai (1=2y 3)7
14+ X(—eg)p?~ ™" if 0=a,=0,<as
1 if O=a1=a2=a3.

Remark. Let S be a ternary unimodular matrix. Then a(p*T)
— (P "+ 0" ") a(p*T) 4+ p"*"a(T)=0 holds for every ternary symmetric
matrix T e M,(Z,) with |T|=£0 by [2] (n=38).

References

[1] G. Kaufhold: Dirichletsche Reihe mit Funktionalgleichung in der Theorie
der Modulfunktion 2. Grades. Math. Ann., 137, 454-476 (1959).

[2] Y. Kitaoka: A note on local densities of quadratic forms. Nagoya Math.
J., 92, 145-152 (1983).

Dirichlet series in the theory of Siegel modular forms (to appear in
Nagoya Math. J.).

141 H. Maass: Die Fourierkoeffizienten der Eisensteinreihen zweiten Grades.
Mat. Fys. Medd. Dan. Vid. Selsk., 34, 1-25 (1964).

Uber die Fourierkoeffizienten der Eisensteinreihen zweiten Grades.
ibid., 38, 1-13 (1972).

16] C. L. Siegel: Einfiihrung in die Theorie der Modulfunktionen n-ten Grades.
Math. Ann., 116, 617-657 (1939).

[31]

{5]



