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72. Fourier Coefficients of Eisenstein Series of Degree 3

By Yoshiyuki KITAOKA
Department of Mathematics, Nagoya University

(Communicated by Shokichi IYANAGA, M. J. A., Sept. 12, 1984)

Our aim is to give explicit formulas of Eisenstein series for Sp(Z)
except the 2-Euler factor. In case of Sp(Z) they are given in [5] and
essentially in [1]. It is known, [6], that they are products of local
densities of quadratic forms up to elementary factors. Thus we have
only to evaluate local densities.

In this note, we assume that p is an odd prime, and m(_>_4) is
even natural number. Set

S=(lm/21/2) (lm/2=the identity matrix of degee m/2).

We use the notation a,(T, S) in [2] for local densities, and for sim-
plicity we write a(T) for cp(T, S). Denote by X the quadratic residue
symbol mod p.

Theorem. Set d=(1-p-/)(1-p-), and for a diagonal matrix
T whose diagonal entries are ep’ (1i3) with e e Z, --laa
a, set

y(T) a(p2T) (p-/2+p-)a(pT)+p-/2a(T)
and Z(T)=I, X(--ee2), X(--ee) or X(-- exe) according to ax--a2--a mod2,
a--aa mod 2, aa--a mod 2 or aa2a mod 2. Then we have

y(T)/d=I+Z(T)p(-/)(’+++), and
1) in case a--a mod 2,

(T)/d= (
Ogka Ogig(a+a)/2-k-1

Ogkga 0g g (aa -a 1)/2

+(__$l2)pa1/2+(5-m)a2/2( p(2- m/2) )(
lkal+l Oj[(aa--a)/2--1J

Ogkgal Ojg (a al)/2

Ogkga-I

2) in case aa rood 2,
(T)/d= ( E p(-))p(-

Ogkga Ogjg(a+a-l)/2-

+Z(T)p(/-’’+(-/)(+)+-
Ogkga -1 Ogjgk

Ogkgal Ogj (a2 -a -1)/2

Corollary 1. Let a(T) be the Fourier coecient’ o.f Eisenstein
series of weight k (0 too.d2) for Sp(Z) (n3). Let T be a half
integral positive definite n X n matrix. Then the Dirichlet series
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,=o a(pT)P-is a rational function in p-, and the denominator is
(1--P -8) [I --, (1--Pr-r(r+

and the degree of the numerator in p- is n, and if (p, T])=I, then
it is n-- 1.

Corollary 2. Let T be a half-integral positive definite 33
matrix. Then Siegel series b(s, T) in [3] is equal to a(T) in the theo-
rem when m is replaced by 2s.

To prove the theorem, we have only to see that the values in it
satisfy the induction formula in Theorem 1 in [2] which is explicitly
given in

Lemma. Let be any unit of Z with ()=--1, and let S be a
symmetric Z-integral matrix of degree n with S]O. For a diagonal
matrix T whose entries are ep ( e Z, a e Z, 1i3) we write
a(p, p,p) for a(T, S).

Set X(ep, ep, ep) a(ep’, ep, ep)-p-na(zpa’, Zpa, Zpaa-).
1) In case Oaaa.

X(p, p, ep)--p-X(lp, ep-, ep)
=d(T, S)+p-{X(ep-, sp, ep)-p-X(p-, ep-, ep)}.

2) In case Oa=aa (=1 can be supposed).
X(p1, sp, ep)+p-nX(p-, ep-, ep)

d(T, S)+ (1/2)p-(p- 1 Z(e)- Z(- e))X(p-, sp’, ep)
+p-X(p-, p’, ep")+ (1+ Z(-- e))p- nX(p"-, ep’-, p)
+ (1/2)p-(p 1 +Z(e)-- Z(-- ))X(p-, p"’, ep").

3) In case Oa<a=a (e=l can be supposed). Set
Z(T)=a(T)--p4-na(ep, ep",-:, p,,)

(1/2)p-n(p 1-- Z(-- )-- Z(Z))q(ep, p-, ep)
(1/2)p- n(p__ 1-- Z(-- Z)+X(e))(epa’, pa-:,

+p-a(e,p’, p-:,
then

Z(T)_ p6-nZ(slp1-2, p2, 3p2)_ dp(T, S).
4) In case O<_a=a2=as=a (1=2=1 can be supposed and set

3 )
(T)--p’-(p-T)

d(T, S)+ (1/2)p-(p+Z(- e)p- 1- Z(e))a(p-, p, p)
+ (1/2)p-n(p--Z(--Dp-- 1 +Z(e))(p-, p, ep)
+p-na(p-, p, p)+p-n(1 +Z(--1))a(p-, p-, p)
+2p*- (1+ Z(-- e))(p-’, p-, p)

(1/2)p-(p--p+Z(-- 1)p +Z(-- 1))a(p-, p-, p)
--(1/2)p-(p--Z(-- 1))a(p-, p-, p)
--(1/2)p-(p--p--Z( 1)p+ Z(-- 1))a(p-, p-,p)
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--(1/2)p"-(p--Z( 1))o(p"-, e]p-, ]p)
--p"-(1+Z(--1))o(p"-, p-, p-’)

(1/2)p"-n(1+(-- D)(P --(-- 1))a(P-, P-, eP-)
(1/2)p-(1 Z(-- ))(p-- Z(-- 1))(p-, p-, p-’).

When S=S, we have
d(T, S)= (1-p-/)(1-p-)

((l+p-/)(1-p-)
l--p-I+(--12)p2-m/2

Remark.
--(p- +p-)a(pT)+p-na(T)=O holds for every ternary symmetric
matrix T M(Z,) with ITI0 by [2] (n--3).

if 0<a (i= 1, 2, 3),
if 0= al< ai (i= 2, 3),
if O-- al a2< aa,
if O-- al- a2= aa.

Let S be a ternary unimodular matrix. Then o(p4T)
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