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1o Introduction. According to Banach and Saks [1], every
bounded sequence in Lp(0, 1) or p (l<p< co) has a subsequence whose
Ces/ro-means converge strongly. More generally every uniformly
convex Banach space possesses this so-called Banach-Saks property,
as shown by Kakutani [4]. In particular every Hilbert space has this
property. In nonlinear analysis, by utilizing a duality mapping some
assertions which are valid in the case of Hilbert spaces are extended
to the case of special classes of Banach spaces. Especially in the
case of Banach spaces with a uniformly convex conjugate space, such
extentions are often obtained since a duality mapping is uniformly
strongly continuous on each bounded subset of such a Banach space
(see Browder [2, p. 42] or Kato [5]). So we consider whether such a
Banach space has the Banach-Saks property or not. The result is
positively extended and is stated as follows"
Theorem. Let X be a Banach space with a uniformly convex
conjugate space X*. Then X possesses the Banach-Salcs property.
After we have proved the above theorem, we find the following
result due to Enflo [3]:
For a Banach space X with a conjugate space X*, X is uniformly
convexifiable if and only if X* is uniformly convexifible.
Hence, combining this result and Kakutani’s theorem we can get
our theorem. However, our method of the proof is based on very
elementary facts about a duality mapping and there might be some
interest in the simplicity of the construction of a subsequence whose
Cesro-means converge strongly.
The author wishes to express his sincere gratitude to Prof. T.
Shibata and Prof. S. Miyajima for their advice and encouragement.
2. Proof of the theorem.
Proof of the theorem. Since X* is uniformly convex, for each
x in X there exists a unique F(x) in X* such that
(x, F(x)) x F(x)II and
where (., .) denotes the canonical pairing of X and X*. The mapping
F" X--X* is the. so-called duality mapping. As we stated in the
introduction, the uniform convexity of X* also implies that F is uniformly strongly continuous on each bounded subset of X. Since X
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is reflexive, all we have to show is the .ollowing
If a sequence {Xn} (n=l, 2,...) in X converges weakly to zero,
then {Xn} has a subsequence whose Cesro-means converge strongly
to zero.
For such a sequence {Xn}n, we put
r’=sup xl and B’={xeX’llxllr}.
nN

Since {Xn} converges weakly to zero, we can choose a subsequence,
which we still denote, by {Xn} such that
Re (Xn, F(X+ x+" / X_ )) 1
for all n2.
We shall show that this subsequence meets the requirement. To this
end we set

S

"=, xj

(nl).

j=l

Since F is uniformly strongly continuous on B, or any e0 there
exists a 0 such that or any x, y in B with x-ylI3,

F(x) F(y)
/ r.
Take an integer mr/3, then it follows that or all nm,
Re (S--S_, F(S/n)--F(S.._I/n))

r.z/r=e.
Hence we have
Re (Sn S_ F(S) F(S_ )) en
(n m).
On the other hand,
Re (Sn Sn_ , F(S) r(Zn_
---[I]Snl]2+l Sn_ --2 IS
Re (S, F(S_
/ S ]1F(S_ )
/[ Sn_ F(S) --Re (Sn_ , F(Sn))],
where each of the terms in square brackets is nonnegative. Hence
1,

we see that

IISII (F(S_)I[--Re (S,

F(S_))n

or

SI ([Sn-ll- IS-I-Re (Xn, F(S_J)n

(n>m).

Therefore we get

hence

< r + 2(sn + 1),
and hence
j=m+l

< S + (r + 2)n+ sn(n + 1)
Thus we obtain

(n>m).
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IISll/nl[Sl[/n+(r/2)/n/(n+l)/n
hence
lim sup

Sn 12/n

for all

nm,

.

Since 0 is arbitrary, this means that
lim I]Snl]/n=O.

This is the desired result and the

proo of our theorem is complete.
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