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5. Global Existence Theorem for Nonlinear Wave
Equation in Exterior Domain

By Yoshihiro SHIBATA*® and Yoshio TSUTSUMI**)

(Communicated by Koésaku YOSIDA, M. J. A., Jan. 12, 1984)

The global existence of solutions for the nonlinear wave equation
has been extensively studied. For the Cauchy problem Klainerman
[1] has made a remarkable improvement recently. That is, he showed
that if the spatial dimension is not smaller than 6 and initial data are
small and smooth, then the Cauchy problem for the fully nonlinear
wave equation has a unique classical global solution. On the other
hand it is important to consider the initial boundary value problem
for the nonlinear wave equation in an exterior domain in order to
study scattering of a reflecting object for the nonlinear wave equation.
In the present paper we shall announce that if the spatial dimension
is not smaller than 3 and initial data are small and smooth, then we
have the global unique existence theorem of classical solutions for a
large class of nonlinear wave equations in exterior domains with the
homogeneous Dirichlet boundary condition.

Let 2 be an unbounded domain in R*, n=3, with its boundary
32 C~ and compact. We denote a time variable by t or z, and a space
variable by z=(x,, - - -, x,), respectively. We abbreviate 9/dt, 9/dzx,
and (3/0x,)*- - -(@/0x,)* to 3, or 3,, d; and a2, respectively, where « is a
multi-index with |a¢|=a,+ - - +a, and j=1, -..,n. We consider the
following problem :

M.P) O(u)=u+F(, x, Aw)y=f(t, x) in [0, c0) X 2,
u=0 on [0, o0) X042,
(0, ) =¢y(x), (@,u)(0, x)=¢(x) in Q,
where 9} —4=9—>7_, 9% and Au=(0©,u, =0, - --,n;9,0,u, j, k=0,---,n).

Before we state assumptions and the main theorem, we list nota-

tions. For p with 1<p< oo we denote the standard L? space defined

on £ and its norm by L*(£2) and | -|,, respectively. For a vector
valued function h=(,, - - -, h,) we put
”th:Z ||thp'
Jj=1

For a pasitive integer N we put
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IF s, v= 25 11827 Ilps
lalSN

Il y =23 22 1195Rll,-
i=11a[EN

We set HY(@Q)={f e L*(@); || fl,,»<o0}. By I?;Y(Q) we denote the com-
pletion of Cy(2) in H¥(2). By B"(D) we denote the set of C¥(D)-
functions having all derivatives of order <N bounded in D, where D
is 2, (0, 0) X 2 or (0, o) X 2 X {2 e R**»*+3 +131< 1} and D is the closure
of D. For 1<p<oo, a nonnegative number k£ and a nonnegative
integer N we put
[U)pe,y=sup A+8)* 3> |[ojosu(t, -)|,.
t20 j+lalSN
We make the following assumptions.
Assumptions. (1) The spatial dimension n=3.
(2) The nonlinear mapping F' is a real-valued function belonging
to B=([0, o) X 2 X {1€ R™* D2 51 21<1).
6))
F(Z)z{O(IZF) near i=0, if n=6,
Oo(1P) near 1=0, if 3<n<5.

(4) The exterior domain £ is “non-trapping” in the following
sense: Let G(t, z, ) be the Green function for the following problem
©@:—4,)G=0 in (0, c0) X A2,

lim 2¢O, =0,

t—+0 9t 5(33—?/), ] =1,

Glxe 20=0,
where ¥ is an arbitrary point in 2 and 4, is the Laplace operator with
respect to x. Let a and b be arbitrary positive constants such that
b=a and 92C{x e R";|x|<a}. For any ve L*(2) with the support
included in {x € 2 ; |x|<a}, we put

GV)(t, 2) = j G, @, yyo@)dy.

Then there exists a T,>>0 such that

(GV)(t, x) € C=([T,, )X {x € 2;|x|<b})
for any v e L*(2) with the support included in {x € 2; |x|<a}, where
T, depends only on n, a, b and 2.

Remark 1. It is well known that if the complement of £ is con-
vex, then Assumption (4) is satisfied (see, e.g., Melrose [3]).

Now we state the main theorem.

Theorem (Existence). Let m be an arbitrary integer with m=0.
Let Assumptions (1)—(4) be satisfied.

(I) Let n=6. Put m=2max @n/2]1+7, m+1)+4[n/2]+8.
Then there exist positive constants a and J, having the following
properties: If ¢, e B+ VA+3(0), ¢, € B2 Q) and f e B 140,
0) X 2) satisfy for some § with 0<5<56,



16 Y. SHIBATA and Y. TSuTsuMI [Vol. 60(A),

”¢0”4/3,2'iﬁ+”¢l”4/3,277&—1+|f|4/3,('n—1)/4,217!.—2§a‘5’
”¢0”4,m+2+“¢1H4,2m+1+‘f|4,o,zm§a5,
“¢o“oo,m+z+“¢1l|m,zm+1+|f|w,o,zm§a5
and the compatibility condition of order ., then Problem (M.P) has a
solution u € C™**([0, o0) X 2) satisfying
|/1u|z,o,m+[/1%|4,(n-1)/4,m§5-

(II) Let 4<n<5. Put m=2max (12, m+1)+13. Then there
exist positive constants a and J§, having the following properties: If
¢ € B*QD), ¢, € B*(D) and f e B0, o) X D) satisfy for some &
with 0<6<4,

| @olls,em+ N Bslls,om-1 1 S |, nmvysz, 2m-2 = 08,
”¢0|]2,277L+2+”¢1”2,27714—1+‘f’2,(n-—l)/2,2'iﬁ§a’a’
(| Bolleo, 2+ 24 | i llo, 2411 S |y 0,20 S €0
and the compatibility condition of order i, then problem (M.P) has a
solution u € C™+¥([0, o0) X 2) satisfying
[ AUz, o,m ] AU, (71372, m =6

(III) Let n=3. Lete bea positive constant with 0<e<(Tm+18)*
and M be an integer with m=(T/e)[3/2+Bm~+Tel+9. Then there
exist positive constants a and §, having the following properties: If
¢ € B D), ¢, € B™UD) and f e B0, o)X 2) satisfy for some &
with 0<§<0,

[ Bolls, 2m 1 Dills 2m -1 F 106 2m -2 = A0,
[ dollz,om+2t 1B lle,omsrF1 S loy14e,0m = 00,
| Bolleo 22 | Billoo 2 41| S Jeo 0,0 S A0
and the compatibility condition of order i, then Problem (M.P) has a
solution u € C™+*([0, oo) X ) satisfying
[ AUy 0 m+| AU 17246, m = 0.

(Uniqueness). Let Assumptions (1)-(8) be satisfied. Then there
exists a small constant §,>0 such that if u,v € C[0, c0) X 2) are two
solutions of Problem (M.P) for the same data with |Aul.,<d, and
[ AV |0 00=1, then u=0.

Remark 2. (1) For the compatibility condition, see Shibata [5],
[6] and Shibata and Tsutsumi [7].

(2) Since the nonlinear function F is defined only in [0, co) X 2
X{2e Rm+h+d +121<1}, we always assume that |4ul.,,<1, when we
consider a solution « of Problem (M.P).

Our strategy of the proof of the above theorem follows Klainerman
[1] and Shibata [5], [6]. Details will be published elsewhere (see
Shibata and Tsutsumi [7]).
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