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73. On Cayley.Aronhold Realizations of sl(n-l, K)

By Hisasi MORIKAWA
Department of Mathematics, Nagoya University

(Communicated by Kunihiko KODAIRA, M. J. A., June. 11, 1981)

1o In the present note, we shall sketch an outline of invariant
theory of formal power series in (r + 1) (n--r)-variable matrix
z--(z.,)0_<.,/ with respect to sl (n/l, K).

First, we shall list notations freely used"
K: a fixed field of characteristic zero,
n" a positive integer,

r" a non-negative integer satisfying O_r<n,
a, fl,?, ...,a’,fl’,?’, run over {0,1,2, ...,r},
a, b, c, ., a’, b’, c’, run over {r+ 1, r+ 2, ..., n},

z a variable (r+ 1) X (--r)-marix,
Zrr l Zn]

e. the specialization of z such that
1 (fl, b) (a, a)
0 (fl, b) =/= (, a),

run over non-negative integers,

determinate entries, and choose an element w=0, 1, 2, in K.
basic formal power series is defined by

one.

Remark.
(l+ea) !=l! (la+ 1)

(l++s)!={l! (/+ 1)(/+2) (o4a)=(fl, b),
(l-t- 1)(/+ 2) (a, a) =/= (fl, b),

(/+)= l+l, (/+ea--)= (l_l).
2. We denote by $=($()eA: a vector of infinite length with in-

The

l=\lr+l, ,1
Zl H laa

z
e, e, e, e the (n+ 1) (n+ 1)-matrices whose only non-zero

entries are, respectively, the (a, fl), (a, a), (a, a), (a, b)-entries with value
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(w) (zf(lz)= li
where

(w) =w(w-- 1)... (w-- , l+ 1).
Two systems of operators acting on polynomial algebras K[] and

K[z] are defined by

D=z

(i)

(2)

(3)

(4)

(a:/: b),

Lemma 1.

f( z) Df( z)

f( z) Df( z),

.f( z) Daf($ z),
f( z)--Df(lz)
.f( z)=H.f(lz).

Lemma 2. The mapping

e. >D. (),

--e..+e: H.

,= (w-- l+l)-l{l.,(w-- 1.c--, /r+/.+l)( ....

a,= /-’+’’)
0

By simple calculation we have the following
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induces an anti-realization, anti-isomorphism, of sl (n+ 1, K).
Since the operators (2) commute with the operators (3), by virtue

of Lemmas 1, 2, we have the ollowing

Theorem 1. The mapping

e,, s (4=),

(5) feo
[e: (ab),
--e+e,

induces a realization, and isomorpMsms, of sl (n+ 1, K).
We call this isomorphism Cayley-Aronhold realization for f(l z).
Remark. For special ease r=0, denoting zo=z, lo=l,

do d, o , o , we have simple expression

& (w- )(+)(
(6)

Remark. For n= we may use the same expression of Cayley-
Aronhold operators (2).

3. Before defining semi-invariants and eovariants, we define
Cayley-Aronhold operators to severM basic formal power series

(w) )z,f( z)= ..
as follows

N N N

s=l s=l 8=1

N N

ab
8=1 s=l

where-(’) (’).,m(’)a.o,(’) ’() are Cayley-Aronhold operators for

Definition 1. Elements of the subalgebra

are called semi-invariants of (f($ z), .,
Proposition 1.

(7) =@?, ={9el.,p=uf (Ogagr, r+lagn)}.
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This is a consequence of the relations

a--/t’a [’o,] (C =/: ),
(a--( --[a,a] (a:/:b),
a-- [a,]+[a, a] (fl, ab).

Definition 2. A covariant of index u or (f($ ]z), ..,f=(= ]z))
is a differentiM polynomiM of f,($ [z) (1sN) given by

(.)
wigh a semi-invariang p(...,, ...) in.

ayler expansions of (8) are given by

where
A=

[1]
[2]

[3]

[41
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