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48. The Application of Monodromy Preserving Deformation
to the Gravitational Field Equation

By Kimio UENO

Research Institute for Mathematical Sciences, Kyoto University

(Communicated by Kosaku Yo0SIDA, M. J. A., April 13, 1981)

§ 0. In this note, we will show the new method for constructing
exact solutions of the vacuum Einstein equation for stationary axi-
symmetric gravitational fields (VESA).

From a viewpoint of the inverse scattering theory, Belinsky-Zak-
harov (B-Z) [1], [2] gave an interesting method for integrating VESA,
expressed by the metric form
0.1) —ds*=f(dp*+ dz*) + g,,dx"dx? (o, =0, 1)
where f and g,, are functions in p and #z, and 2°, 2' represent the co-
ordinates ¢, ¢, respectively.

Under the supplementary condition
0.2) detg=—p,  g=(g.»),
the fields equation for the metric (0.1) can be written as follows :

U,+V,=0
©-3) {Uz—V,,—I—p"‘V—i—p‘l[U, V1=0
0.4) {(logf),,= —p '+ (4p) ' trace (U*—V?)
) (log f).,=(2p) ' trace (UV). ;
Here U=pg,97", and V=pg,97'. We should note that the matrix g is
symmetric. B-Z found that the equation (0.3) are equivalent to the
compatibility conditions of the system of linear equations

22+p2
0.5)
DY — AV+poU Y,
22—{-02
where
2 ~
_o._ 2 0 p 0. 2 9
oz I+pt 04 dp | X+p oA

and 2 is a complex parameter independent of p and z.
If we find a solution Y(2)=Y (1, p, #) to (0.4), and set

(0.6) 9=Y(0)=Y(0, p, 2),

the potentials U and V in (0.5) can be recovered as U=pg,97', V
=pg.9”", so we obtain a solution of (0.3). But we should note that the
function ¢g given by (0.6) is not always assured to be symmetric, real,
and to satisfy the condition (0.2). We can easily find the conditions
that g is real and satisfies (0.2) (cf. [1], [2], [9]). Therefore one of the
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crucial points to which we must make efforts is to find out the sym-
metric conditions for g=Y(0).

By applying monodromy preserving deformation (MPD), we are
succeed in construction of exact solutions of VESA. Namely, our
main tool here is MPD of a certain Fuchsian equation

dy _ & A,
0.7 7 —j; s Y.

If the global monodromy of the normalized fundamental solution
matrix (briefly, the normalized solution) Y(2)=Y (1, p, 2) is kept, and at
the same time, satisfy appropriate conditions, then Y solves the equa-
tion (0.3) with some potential U, V, and its 0-value Y(0)=Y (0, p, 2) is
symmetric.

This is our main result in this article.

The author would like to thank Prof. E. Date of Kyoto University
and Drs. M. Jimbo and T. Miwa of RIMS for many valuable sugges-
tions and stimulating discussions.

§1. MPD and VESA. In order to construct special solutions
of (0.3), instead of (0.5), we start from a 2x2 Fuchsian equation in
the complex domain

dy & A,
a.n h _j; pa— Y
where each singular point y; is a root of the quadratic equation
a.2) ©W—2w;—2)pu—p*=0, w; € C,
namely y; is a solution of non-linear equations of first order
(1.3) O =2 e 20p
' oz p'+p op  pi+p’

We assume that, in this equation, the exponents at each singular point
are distinct modulo integers, and that there exists the solution nor-
malized at the infinity Y'() =Y (4, p, 2), which has a local expansion
at the infinity
1.4) YO =14V 4 )@ ), as 1—oo,
where L is a diagonal matrix.

First we obtain the following fundamental theorem.

Theorem 1.1. If the global monodromy of Y(2) is independent
of p and z (i.e. isomonodromic), Y*(2) solves the equation of (0.5),
where the potentials U and V are given by

i=opte it

This theorem is very important, and plays a central role in our
scheme. However we should note that the symmetry of Y“>(0) is not
always assured. In order to describe the symmetric condition for
Y“(0) as that of the global monodromy, we need the following prop-
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osition, which was suggested by Prof. E. Date (cf. [3]).

Proposition 1.2 (Date). Let Y()=Y (1, p, 2) be a solution of (0.5).
If Y(0) is symmetric, there exists an invertible matriz S(A, p, 2) such
that

1.9) D,S=D,S=0,
and

_v(_° p
(1.10) Y (0) _-Y< 4 )S(z) Y.

Here tY (2) denotes the transposed matrix of Y (2).

For the purpose of the interpretation to the feature of S(1), we
introduce a variable w through
1.11) w=2"1(2422—2""p%.
S(2) is a function of w, and if 4 is a root of (1.2), S(p) is constant. S(2)
has also a symmetric property

(1.12) S(D:‘S(—%z).

Let Y, (2) be a solution of (0.5) with potentials U, and V,. Suppose
that Y,(0) is symmetric. We define a function S,(2) by (1.10), where
Y () is replaced by Y,(2). Furthermore, let Y (1) be a solution of (0.5)
with new potentials U and V. Then we consider the condition that
Y (—(*/0)S(DY (2) just gives Y (0).

Proposition 1.3. Suppose that g=Y(—(0*/))S,(A)'Y () is inde-
pendent of 2. Then the 0-value of Y(2) is given by
(1.13) Y(0)=y,
moreover Y(0) is symmetric.

According to this proposition, we search for the condition that the
normalized solution Y’(2) of a 2 X2 Fuchsian equation

ay _ < (_ A4, B, )
(1.1 da _;Zl ( A—a; + 2—b; ¥
has the symmetric 0-value Y*(0). In (1.14), a,, b, are two roots of a
quadratic equation of (1.2). We fix a function y,(2),

(1.15) W@ =11 A=a)"G=b)", @y §,eC,
associated with (1.14), and set

2\ —1
(1.16) so(z)=yo(—"7) Yo 0D

The normalized solution Y (1) is assumed to have a local expansion at
each singular point

(1.17) YYD |pe =1,
(1.18) Y(w)(l)zG(#)Y(u)(l)(l__#)L‘#)C(/O’

Po@=3 YP@—p', YP=1, p=a, b,
=1
(.7.217 Tty n),
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1.19) L»=diag (I, I{) and C* is constant, invertible.
Namely the global monodromy of Y () is preserved.

We state our main result.

Theorem 1.4. Suppose that the entries of any L are distinct
modulo integers. Then, g=Y“(—(0*/D))S,(A'Y (1) is independent of
A, if and only if either of the following conditions is always valid for
any 7:

1.20) 109 4+ 1909 =B, +ay, for s=1, 2,
and C®» is a diagonal matrix,
(1.21) I8P+ 199 =B, +ea,;, fors+s, s, 8=1,2

and C%» is a diagonal free matriz, where Cr* =CO'C@P,

For the proof, the reader should be referred to [9].

Using this theorem, together with Theorem 1.1 and Proposition
1.3, we can find out the symmetric solution g of (0.3).

§2. Schlesinger transformations and symmetry. In this section,
we will discuss Schlesinger transformations which preserve the sym-
metry of Y(0).

We make a Schlesinger transformation of type
2.1) {an+v ey Quay bpay e, bn+N}’

-E, ..., —~E, E,---,E,
E,=diag (1,0), E,=diag(0,1),
to the normalized solution Y*>(2) of (1.1) (cf. [8]). Here a; and b,
(G=n+1, ---, n+N) are two roots of the quadratic equation
2.2) L—2w;—)p—0'=0, w,;eC, w;=w, G+k
]=7L—|—1, Ty n+N,
and assumed to be regular points of (1.1). At these regular points, a
gauge matrix G and a connection matrix C” (y=a,, b,) are introduced
through
2.3) C®; an arbitrary constant invertible matrix,
G — Y ()0,
The multiplier R(2) for the transformation (2.1) is given by

n+N R
2.9 R=1+ >, %
j=n+1 /2—0/]
_w_‘_]j_ﬁ_‘, ‘G(drw -1
z—an+l
=1+[é<b"+1), ceey, é(bnuv)]W—l . ,
__,_.1_..,_ _ té((ln +n)—1
LZ—— Oy iy
@.5) =[G ]
an+i_bn+/ i,j=1,...,N’
(2.6) Lé(bn+]):[Gﬁ7n+j), Gn+2],

té(an-tj)'—l:[GﬁLnti)—l, Ggn+n-1],
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Throughout the following discussion, Y“’(0) is assumed to be sym-
metric. We define S(2) by (1.10), replacing Y(2) by Y*(2), and set

2.7 YD) =RA)Y ().
Then Y{(2) is a solution normalized at the infinity of a certain Fuch-
sian equation with singular points as gy, - -+, ftms Quiry -+ -5 Dpuy, and if

the global monodromy of Y{~(2) is kept, that of Y{*’(2) is so. There-
fore Y {*'(4) solves the equation (0.5), whose potentials are replaced by,
say, U; and V,. But we should note that Y{(0) is not always sym-
metric even if Y(0) is so. Along the scheme stated in § 1, we con-
sider ¢, =Y (—(0*/D)SA)'Y{(2). By Proposition 1.3, if g, does not
depend on 1, ¢,=Y,(0), and ¢, is symmetric. In a similar way as
Theorem 1.4, we obtain the following

Theorem 2.1. g,=Y{™(—(0*/D)SQ)'Y{(2) does not depend on 2,
hence g,=Y{(0) is symmetric, if and only if the following condition
holds for each j=n+1, ---, n+N.
2.8) E,C®S(a,)C*’E,=0.

Remark. The Schlesinger transformations considered in Theo-
rem 2.1 are equal to those constructed in [1], [2], because the following
fact holds :

“9. =Y (—(p*/D)SQA)Y{(A) is independent of 27 is eguivalent to
“9,=R(— (/)Y (0)'R(2) is independent of 2”.

In [1], [2], B-Z determines the coefficients of R(2), by the latter
condition.

§3. The r-function and the metric coefficient f. In this section,
we will show that the r-function for the Schlesinger equation is es-
sentially the metric coefficient f, defined by (0.4). Throughout this
section, the equation (1.1) and its normalized solution Y (1) satisfy
the condition in the situation of Theorem 1.1.

First we interpret the --function for the Schlesinger equation (cf.
[4], [7]). The Schlesinger equation is a deformation equation for Fuch-
sian system (1.1), and a completely intezrable system, given by

3.1 dA,= S (A, A M=) iy o,
el Hi—
The r-function for (3.1) is defined by
3.2) dlogr=21 3 trace 4,4, Xts—r
2 j7 Hi— M

which is a closed 1-form under (3.1). The metric coefficient f is intro-

duced through (0.4), where the potentials U and V are given by (1.5).
By a direct computation, we can prove our first assertion.
Theorem 3.1. Under the condition of Theorem 1.1, we have

m 2 1/2 trace L(#;2
3.3) of =const []| (—;/’f 2) T,
=i\ p+p
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where L*? is an exponent matrixz of the monodromy of Y () around
Hye

Next we consider how f changes under the Schlesinger transfor-
mation of type (2.1). Let Y{*(2) be given by (5.1), and f, f, the metric
coefficient corresponding to Y1), Y{* (1), respectively. By Theorem

3.1, together with Theorem 4.1 in Jimbo-Miwa [8], we obtain the fol-
lowing

Theorem 3.2. Let W be an N XN matriz given by (2.5). Then
we have

(3.4) Ji=const fp¥ ﬁ (——qﬁﬂ—;> det W.
=i\ ak, ;+p

n+j

References

[1] V. A. Belinskii and V. E. Zakharov: Sov. Phys. JETP, 48(6), 985 (1978).
[2] ———: ibid.,, 50(1), 1 (1979).

[83]1 E. Date: Kokyuroku RIMS (to appear).

[4] M. Sato, T. Miwa, and M. Jimbo: Publ. RIMS, Kyoto Univ., 15, 201 (1979).
[51 T. Miwa: Proc. Japan. Acad., 36A, 301-305 (1980).

[6] ——: RIMS preprint, no. 343.

[7]1 M. Jimbo, T. Miwa, and K. Ueno: ibid., no. 319.

[8] M. Jimbo and T. Miwa: ibid., no. 227.

[9]1 K. Ueno: Kokyuroku RIMS (to appear).



