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38. On the Asymptotic Behavior of Asymptotically
Nonexpansive Semi-Groups in Banach Spaces

By Masataka TANIGUTL*’ Yoshitaka TAKAHASHI,**)
and Hiroshi ABE***)

(Communicated by Kosaku Yosipa, M. J. A., March 12, 1981)

1. Introduction and statement of results. Throughout this
paper X denotes a uniformly convex real Banach space and C is a
nonempty closed subset of X. Let J be an unbounded subset of [0, o)
such that

1.1 t+sed for every t, seJ,
and
1.2) t—sed for every t, s eJ with t>s.

A family {T(t): teJ} of mappings from C into itself is called an
asymptotically nonexpansive semi-group on C if

(1.3) T(t+s)=T{E)T(s) fort,sedJ

and there exists a function a: J—[0, oo) with lim,__ a(t)=1 such that
1.4) |IT®z—TR)y|<a®)|z—1vy| for every z, ye C and teJ.

In particular if a(t)=1, then {T'(t) : t € J} is called a nonexpansive semi-
group on C. The set of fixed points of {T'(t): t € J} will be denoted by
F, i.e. F={xeC: T(t)x=x for all teJ}. We denote by C,[0, )
(C,[0, o)) the set of increasing (nondecreasing) continuous functions
defined on [0, o).

In this paper we deal with the strong convergence of trajectories
of semi-groups. Our first result is the following which extends and
unifies several results in [1], [2], [4].

Theorem 1. Let {T(?): t € J} be an asymptotically nonexpansive
semi-group on C with F+¢, and let x € C. Suppose that

(a) thereexist x,eF, ¢ € Cy[0, ), 4 € C[0, o0) and a nonnegative
function b defined on J with lim,_ . b(h)=1 such that

(I T(Ryu+ T(R)v — 22, ) <@(b(R) ||u+v — 22, [) + [y(b(h) || — 2, |})

— (| T(RYu— , [|) +(b(R) [|[v — 2, [[) — (|| T(R)v — 2, (D]
for every u, ve {T(t)x:teJ} and heJ and

(a,) ltim I1TtE+n2x—T@)x||=0 for every hed.

Then {T(t)z : t € J} converges strongly as t—oo to an element of F'.
Remark. Suppose that T: C—C is nonexpansive (i.e. || Tu—Tv||
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<|ju—| for u, v C), 0 e C, TO=0 and there exists ¢>>0 such that
(1.5) | Tu+To|*<|lu+v | +cf|wl*— | TulP+||v |~ Tv |}

for all u, v € C.
(This condition has been considered in [3]. Note that (1.5) with ¢=0
is satisfied if T is odd.) Then the nonexpansive semi-group {T": n=1,
2, - .-} satisfies condition (a,) with z,=0, ¢(t)=1*, ¥(t)=ct* and b(n)=1.

Corollary. Let C be a closed convex subset of X, T: C—C be a
nonexpansive mapping with F(T)+¢, where F(T) is the set of fixed
points of T, and let x € C. Suppose that

there exist x,e F(T), convex functions ¢ Cy [0, ) and
¥ € C, [0, o0) such that
(1.6) (|| Tu+ Tv —2x,)) < (|1 ~+v — 2, |) + [¥ ([ 4 — 2, [])
— Y| Tu— a5 [) (|| v — 25 [) — ([ T — [ D]
for every w, v eC.

Then for each 2¢€(0,1) {(A—DI+2T)"x} converges strongly as
n—soo to an element of F(T), where I is the identity.

Let AcX %X be accretive. It is well known that if R(I+214)
SD(A) for sufficiently small 1>>0, then there exists a nonexpansive
semi-group {T(t): t>0} on D(A) such that T(H)x=lim, .. (I+24)""“""z
for t>0, xeD(A) and T(t)z: [0, 0)—X is continuous for every
x € D(A). (See [5].) We say that {T(¢): t>>0} is the nonexpansive semi-
group generated by A.

Let y be a gauge function, i.e. px€C,, [0, o) with x(0)=0 and
lim,.., ((t)=oc0. We define F', (duality mapping with gauge function
©) and <, 5, by

Fw={feX*: (u, N=|ul-|f|| and || f|=p(lu)} forueX
and

v, uy,=sup{(v, f): feF (W} for u, v e X.
It is easily seen that (v, w,<|[vl|-u(iul), {aw-+v,uy,=alu-p(lul)
+<v, uy, for real @, and A is accretive if and only if <y—v, x—u),>0
for every [z, yl, [u, v]e A.

As applications of Theorem 1 we obtain the following theorems:

Theorem 2. Let ACX XX be an accretive operator with A~ '0x¢
such that R(I+214)DD(A) for 2€(0, A,), and let e D(A). Suppose
that

(b) there exist x,€ A0, gauge functions ¢, y, and a continuous
function k,: (0, 00) X (0, 00)—[0, o0) such that if

[z, vl € {[Jiw, =T )2 w/2]: n>1 and 0<2<i}, X%, (i=1,2),
then

LY+ Yas xl+x2_2x0>¢o+ko(”xl_molll |2, — 21D ; Yy Bi— o 4=>0

Let {T(t) : t>0} be the nonexpansive semi-group on D(A) generated
by A. If lim,..||Tt+h)x—T@)x||=0 for every h>0, then {T(t)x:
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t>0} converges strongly as t—oo to an element of F.

Theorem 3. Let ACX XX be an accretive operator with A-'0x¢
such that RI+2A)DD(A) for 1€ (0, 2) and let xe D(A). If (b) is
satisfied, then for each 2 € (0, 2) {Jix} converges strongly as n—oo to
an element of A-*0.

Remark. Theorem 2 is an extension of Gripenberg’s theorem [6,
Theorem 1]. In fact, his condition ((1.4) in [6]) implies (b) with ¢y (t)
=(t)=%t since {[J7w, T—J)J;'x/A]: n>1 and 0<2<A}CA. Our
condition (b) is satisfied if A is an odd operator with R(I+214)>D(A)
for 2€10, 2,) or the subdifferential of a convex function given in [8,
Theorem], [6, Proposition 2]. So Theorem 3 is an extension of [4,
Theorem 2.4 (a)].

2. Proofs of theorems. Proof of Theorem 1. Put d=lim,_.,
|T(t)x—x,|. The conclusion is trivial when d=0. Now let d>0. It
follows from (a,) that
2.1 }im 1T+ R)x+ T()x—2x,||=2d for every heJ.

By (a,) with u=T(t)x and v=T(s)x we have
oI T+ Rz + T(s+h)x—2x, ) <e(b(R) || T(D)x + T(s)x— 2, |)

+ O || Tz — 2o |) — (| TE+R)x— 2, )

+Y(OR) | T($)x—2o|) — (| T(s +R)x—, )] for t, s, hed.
Letting A—oo0, (2.1) and lim,__ b(h)=1 imply

(2d) <o(| Tz + T(8)x — 2, |) + [ (|| T+ B)x — 2, |))
+ (| T($)x— 2, |) —29(D)],

and hence ¢(2d)<11m 1nf o(| T@)x+ T(8)ax —2x,|) ; while llm sup (| T

+T(s)x— 2xo||)<hma im0 QI TR — ||+ (| T() 2 — 2 [ = s0(2d) So
11_{2 (| T+ T(8)x — 2, |)) = p(2d)

and then
(2.2) lim || T(H)x+ T(s)x—2x,|| = 2d.

ty8—00
Therefore, by uniform convexity of X and lim,_. || T(&)x—x,||=d>0
we have lim, .. || T(¢)x—T(s)z||=0, whence {T'(H)x:teJ} converges
strongly as t—>oo. Clearly the limit is an element of F'. Q.E.D.
Proof of Corollary. Let0<i<landsetT,=(Q1—I+2T. Clear-
ly T,: C—C is a contraction and T,x,=2«,. Since
| Tu+ T 0 — 22, | <A Tu+ Tv — 2, ||+ A — D[ u+v — 22,
(1.6) and the convexity of ¢ and + imply
| T+ T 0 — 2, ) < (| T+ T — 22, |) + (1 — Do e+ 0 — 2, )
<%+ —2,|)) + Ay (| — 2o [) — (|| Tu— 2, )
Al v — 2 |) — (| TY — 2, [D]
<¢(lu—+v —2, 1) 4+ (|| 66— 2o ) — (|| T2 — 2, )
F (v — 2o |) — (|| Tv — 2, D]
for every u, v € C.
Therefore the nonexpansive semi-group {T%7:n=1, 2, - - -} on C satisfies
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condition (a,) with b(w)=1. Since lim,_., || T2 *¢— T7x||=0 (see [7]), it
follows from Theorem 1 that {T7x} converges strongly to a point in
F(T)=F(T). Q.E.D.

Proof of Theorem 2. Since A'0CF, there exists a constant
d>0 such that lim,_,, || T(t)x —«,||=2d. The conclusion is trivial when
d=0. Now let d>0. By virtue of Theorem 1 it suffices to show that
(ay) is satisfied. To this end we define M, ¢, ¢ by

(2.3) M =sup{ky(&, ) : & neld, |x—xll},
2.4) go(t)=£ o)ds  for £>0,
2.5) W) =M j Vs  for t>0.

Clearly ¢eC, [0, c0) and € C [0, 0). We fix arbitrary numbers
t,, t,>0 and £>0. Since J,x,=z, for >0 and T(t)x=1im,_,, Ji*x for
t>0, we can choose 4, € (0, 4, such that if 2 € (0, 1)) then
2.6) d<||Jerlvily—g || <||le—a,) for 0<k<[h/2] and i=1,2,
Let 0<<2<<2, and 0<k<[h/1], and put l,=[%,/2]. Noting J¥*"zxz,
(by,(2.6)), it follows from (b) that
0<(3; o —Tiha), 3 T —2a,)
i=1 i=1
+ k(|5 x—oll, | J5H 2 — a0 |D
2
X [Z (et Jivte, J;c+“x—xo>%].
1=1
Moreover {(Ji+ii-1g—Jertig, Ji+ttip—g%, >0 by the accretivity of A and
0e Ax,, and k,(|JE e —x,, [|JE 22 —2,|) <M by (2.6). Consequently,

2 2
0g<z (JHm1g — Jiiig), S Jf”ix—2x0>
i=1 i=1

?0

¥0

+M[Zi; (JErblg — Jhtlig, Jﬁ“*‘fx—x())%]

52( )%%(
2
FM 3 U = | = T34 — 2o ) o (T3 — |

]‘IIE%=1 Jﬁﬁ—lt—lﬁ-%oll Btli=1y_ g

I3
“Z§=1J§+lix—2z0” SDO(E) d§+M j“(,;c'*li 1!/‘0(5) de

z—zoll
= )= )
+ 3 1T — D — 91§ — D]

Adding these inequalities for k=1, 2, - - -, [#/2] and recalling I,=[¢,/2]
(i=1, 2), we have

en  of[5enn-za]) <o

35 T — ) — T — 5 )],

2
Dokl 2,
1=1

2
ST JErlig — 2z,
i=1

2
2 It —2a,
=1

)

2

> JErhtly 20,

i=1

2
ST Tk g — 2,

=1

2
2 Iy —2a,
=1
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Since lim,_,, J¥3* /0y = T(h+4t,)x, by letting 2—0-+ in (2.7) we obtain
2 2 2
(|35 et o —2a] ) <o |3 Tw—20,] )+ 23 Lo TCEI8— 2
— (| T+ )z — D]
Thus {T(?): t>0} satisfies (a,) with b(R)=1. Q.E.D.
Proof of Theorem 3. Let 1€(0, 4) and put d=lim,_., |J%x—z,]|.
The conclusion is trivial when d=0. Let d>0, then
0ldl||Jiw—a || <[l —ao||  for n>0.
We define M, ¢, ¥ by (2.3)-(2.5). In the similar way of obtaining

(2.7), we have
)<o( |5 710 —2a] )+ 23 (1w —aul)

o
— (|| Sl —a )] for 1, I,, n>0.
Thus the nonexpansive semi-group {J?: n>1} on D(A) satisfies
condition (a,) with b(rn)=1. Moreover lim,_., ||J7"'x—J%||=0 by [4,

Corollary 1.1 and Proposition 2.1]. So the econclusion is obtained from
Theorem 1. Q.E.D.

2
> Tl — 2,
i=1

References

[11 J. B. Baillon: Quelques propriétés de convergence asymptotique pour les
contractions impaires. C. R. Acad. Sc. Paris, 283, Série A, 587-590 (1976).

[2]1 J. B. Baillon, R. E. Bruck, and S. Reich: On the asymptotic behaviour of
nonexpansive mappings and semigroups in Banach spaces. Houston J.
Math., 4, 1-9 (1978).

[3] H. Brezis and F. E. Browder: Remarks on nonlinear ergodic theory.
Advances in Math., 25, 165-177 (1977).

[4] R. E. Bruck and S. Reich: Nonexpansive projections and resolvents of
accretive operators in Banach spaces. Houston J. Math., 25, 165-177
(1977).

[5] M. Crandall and T. Liggett: Generation of semi-groups of nonlinear trans-
formations on general Banach spaces. Amer. J. Math., 93, 265-293 (1971).

[6]1 G. Gripenberg: On the asymptotic behaviour of nonlinear contraction semi-
groups. Math. Scand., 44, 385-397 (1979).

[7]1 S. Ishikawa: Fixed points and iteration of a nonexpansive mapping in a
Banach space. Proc. Amer. Math. Soc., 59, 265-293 (1976).

[8]1 H. Okochi: A note on asymptotic strong convergence of nonlinear contrac-
tion semigroups. Proc. Japan Acad., 56A, 83-84 (1980).



