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Introduction. In our previous note [3], the authors proved that
for generic bounded domain in R the eigenvalues of the LaplaciaI1
with Dirichlet null boundary condition are of multiplicity one. In this
paper, we study the eigenvalues of the Laplacian / of Z-inwriant
domains DcR parametrized by p e F, where the parameter spce F
is an open subset in a Banach (Frchet) space B.
There are two types of eigenvalues; the symmetric ones whose
eigenfunctins u satisfy"
u(x) -u(x) =0,
and the anti-symmetric ones whose eigenfunctions u satisfy"
u(x) + u(x) + u(x) O,
where e SO(n, R) is a generator of Z SO(n, R).
A subset of F is called residual if it is countable intersection
open dense subsets. Our main theorem is
Theorem 1. There exists a residual subset FoF such that for
any p e Fo, all symmetric eigenvalues of 9, are of multiplicity one and
all anti-symmetric eigenvalues of 9 are of multiplicity two.
This is a partial answer to the conjecture of V. I. Arnol’d (cf. [1]
Hypothesis o Transversality 5.1). Similar results were lready obrained by B. H. Driscoll [2] or the operator (z/+2p) in the unit disc
perturbed by some unction p.
1. Preliminary. Let ZSO(n, R) be a cyclic subgroup
order 3 generated by
Let 9R be a bounded domain with C rboundary 9 (5__<r oo). We assume that/2 is Z-invariant. Let L(9)

={u"

9--.R,

f

=<

.

u(x)dx < c

}.

L(9) is a real Hilbert spacewith respect

to the inner product (u, v)=[ u(x)v(x)dx. We consider the symmetric
d
subspace W,(tg) and the anti-symmetric subspace W(9)
W(9) {u e L(t) (1--a*)u(x)=O
a.e.x.},
W(tg) {u e L(9) (1 + a* + (a)*)u(x) =0
a.e.x.},
where (a)*u(x)=u(ax), m=l, 2. L(9) is orthogonally decomposed
L(9)--W(tg) is
into W(9)W(9) and the orthogonal projection
equal to (l+a* + (a)*)/3.
Let B={p e C(9 R);a*p=p}. We extend p e B to a C--map

"

ping

t" R--R

as follows"
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p(x)= (x),(x)
[

-.
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x

xN,

0

(x) =(x) x e R n,
where N is a sufficiently small tublar neighbourhood of 5t and ,(x) is
the unit outer normal at x e 39. Let F={p e B; I]tllcl}. F is an
open set in a Banach (Frcht, i r c) space B. For any p
R-->R is a C--diffeomorphism and we put 9,=(I+p)9. 9, is a Zinvariant domain in R and its boundary 39,= {x + p(x),(x); x e 39} is
of class C
We define T= T(p):L()L() by
x
Tu(x) /) u(x + (x))
e
Jacobian
at
of
the
is
(i + p) x
where J(x)
Lemma 1. T is an isomorphism of Hilbert spaces, that is, T is
not only bijective but also preserves their inner products. Moreover
T is a bi]ective mapping of H([2,) to H(9) (k=l, 2, ..., r-3), where
H([2) is the Sobolev space of degree k.
Lemma 2. a* commutes with T, that is, a*. T=T.a*.
Lemma :. The orthogonal projection :" L(9)--W(9) commutes
with T, namely, T(W(t9,))= W(tg) and T(W(9,))=
We introduce a complex structure J on W(9,) in the ollowing

-.

manner

u e W(f2,).
Ju(x)= 1//- (a* --(a)*)u(x),
We define a new Hermitian inner product [u, v] (u, v) + i(u, Jr).
Under this complex structure, a*u=exp (2i/3)u for any u e W(tg,).
Lemma 4. For any p e F, W([2,) is a complex Hilbert space and
T preservesits complex structure J.
2. Reduction. We consider the eigenvalue problem (P. 1)

(P. 1)

{(

z/

)u(x) 0

xe

ul=0,

where zl=/x+/x+
+3/3Xn. LetX(2)={]=<=<=<...} be
the totality of eigenvalues of Problem (P. 1).
Let L(p)be the Friedrichs extension of --T(p).3.T(p) with
Dirichlet null boundary condition. L(p) is a self-adjoint operator in
L(/2) with domain (L(p))=H([2) H(9), where H(2) is the closure
in H(/2) of C-functions with compact support in 9. The spectrum of
L(p) is identical with X(tO,) together with respective multiplicities.
Lemma 5 (cf. [5]). For any u and v e H(9) H2(/2), we have

-

(L(p) u,

v)=[

S(Du)(Dv) dx,

where

S =S(p)= F, ( +/x)( +/x),

-,

I+x=(I+)
D u=Ou/3x- ((log (J(x)))/Ox)u/2.
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Theorem 2. ]s=2s(p) is a continuous function of p e F with respect to C-topology (5r c).
This is. easily proved by using the so-called mini-max principle.
From now on we take account of the graup action Z. Since the
Laplacian A commutes, with the orthogonal transformation a and the
domain 9, is Z-inwriant, we can decompose X(2,)into X(/2,)
where X(tg,) and X(2,) are the totalities of eigenwlues o Problem
(P. 1) restricted to W(tg,) and W(9,), respectively. We call e
a Symmetric eigenvalue and e X(tg,) an anti-symmetric eigenvalue,
respectively. Since T= T(p) commutes with the orthogonal projection
L(p) maps W(9) and W(/2) into themselves, respectively. We put
L(p) L(p) I( and L(p) L(p) ], respectively.
Lemma 6. The spectrum of L(p) (resp. L(p)) is equal to
(resp. X(t,)) together with respective multiplicities.
By Lemma 6, we are reduced to the study of the spectra of L(p)
and L(p). Recall that the domains of L(p) and L(p) are independent
oi p. For the complex structure J introduced in 1, we have
Lemma 7. L(p).J=J.L(p) and [L(p)u, v]=[u, L(p)v] for any
u and v e H(t) Ho(2) W(9).
We consider L(p) as a complex linear operator L(p). From Lemma
7, it follows that L(p) is a self-adjoint operator in W(9) with respect
to the Hermitian inner product [, ].
Lemma 8. X(/2,) is equal to the spectrum Spec (L(p)) of L(p) as
a set and the multiplicity of e () is twice of the multiplicity of
e Spec (L(p)).
Proof of the main theorem. Let S--{peF;the first m
spectra of L(p) are of multiplicity one} and T={p e F;the first m
spectra of L(p) are o multiplicity one}. We put So-To= F. Then

,

:.

SoSS...

S=C S,
m=l

T=( T,
ToTTz...
S and T are open in F with respect to Cr-topology
m=l

Theorem 3.
(5rc), m=l, 2,
Theorem 4. S is dense in S_ with respect to Cr-topology (5r
c), m= 1, 2,
Theorem 5. T is dense in T_ with respect to Cr-topology (5
=c), re=l, 2,
Theorems 3-5 imply that S and T are open dense in F, hence F0
=S T is residual. Theorem 3 is an immediate consecluence of Theorem 2. The proofs of Theorems 4 and 5 are based on the following
perturbation theorem due to Kato [4]" Let {H} be regular perturbation of self-adjoint operators pa.rametrized by a rel parameter r on

....

=
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some complex Hilbert space. Let H be given formally H0+ rH +
+.... Let 2 be an isolated spectrum of H0 with multiplicity q.
Perturbation theorem, i) For every open interval (a, b)cR such
that Spec (H0) Q (a, b)= {2}, there are exactly q eigenalues (counting
multiplicity) 2(r), 2(r),..., (r)of H in (a, b)where
q).
+... are real analytic functions for small r(i= 1, 2,
ii) Let {u u
u} be an orthonormal basis of -eigenspace of
Ho. Then (i=1, 2,..., q) are the roots of the eqtion det (]3.
--[Hu,u])=O.
In order to apply Perturbation theorem, we replace p e F by p0
for sufficiently small r e R.
Lemma 9. L(po+rp), L(po+rp) and L(po+rp) are regular perturbation of r on L(9)@C, W(9)@C and W(9), respectively.
Lemma 10 (cf. [5]). Let u and v be 2-eigenfunctions of L(O).
Then we have

, , ...,

-(L rplU,dr

...,

v)=o

u v
fp(xl(xl(x)

(x)

where d(x) is the surface element of
Proof of Theorems 4 and 5. We shall show that S
is dense in S (resp. T) for m=l, 2,
Assume that p0 e S (resp.
T) is given. Since (I+o+)9=(I+)9,o for some we can replace
9,o by 9 and 9,o+, by 9, respectively. Thus we may assume p0=0.
Suppose that

....

22... 2=+

,

2+2++.

are the spectra of L(0) (resp. L(0)). The first m spectra are simple
and will remain simple under small perturbations of p by Theorem 2.
The (m+ 1)-th spectrum 2(= 2 +
2 +) has multiplicity q. We
show that there is a linear perturbation p(r)= rp such that the (m + 1)-th
spectrum of L(rp) (resp. L(rp)) has multiplicityq--1 or small re0.
By a finite sequence of perturbations of this type, the (m + 1)-th spectrum can be made simple. By Perturbation theorem, it is sufficient
to show that 2 are not 11 the same.
For the proof of Theorem 4, we have only to consider the real
Hilbert space W(9). Let u and u be 2-eigenvectors of L(0). Note
that u and u are a*-iavariant (], k= 1, 2,
q).

=(L,(rp)u, u)
tx)

...,

(x)(x) ().

If the equation det (la--Z)=0 only has a q-ple root a, then Z
If g0 (]k), then at least two of the roots are distinct.
We assume that Z =0 (] k) for any p e Y. Then

=aa.
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3u (x) 3u (x)=0

for any x e 39,

which yields a contradiction to the fct that u and u are 2-eigenfunction of Problem (P. 1) (c. [3]).
For the proof of Theorem 5, we have only to consider the complex
Hilbert space W(2). Let u and u be 2-eigenvectors of L(0)(], k
q). Note that u nd u satisfy"
=1, 2,

...,

u(x) + u(ax) + uOx) O.

[L(vP)U, u

drd

=o

(L(rp)u

+

(x)

Ox)

u Ox)O; (ax)}(x)
Ip(x)( u’o (x)(, uO
; (ax))
u, (ax)(, u u (x))
+

+i/

(ax)-

+

(ax)

+ au Ox)(, u (x)-, 3u

}d(x).

I o ny p F, :0 (), ten ollowing tee eqution old

o

any x

3u (x)+ 3u Ox)+ 3u (ax)
O,
3u (x)

u (x)+ u Ox)

+, u (ax)

Ox)+

zx

, (Wx)=O,

Ox) =0.

These are linear homogeneous equations with respect to ((Su/8,)(x),

(auWa,)Ox),
some open serE89.

Then the determin&nt of the equ&tions is equal

to"
-2

aU" (x)

+

Ox)

on some open set
is a 2-eigenfunction of Problem (P. 1).

+

(qx)

=0
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