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1. Let D be the upper half space RY={(x,, - - -, xy) € R¥|xy>0}
of R¥, or a bounded open domain with smooth boundary in R?, and let

ou o*u
_.___=A = N X
(1) o u m;ﬂ () 3203, (t, x)
F 3 by@) -2t )+ @, @)
1<TSN 0x,

be a diffusion equation on D with real smooth coefficients defined on
D=DUaD.

Here, we should like to introduce an existence theorem for (1)
with boundary conditions of type

(2) Lu(x)= jiu(x) + d(x)Au(x) +ou/on(x) +vlul(x) =0,
where A is an elliptic differential operator with real coefficients on 6D
(3) Au(z)= > dm(x)ﬁ“u(x), xzeaD,

0<lal<2n

Do) =08""u() [063% - - - 0653y = (atsy - - -, aty_1). {£:.(), 1<I<N}isa
local coordinate near x € 0D, and is also a set of bounded functions on
a neighbourhood of D. 4d(x) is a non-positive function on 8D. wu—sv[u]
is an integro-differential operator of type

(4)  lul(@) =(—1Dm jm (u(y)— > iﬁ“u(x)e;(y))»(x, dy),

o0<faTsm o]
where &2(y) =& - - - &) and a!l=a, !+ - -ay_, . vz, -) is a measure
on D\{z} such that, for each neighbourhood U, of € aD,
(5) [, (T, @ 8y o0) oo, Aol DU < co.

1<i<N -1
0

s is the inward directed normal derivative defined relative to {a,,(x)}.
"

The detailed proof of our existence theorem will be published elsewhere.

In case m=n=1, (2) was obtained by Wentzell [1] as a necessary
condition for positive solutions of (1) on a certain set up. The suf-
ficiency was proved by [1], Ueno [2] or Sato-Ueno [3], Bony et al. [4],
Taira [6], Ueno [6] or [7], and others under auxiliary conditions.

The results for general m and % in this paper were motivated by
the method in [7], where (conditional) positive definiteness is essential
instead of the positivity in the case of m=n=1. Another motivation
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is a theorem of Gelfand-Vilenkin [8], where a conditionally positive
generalized function F' of order n, on a certain space of functions, is
characterized by a form

F, )= Z aD“so(0)+fRN\m (go(x)—a(x) > 1/a! D“go(O)x“)u(dx),

la| <20 0< e <2n—1
where a,,,, a(x) and v( - ) satisfy certain conditions.

In case m>2 or n>2, the solutions of (1)-(2) for positive initial
datas are not necessarily positive, and hence the solutions have no
probabilistic meanings in the ordinary sense. But, in view of the
works by Krylov [9], Miyamoto [10] and Hochberg [11], it seems that
the diffusion equation with the boundary condition of type (2) will be
interpreted intuitively in some natural way.

As in the case of m<1 and n=1, the semigroups on the boundary
also exist, and the wave equation with similar boundary conditions
can be solved. These will be discussed in other articles.

2. We assume, for simplicity, that D is of class C~ when D is
bounded, and that the coefficients of 4 and A and () are C~ functions
on D and 8D, and all derivatives of the coefficients are bounded. More-
over, we assume that A4 is strongly elliptic uniformly on D.

In case D=RY, we choose a C~ function a(x) on [0, co) such that a(x)
=1 when #<1, and 0<a(x)<a/|z|"*' when £>1, and put

S =0a(y—aDy,—x), 1<i<N. -
In case D is bounded, let {§,; .(y)} be of class C*, &y (¥)>0 on D, and
&y,:(¥)=0 characterizes 9D, and &, ,(x)=0 for 1<i<N.

Let v,(x, ) and v,(x, -) be the restrictions of »(z, -) to D and 4D,
and let v,[ ] and v,[ f] be defined as in (4). Incase D=RY,y,(z, -) and
vp(x, -) are called spatially homogeneous, if there are measures 9,( - )
on D and ,( - ) on D such that, for each measurable subset A of D,
(6) vy (@, {y+x|y € AD=10,(4),
vo(@, {y+ x|y € AD=5,(4), x e oD.

A spatially homogeneous v,(, -) is called symmetric with respect to z,
if
5, ({—y|y € AD=0,(4).

When D=RY, let K, be the set of all real valued rapidly
decreasing functions of class C= on D. When D is bounded, let K,
=C=(D). For f and g on D, we write

s 9)=], r@e@adz, s, 0>=]  r@g@as,
(s 9= Z (D*f, Dg),
| FlI=CF D2 | Flla=<S> O llflla n—‘<f’ IO, where di is the surface

element of dD. In case D=RY, we write, for s>0,

(Fr @e={A+]2)* F @), A+]2)d@>, || f o=, SOV,

where f and ¢ are the Fourier transforms of f and g as functions on aD.



392 T. UENO [Vol. 55(A),

Proposition 1. Let vy(f)(x)= f (@, dy)J@) be continuous in
x e oD, and let
(7) lvoDLZCNFl,  fe K.

Let v, (z, -) be spatially homogeneous when D=RY, and let m=0 when
D is bounded. Then, for f and g in K,, and a constant ,
(8) [<vol ST, 9O 1< L1 glla 1S o,z 119 Nlamse)-

Proposition 2. Let D=RY. If v(x, -) satisfies (5) and v,(x, -) is
spatially homogeneous, then, for each ¢>0, there is a constant C, such
that
(9) [l o1 <ell Flla,amsna 19 lo,men et Coll Flla- 1912 S5 9 € K,

Proposition 3. Let D=R?Y, and m/2<s<(m+1)/2. We assume
that

(i) v,(a, -) is spatially homogeneous,

(ii) there are circular cones C*, C?, - - -, C* on 0D with the origin

0=(0, - - -, 0) as the vertices and with the vertical angles less than /2,
and oD= ) C%,

1<kl
(iii) there is o sequence r,=1,7,, 7, - - - such that
a-r,<r,,<a-r, for0<a<a<l,j=12, ...
c-ryE<yCH<e -ri*®, where Ct={x e C*|r, ,<|x|<r}.

Then, there are constants b, and b such that, for f and g in K,
(10) =l fL =B F 10
11 [<val 1 9210 [ Flla, - 19 lo,sr

3. We define, for f and ¢ in K,

(fs D=, D+Sr 910D, | flls= (S5 )
Bz(f’ g)=(2f——Af, g)a_<Lf, g>, 220
Now, we consider the following four cases ()-(IV).

(1) D=R". A4 is strongly elliptic of order 2n uniformly on D.
v(z, -) satisfies (5), v,(z, -) is spatially homogeneous and symmetric with
respect to x, and v,(x, -) vanishes.

(I1) D=RY, and n>(m+1)/2. A is strongly elliptic of order
2n uniformly on 8D. u(z, -) satisfies (5), v,(x, -) is spatially homo-
geneous, and y,(z, -) satisfies the condition of Proposition 1.

(dII) D=RY, and n<m/2. A is a differential operator of order
at most 2n on 8D. u(z, -) satisfies (5), vp(%, -) and v,(z, -) satisfy the
conditions of Propositions 1 and 3, respectively.

(IV) D is bounded, and m=0. A is strongly elliptic of order 2n
uniformly on éD. y[f1(x) is continuous for each C> function f on D.
v,(x, -) has a symmetric density v,(x, %) with respect to the surface
element d#, and v,(z, -) satisfies the condition of Proposition 1.

Proposition 4. If one of the conditions (1), (II), (III) and (IV) is
satisfied, then there is a constant A,>0 such that || f|,=B,(f, /)" is a
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norm on K,, and for f and g in K,,

12) |B,(f, DI<EN SNz 1192» 2> 2
13) B.(f, N=k| Sz, A2 2o,
(14) B(f, N=ITS1B, 2> 2,
‘When one of (I), (IT), (III) and (IV) is satisfied, let H, and K be
the completions of K, with respect to | |, and | |, respectively.

Since it can be proved that | ||, is closable with respect to | |, K is
imbedded in H, uniquely. By Proposition 4, B,(f, g) can be extended
to a bilinear form on K, which, with the same notation, satisfies (12)
—(14) for f,g in K. Moreover, it can be proved as in [7] that the fol-
lowing definition is possible.

Definition. Let ©(A,) be the set of all f in K such that there
are a sequence {f,} in K, and ¢ in H, such that iim | fo—Fllz=0, and

lim {(Af,—g, B)s+<{Lfn, h)}=0, for each h € K,.

n—co

We define 4, by A,f=g for above f in D(4,).

Theorem. Under one of the conditions (I), (II), (III) and (AV),
A, is the generator of a semigroup {T,, t>0} of linear operators on
H,;, which is strongly continuous in t>0, and satisfies

IT.f,<e | flls,  feH,.
The domain D(A,) is a dense subspace of K.

Remark. If fin K, satisfies Lf(x)=0 on 9D, then f belongs to
D(4,). Conversely, if f belongs to D(4,)NK, and A,f is continuous
on D, then f satisfies Lf(z)=0 on aD.

The conditions in Proposition 3 are satisfied in the followings.

Example 1. D=RY. p,(-) in (6) vanishes onaD N{z||z|>1} and

Uy(da) =| x|~ d&, |®|<1.

Example 2. D=RY and 0<a<1. 2z,, and —z,,, are the points
whose k-th coordinates are o’ and —a’ respectively, and other co-
ordinates are 0. 9,(-) is concentrated on {z;, —&;, <k<N-1,
j=>1}, and

Po({&e, ) =5({— 2y, ;D =c:07*", 1<k<N-1, j>1.

The author thanks very much to his friends D. Fujiwara, A.
Kaneko and M. Yamasato, who answered very kindly to his questions
related to the present work.
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