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36. A "]heorem on the Posson _Tnteal.

By Makoo Osu.

Mathematical Institute, Tokyo Imperial University.

(Comm. by S. KAKEYA, M. I.A., June 12, 1946.)

1. We will prove the following theorem,
Theorem. Let u(z) (z reO) be a harmonic function in the unit circle lz[

1 and be expressed by a Poisson integral:
I .,2 l_r

where u (e ) is integrable in Lebesgue’s sense, and G be any simply connected
domain in < 1.

When we map G conformally on the unit circle lx < 1, u (z) becomes a
harmonic function v (x) in lxl 1.

Then v(x) can be expressed by a Poisson integral of theform (1) in x <1.
Prof. Tsui proved this theorem in the special case in which G is bound-

ed by a finite number of analytic curves C (i 1, k) in z <1 and a certain
number of circular arcs on the unit circle z =1, and the angles between
any two adjoining Ci are different from zero and the angles which Ci makes
with the unit circle are different from zero and 7r, so that Cs does not touch
the unit circle.X}

2. Proof. We write u(z) in the form:

2j0 2 u(e#) -u(es)) -2 rcos(-) + r d" (2)

Since both u (eiO) +u (e)} and u (,) --u (eiO)} are positive and in-
tegrable in Lebeegue’s sense, u(z) can be expressed by a difference of
two positive harmonic functions of the form (1), so that to prove our theorem,
it saffices to prove for a positive harmonic function of the form (1), where
u (e#)

_
o.

We take a sequence of positive numbers, such that
0<M <M< <M

and define u(e) as follows;
u(e) u (e) when M u (e),
u(#) M when u(,) > M,.

(1) M. Tsuji, Theorems concerning Poisson integrals. Jap. Journ. Math. 7 (1930), 227
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so that 0 Un (ei) Mn for 0 0 2m ( 3 )
We put

then by (3)

un (z) ---J0un (ei) 1--2" cos (O--) +

1 ’" 1 r
Un (z) ; ---JoMn 1--2r cos (0--’) + r df Mn

u (eio ) us (e ) u,,(eio )
we have

u, (z) us (z) u. (z) -< (4)
and by Lebesgue’s theorem

2_]o 1-- r
lira un (z) lim un (eiP) 1--2r cos (0--f) + r2 d

2 ]0._flim un(ei*) l_2rcos(O_)+r d=] oU(ei*)1--2rcs(O--f)+r2df
u(z). (5)

By the conformal mapping of G on xl <1, u (z) bom a bounded
harmonic function vn (x) in xl < 1, so that vn (x) c be exprs by. () 2_f0 _! .-_ es

Vn (eiP) 1--2p cos(-- + p d (6)

where x pe*. From (4) and (5) we have

(7)
and

lim vn (x) v (x). (8)

By Fatou’s theorem, vn (x) tends to vn(ei*) almost everywhere when
1. Let e. be a set on xl I where lim v,, (pei) does not exist and put

e=en, E=(0,2)--e. Then
n:=l

me 0 (9)
because m e 0 (n= 1, 2, ), and on E lirn vn (p ei) vn (ei/) exists for all

n. Therefore on E by (7)
vn (e#) lim Vn (pe#) lim Vn+ (pei’) Vn+ (ei,).

o.-..1 o-1
Hence on E

v (e) --< v (e;) -< _<_v. (e)
and if we define

Vn (ei) Od @i}) on E,
Vn (ei’) =0 on e,

then

v- ()N (e;) -<

_
v% (e) -< (0)
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and by (9)
1 #,.,:z, 1. p

n(e’) 1--2 p cos() + p d.

From (7), (10), (11) d by Lebese’s eorem

[’ 1--Pv (x) lim vn (x) tim n (i0 cos(_-d

1 z" 1 p2
-/lim n (ei)

Zdon_ 1--2p cos (:T) + p2 d

where we put
lira (e)

which is inteable in Lebese’s sense, because

That is,

(11)

1 ,-’ 1- p2
v (x) --j O (ei) 1-2p cos(C-T) + p2- d.

Remark. Let z f(x) be a single-valued rel function in xl <1 d
ppose if(x) <1. By this ansformation (z) bomes a harmonic func-
tion v (x) in lxl <1. Then silarly as above, we can prove that v (x) is
express by a Poisson intal of e form (1) in Ix] <I. Therefore G is
not nessarily a plane simply connoted domn.


