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7bis,  Probability against at least one child.

The results on partial sums with respect to (7.2) can also be
obtained in a direct manner by means of the following table con-
cerning the set of deniable types of a man and its probability
(7.1) against each triple.

Mother Ay Ain A
Ay A (a, b¢1) Ags (2 Ain) Aap (3¢ Asx)
A-pe? 1-2pipn 1-2pipx
Aab (3 An) Agp(a, b2ch Aap(FA
Au A 1~ 3pipn 4 o S
Au Ay (2 Aix) Agp (2 Ank) Agp(a, bk)
1-2pypx 1-2pnpx (1 —pp)?
2nd
Mother Lt child Ay Ajj Agy Am | Am | Aw | A
S
child
Agp(a, 1) | Aap(2Ass) | Aab(a, b51) | Aas(FAin) | Acs(3Am)
Au (1—py)? 1-2pip; 1-p;2 T—2ppn | 1—2pps
Aap(FcAig) | Aap(a, b%g) | Aap(a, b 5) | Aab(Am) | Aab(ZxAzm)
Ass 1-2pip; | (1-py)? (1=py)? 1-2pmpn | 1-2pspe
Aas(@, b21) | Ags(a, b2% 7)| Aab(a, b1, )| Aab(Se Awn,An) Aab(Z Asx, Asx)
Ay | Au T g @by | A= pi-pif L= 2(perpipn 1 2(oiep )i
Amor | Asp(Am) | Aw(ZeAm) |Aab(2eAin, An) Aab(a, b3h) | Aas(XAnx)
Ajn 1-2pipn | 1-2pspn 1-2pe+pspr| (1—pa)? 1-2pnpr
Awor | Aa(Ai) | Acb(Am) |Aab(FAm,Ax) Aab(2e4nk) | Aab(a, b2k)
A 1-2pipx | 1-2pspr 1—2pe+ps)pr| 1—2pnpe (1 - pr)?

We first derive the relations concerning (7.5) which correspond
to (2.6) to (2.10) or (4.13) to (4.17). The results are as follows:

(7.10)  J(3i; 4) =3pi(2—2(1 + S2)p — P} +3pY),
(7.11)  J(is; ih)= L pipn(2—2(1 + So)pn— pi+ 303);

(7.12)  J(3j; i6) =3pipy(4 —4(1 +So)pi—2pps + p;) + 652 + DipA(Di+2Dy)s
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J(ig; 1) =10 (4(Ds + ) — 4L+ So) (w2 + 1) — 4L + 2S,)pep,
(7.13) —2(p}+ p3)—5pw (D + vy
+6(pt + pj) + 13pps(pi + p3) + 14pip)),

(7.14)  J(ij; ih)=}0ipson2—2(1 + S+ Dip) P — Pi+ 318).

Thus, all the possible cases have essentially been worked out.

The results corresponding to (2.11) to (2.15) or (4.18) to (4.22) become
now as follows:

(7.15) 3 Jd5; 6)=Sy— Si— 1S5 — S, + £S,,

i=1

(7.16) 3% S J(ii; ih)=S8,—S;—S2-+Si— 18,8, + 1S, — S2+ $S,S. — £Se;

t=1 hapd
S/(J(ig; 45) + (i3s3 59))
(7.17) %
=S2 '—2S3 + %S.;—‘ %Szlgg + %st + %S% + {'S;;S{—" %Sc,
>/ J(i; i)
(7.18) %/
—8,—28,— §S1+ S~ §S,S, +$S,— St+ ESI+4S,S,— S,
> SJ(ig; i)+ J (s 5k))
(7.19) &7 rxtd
=1 "“4Sz + g- 3 + %S4 + %8283—4S5—%S2S4 + Se-
The sums of (7.15) to (7.16) and of (7.17) to (7.19) are then
(7.20) Sz(l—Sz—%Ss—Sg'l' %S4),
(7.21) 1—28,—18;—1S2+28,—5S,S;+ 1S;— S+ $S3+ 6S,8:—%Ses

respectively. The sum of the last two sub-probabilities yields the
whole probability of the present non-paternity problem

(1.22) I=1—Si—ESi—§Si+28,— IS8, +iS;
It is a matter of course, as previously noticed, that the last result

coincides just with the one in (7.5).
The corresponding quantity in mixed case becomes

J'=2I"—J'=1—8;—3S;— 5287+ 8,}) +3(8Si+S,,)
(7'23) ”‘i(_zsgsm"l"?sl,lsl,z'l' 28;82.1) +77IS2,3
—2828,+ £S1.3+ 3(118,,181,5 +48:8,2) — 155,10

In conclusion, it would be noticed that the non-paternity proof
is never possible at all except the cases deniable against at least one
child, and consequently that the probability of an event that the
non-paternity proof is impossible against any child is expressed as
the complementary probability of the exceptional cases; namely, it is
equal to 1—J.
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8. Maximizing distributions.

In the preceding sections of this chapter we have derived the
explicit expressions for probabilities of various events. We shall
now determine the distribution of genes which maximizes the res-
pective probability. As a model, we begin with a concrete example,
MN human blood type, which is regarded as the simplest case, i.e.,
m=2, of the general development.

The whole probability of proving non-paternity against second
child at any rate, i.e., Iy, coincides quite with the probability P,
previously given in (5.1) of VIII, and hence may be omitted.

The whole probability against both children is equal to

(8.1) Juw=1st(1 + 2st)(2—8st).
Differentiating this expression by x=st, we get the derivative
A yw/dre=3%1+ 2—92%) =H(1—4x)(1 +5x) +11a?),

which remains always positive in the interval 0<<x<1/4. Hence,
the maximizing distribution is given by

(8.2) s=t=1/2; M=N=1/4, MN=1/2
and the maximum value by
(8.3) (Juy)m2x=15/128=0.1172.

The whole probability against a distinguished child alone is
equal to

The derivative of (8.4) with respect to x=st is
ALy —Jux)de=L11 —5x+ 92*)=31((1 —4x)(1 —x) + 5z?),

which remains also always positive for 0 << 1/4. Hence, the
maximizing distribution is again given by (8.2) and the maximum
value by

(8.5) Ly —J ar)™2x=9/128=0.0703.
Consequently, it is noticed that the relation
(8°6) (IMN —J MN)max = (IMN)maX - (J MN)maX

holds good. Namely, the quantity J,, increases with st, but the
quantity I, increases more rapidly so that the difference Iy—Jyx
attains its maximum for the same distribution (8.2) for which the
maximum of I,, as well as J,, is attained.

From the same reason, we conclude that the probability against
at least one child, given by
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(8.7) o =21 —J gy = Lt(2— 85t + 25°%),

attains its maximum again for the distribution (8.2); the maximum
value is equal to

(8.8) ()% = 83/128 =0.2598.

As a further illustrative example, we consider ABO blood type,
in which a recessive gene appears. The probability Jz0 in (4.26)
may be regarded, in view of the identity p+g¢+r=1, as a function
of two independent variables p and q. In order to determine the
maximizing distribution, we differentiate this function with respect
to p and ¢, obtaining a system of equations 0=0J4z0/0p="23J4r0/0q.
Thus, we get the maximizing distribution

p=q=0.2214,  »=0.5572;
0=0.8105, A=B=0.2957, AB=0.0981;

the extremal values of p and ¢ coinciding each other are both a
root, contained in the interval 0<x<1/2, of the quintic equation

(8.9)

(8.10) 348a° — 6102 + 4082 — 105x% 4+ 2=0.
The maximum of J,, is equal to
(8.11) (J azo)max=0.1250.

For the whole probability against a distinguished child alone,
i.e.,

(8:12) Lipo—duno=30(1—p) +3q(1 —q)*+ tpgr*(8—5r—Tr7),
we get, in a similar manner, the maximizing distribution

(8.13) p=g=0.2206, r=0.5588;
0=0.3123, A=B=0.2952, AB=0.0973;
p and ¢ being a root of the quintic equation

(8.14) 348a° —T10x* + 4720° — 141 2% + 242 —2=0.
The maximum of I zo—J.4z0 is equal to
(8.15) (Lypo— o 420)™2x=0.0749.

Since equations (8.10) and (8.14) have no root in common, it would
be noticed that an inequality

(8.16) (Lano—d az0)™2* > (I 1po)™2% — (J 4p0)max

must hold in the strict sense, although both sides differ so slightly
that an actual difference is yet invisible at the beginning four
decimal places. (Cf. (7.28) of VII; in fact, Lzo=P.z0.)

The whole probability against at least one child, given by
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(8.17) jABo'—_zIABo"‘JABo
=3pB—p)(1—p)'+ 5¢B— (1 —q)* + 1pgr* (20 — 9r —Tr?),
will be maximized by the distribution
p=¢=0.2210, r=0.5580;
0=0.8113, A=B=0.2955, AB=0.0977;
p and ¢ being a root of the quintic equation
(8.19) 348a° —810x* +536a° —17Ta* + 482 — 6 =0,

The maximum of J o 18 equal to

(8.18)

(8.20) (J 15o)™2* =0,2748.

We notice, by the way, that, more precisely calculated, really an
inequality must hold:

(8.21)  (Juso)™*=(2Ls po—J 456)™* < (L yno—1J a0 )™2% + (I o) 0%,

We next consider @ blood type. In a similar way as above,
the following results will be obtained.

(8.22) Jo=3u(l+u)';
maximizing distribution and maximum value:

u=(1/33—8)/12=0.2287, v=(15—1/38)/12=0.7718;
(8-28) §—(151/38—57)/72=0.4051, §—(129—151/38)/72=0.5949;

(8.24) (Jmax=(5617/38 —2879)/2°8°=0.0497.
(8.25) I,—Jo=%uv’;

maximizing distribution and maximum value:
(8.26) u=1/6, v=>5/6; Q=11/36, ¢=25/36;
(8.27) (Lo—Jgmax=5°/2.6°=0.0335.
(8.28) Jo=1uv*(2+v);

maximizing distribution and maximum value:

u=(17—1/217)[12=0.1891, v=(1/217—5)/12=0.8109;
(8:29) B (5,217 —49)/72—=0.3424, = (121 —51/217)/72—=0.6576;
(8.30) (Jmex= (381517 — 21049,/ 217)/2%+ 8'=0.1149.

Inequalities analogous to (8.16) and (8.21) may be noticed.

If the results on @ blood type are compared with those on MN
blood type, the probabilities in the former are less than the corres-
ponding ones in the latter. The deficiencies are evidently caused
by the existence of a recessive gene.
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In conclusion, we consider the general inherited character with
genes A,(1=¢<m). The values of whole probabilities being ex-
pressions symmetric with respect to p,(1 <¢<m), they will be
stationary for the symmetric distribution

(8.81) pi=1/m =1, ..., m).
For this distribution, we get

(8.33) (I—~J)Stat=ﬁn~<1—%)(4—%+3—13>,

(8.34) (j)stat:%(l——%)@— 13,2—%+%>'

If we differentiate the quantities (8.32), (8.83) and (8.34) with
respect to l/m, regarded as if a continuous variable, we obtain

R e (5 CEIE

’
m m m/ mt wmd dmt

5 12 21 127\, 120
8.36 —J)stat — = (1 — 4
(8.36) d(l/m)( ) ( )< +m m? e m3>+ mt

’

(8.37)

d(llﬂ%)

Thus, (8.35) and (8.37) remain negative for m >2. Hence, the
quantities (8.32) and (8.34) increase as m increases, and they tend
asymptotically to the common limit 1 as m—>. But, (8.36) remains
positive for m >5 while it is negative for m <4 .

Hence, the quantity (8.33) decreases as m increases provided m >5
and tends to the limit 0 as m — .

By the way, the inequalities
(8.38) J<I<J

are evident, in view of the meanings of the quantities involved.

(J )stat 1(1_m£><4+34_+@.—é6_>-— 63 .

m m: md dm*




