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1. Itis important to study the stability of dynamical systems as
a generalization of mixing property. The strong and the weak stabili-
ties for an automorphism on a probability space were studied by A.
Maitra [3] and by S. Natarajan and K. Viswanath [4] (cf. Renyi [5]).

In this paper we shall study the stabilities (mixing property) of a
Gaussian flow (flow of the Brownian motion) together with skew prod-
uct flow of it and a measurable flow with pure point spectrum. As
will be seen later, the stabilities coincide with the corresponding mix-
ing properties on each ergodic part of a given dynamical system.
Anzai’s method in [1] and [2] of skew product dynamical systems is
very useful to construct some kinds of models in ergodic theory. In
fact we shall be able to give some characteristic properties of a
Gaussian process and a Brownian motion by using such a method in
§ 3 and § 4.

2. Let (2, B, m) be a probability measure space on which a meas-
urable flow {T} is given and {U,} denote the one parameter group of
unitary operators induced by {T,}.

Definition 1. A flow {T} is said to be weakly stable if there ex-
ists a constant C(f, ¢) such that

T
(1) lim "W, 9) -0, ) dt=0

Tooo

holds for arbitrary bounded measurable functions f and g.

Definition 2. A flow {7} is called strongly stable if there exists
a constant C(f, ¢g) such that
(2) lim (U, )=C(f’ 9)

holds for arbitrary bounded measurable functions f and g.

Definition 3. Let (f,, fi, -+, f») be an arbitrary (r+1)-tuple of
bounded functions of L*2) and (t7,tr, - --,t*) be an arbitrary (r+1)-
tuple of real numbers satisfying the condition:

(3) tp<...<tr and lim min(t;—t}_)=oco.

n—oo 1=<j<7r
We call {T,} an r-order stable flow if there exists a constant C(f,, - - -, f,)
such that

(4) tim( [1 Ui 1) =Cfor -0 1.
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If {T,} is r-order stable for any positive integer », the flow {T,} is said
to be all order stable.

3. Let {2, ), —co<t<oo} be a real measurable stationary
Gaussian process on a probability measure space (2, B, m). A sta-
tionary Gaussian process is completely determined by giving the mean
E{xz(t)} and the covariance p(t)=E{x(t)x(0)}. A Gaussian flow {T} in-
duced by the process is given as follows: x(s, T,w)=2a(s+t, w) for all ¢
and s. We may assume without loss of generality the mean of the
process is zero: E{x(t)}=0 for all . Let {S,;} be a measurable flow on
another probability measure space (Y, Y, 1) with pure point spectrum
and let us define a skew product flow {Z,} of the flows {T,} and {S,} as
follows :

(5) Zt(w, y):(Ttw9 S:c(z,m)—x(o,w)y)» — oo <t <co.

Using the fundamental arguments for Gaussian distributions we
can prove the following theorem.

Theorem 1. For a Gaussian flow {T,}, the following statements
are pairwise equivalent :

(i) (T} is strongly stable (i.e. 1-rder stable),

(ii) {T.} is all order stable,

(iii) It holds that lim p(t)=C

t—o0

for some constant. C (note that the constant C is not necessarily equal
to zero).

Corollary 2 ([6]). Let {T,} be a Gaussian flow. Then the follow-
ing statements are pairwise equivalent:

(1) {T,} is strongly mixzing (i.e. 1-order mixing),

(ii) {T} is all order mizing,

(iii) It holds that ltim o) =0.

Theorem 3. Let {T,} be a strongly stable Gaussian flow. Then
the skew product flow {Z,} of the flows {T,} and {S,} given by (5) is all
order stable.

Proof. In order to prove the theorem, it is sufficient to show that
the flow {Z,} is r-order stable for any positive integer . Let (f,, ---f,)
be an arbitrary (r+1)-tuple of bounded measurable functions on 2 x Y
and (&2, - - -, t*) be an arbitrary (r+1)-tuple of real numbers satisfying
the condition (3).

Case I. Suppose f;(w,¥y), 0<j<r, are functions of the forms:

( 6 ) @j(w):Fj(x(tjly (l)), ) x(tjkj’ 0))),
(7) Fi@, ) =0 (@)W (y), 0Zj=T,
where k;,t;, - ~,tj,cj,o§j§r, are arbitrary, F;(u,, - - -,ukj),o§j§¢,

are bounded continuous functions and +,(y), 0<j<r, are proper func-
tions of {S;}. Then the left hand side of (4) is equal to
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(1 90 9] tim {11 FoCot 85— 85, @0, -, g, 65— 17, )

X exp i4;(x(t; —t7, w) —x(0, w))} Fyx(y, o - -, 20, »)dm

where 4;,1<j<r, are proper values of {S,}. Next we consider the
following functions
Gyx(ty, @), - - -, x(tok.,9 w)=F(x(ty, w)-- -, w(tokoy )),
Gj(x(o’ (t)), x(t?‘— tg, (0), x(tjl + t? "‘tg" 0)), A} x(tjlcj + t? - tg, Ct)))
:Fj(x(tjl‘l' t:';_tg’ (l)), ] x(tjlcj"' t?—tg’ (0))
X exp 14;(@(t? —1t7, ) —x(0, w)), 1<i<r.
The k,+k,+ - - - + k,+2r dimensional random vector
(x(tou (1)), c %y x(okoy (l))y .’L'(O, (0), x(ti‘—t?, 0)), x(tu+ t{‘—t()”, (l))
( 8) R} x(tlkl"'t{t—t(’;‘; (l)), M) x(oy (0), x(t;&_t(?, (l)), x(t“_*_t;z_tgt’ 0)),
Sty x(trkr'l" t:f_tg’ (U))
is Gaussian with the mean vector 0 and the covariance matrix:
N (NOO(”‘)) NOl(n)y tt NOr(”))

.............

N,(n), N, (), - -,N,,(n)
where Ny (n) is a k, X k-matrix with (p, ¢)-element:
(9) E{x(t,)x(t)}= oty —top)
and for (7,7)%(0,0),N(n) is a (k;+2) X (k;+2)-matrix with (p, ¢)-
element:

E{z(0)2(0)}= p(0) if p=¢q=1
E{a(t; —tpa(ts —t»)}= p(tr —t2) if p=q=2,

(10)  E{x(0)x(t: —t)} = o(tr —t2) if p=1 and =2
E{2(0)a(t;,_,+ 2 —t} = 0(t;q o+t — 1) if p=1 and ¢>2,

E{a(ty —t)a(t o+t — 1)} =p(t 0o+ 2 —t2)  if p=2 and ¢>2,
E{x(tip-z'l' t’?— tal)x(tjq-z‘l' t?"" g)}:p(tjq—z'—tip—z'i' t;t_tlb)

if p, ¢>2.
By virtue of Theorem 1, (9) and (10) we have
NN, -+, N
(1) imN,=[ = .  |=N
" N, ---, N,,

where lim,,_,,, Ny(1) =N,
000), C, C, C, N &
C, ,0(0), P(tu), p(ti2)9 AR p(tiki)
lim Ny(n)= C, o, P(O), o(t—ts:), p(tiki’“til) =N
C, 0(0)
and
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.0(0): C’ ] C
¢, C,

lim N, ;(n)= - =N for i2¢7.
C, C

The relation (11) means that the distribution of the random vector (8)
converges the Gaussian distribution of the mean vector 0 and the
covariance matrix N. Thus the relation (4) follows. Now denote by
[ the set of all finite linear combinations of the functions of the form
(6). Then it is easily verified that the equality (4) holds for arbitrary
funections f;, 0=j<r, of the form (7) in which ¢;(w),0=j<7, are in _[.

Case I1. Let f,, - - -, f, be arbitrary bounded measurable functions
on 2xY. Noticing that the family % of all proper functions of {S,}
is a complete orthogonal system of L*(Y) and [ is dense in L*(2), for

any positive number ¢, there exist functions g,,, 0<j=<r, of the forms:
(P

gjp(w) 2/) = ,;:_Jl 90‘(1%) (0)) . "J"(f%) (y)’

pRe L, yPedA, 1=ks=nP, 0=j=r, p=1
such that

(12) “fj_gjp“<€’ 0<j<7r, p—co.

In this case we see that the sequence of constants C,(g,,, -, 9.p),
p=1, corresponding to the functions g,,, ---,9,,, p=1, is a Cauchy
sequence. So we take

(13) Clfo, -+ f)= Llfg Cp(Gops + =+ 9rp)

and choose a positive number M such that

(14 | fiI=M, 19,l=M, O=sj=sr, pzl

Then from (12), (13) and (14) we obtain

(1, Ua701) =CCu - £ SO+ DM 4216, nco, psco,

Therefore the proof of the theorem is completed.

Remark. Although a Gaussian flow {7} is a Kolmogorov flow
and the flow {S,} is ergodic, the skew product flow {Z,} of {T,} and {S,}
defined by (5) is not ergodic. To show this, note that x(¢, w) alone has
meaning in our case and choose a function M(w, y)=e**®9g (y), where
9, is a proper function corresponding to the proper value 4 of {S}.
Although A(w,¥y) in L*(2XY) is not a constant, it is invariant under
the flow {Z,}. This contradiction implies that the flow {Z,} is not
ergodic. In particular, our assertion is true if the flow {S;} is not
weakly mixing.

4, Now let us consider a Brownian motion {z(f, ®), — oo <t < oo}
on (2, B, m) and a flow {T,} of the Brownian motion which is given by
dxI, T,w)=4x(I+t, ) — oo <t< o0,
where 4x(I, w)=x(b, w)—x(a, w) for I=[a,d). It is easy to show that
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{T;} is a Kolmogorov flow, and thus {T,} is all order mixing. Let {S,}
be an ergodic measurable flow on (Y, 2, ¢) with pure point spectrum
and consider the skew product flow {Z;} of {T.} and {S,} given by (5).
It is to be noticed that x(f, w) alone has no meaning.

Theorem 4. The skew product flow {Z,} is all order mixing.

Proof. To prove the theorem it suffices to show that the flow {Z,}
is r-order mixing for any positive integer . Let f, - - -, f, be bounded
measurable functions on 2 X Y and t?, . - -, t* be real numbers satisfying
the condition (8). We may restrict f;,,0<j<7, to the following func-
tions:

Oo(@)=exp {—i z: O0(@(e, @) — 2(tgp_r, @)}

(15) o, (@)=exp {—i zj 0,(@(@50, @) — (G551, )}

W<+ <p, =00 <@y,
fj(w, Y= SDj(w)\Pj(?/),

where 0;;, 1<k<l;, 0<j<r, are arbitrary real numbers and v,
0<j<r, are proper functions corresponding to proper values 4;,,0<j <7,
of {S,}. This is because the set of all finite linear combinations of such
functions of the form (15) is dense in L*(2) and the family % of all
proper functions of {S,} is dense in LA(Y). So the left hand side of (4)
is equal to

( ﬁ Vs ‘7’0) lim J {ﬁ exp l:"' ZJ: 0 j(x(ay,+t7—t3, )
j=1 n—o J li=1 k=1
(16) (et — w))] exp [iA,(2(t] — £, ) — (0, w))]}

rexp [1 3% 0us(0tne, @)= (s ) | dm

If 2,=--=4,=0, then the equality (4) is immediately obtained from
the ergodicity of {S,} and the mixing property of {T;}. Thus we con-
sider the case that there are some non-zero proper values among the
set (4, - -+, 4,). Take n large enough so that
Uy <+ v+ Lyp, =0 <0 v+ <y <o+ 7 — 5 <o v - <@yp,_ + 17

—ty <t —tf <ap, o+ =17 <o - <ay, + 87

""tg<' t <a’ro+t:%_tg< tt <a’rPr-1+t:'L

—ty <ty =13 <@pp 1+ = <- - <@y, + 71
Then the integral in (16) is equal to

f ﬁ exp [i0x(@(tyr, ©) —2(ay - @))1dm

% T jexp [i(00k+ j}’:ﬂ@)(w(a‘m,w)—x(ao,c_l,w))]dm

k=Po+1

X j exp [i ( g A ,) (@ + 2 —t7, @) — (g, co))] dm
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X ﬁ ﬁ" jeXp[i(amlc‘}' i 2j> (x(a’mk“"trn_tg’ (0)
m=1 k=1 ¢ j=m
— 2+t — 85, 0)) |dmy

1 lﬁn Iexp[i(ﬁmﬁji} Zj)(x(amk+t$—t6‘,w)

m=1 k=Py+1 =m+1

— (@ — s*,w))]dm
x 1 Jexo[i( 33 4)) @lau+ 8 —t5, 0)

— 2@y gyt — 2, w»]dm

Po

= kl:ll exp [ — 305 (o, — i, 1)1
Lo

X J| exp [—%<00k+§lj>2(aok—ao,c_l)]

k=Po+1

T 2
xexp | —4(354)) @ttt —ti—an)|

iz

T 2
2eXp[—%(Z 21) (@ro— vy, + t/?—tkm—x)]
3 7 2
exp[— 0mk+jz /2;) (a'mk_amk—l)]

r 2
'—%(0mk +j Z 12j> (a'mk_a/mk—l)] _’O, n—oco,

=m+

X
T

X
=

1 k=1

X
s
[¢]
»
k=]
—

m=1 k=Pp+1

because of the condition (3): lim min (7 —¢?_;)=oco. Thus the conclu-
n—eo 17

sion follows.
The author wishes to express his thanks to Prof. S. Tsurumi and
Prof. T. Hida who have given him valuable advices and criticism.
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