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On the Asymptotic Behavior of Solutions of Certain
Third Order Ordinary Differential Equations
By Tadayuki HARA
Osaka University

(Comm. by Kenjiro SHODA, M. J./t., Sept. 13, 1971)

Introduction. Our purpose here is to study the behavior as
too of solutions of the differential equations
1.

(1.1)

(1.2)
(1.3)

c----.

+ a(t) + b(t)c + c(t)x-- e(t)
+ a(t) + b(t)c + c(t)h(x) e(t),
+ a(t)f(x, 2)2 + b(t)g(x, 2) + c(t)h(x)- e(t).

We assume the ollowing conditions throughout this note.
(c) a(t), b(t) and c(t) are positive and continuously differentiable unctions on [0, c).
(c) e(t) is continuous and absolutely integrable on [0, ).
(c) h(x) is continuously differentiable and real-valued or all x.
(ct) f(x, y), f(x, y), g(x, y) and g(x, y) are continuous and real-valued
or all (x, y).
In [2], the author considered the conditions under which all solutions of the non-autonomous equations (1.1) and (1.3) with e(t)=O and
h(x)=x tend to zero as t-c.
2. Theorems.
Theorem 1. Suppose that a(t), b(t) and c(t) are continuously diff erentiable and e(t) is continuous on [0, c) and following conditions are

satisfied;
(
A>=a(t)>=aoO, B>=b(t)>_boO, C>__c(t)>=co)O for t e [0, ),
as
(ii) xh(x)O (x:/:O),

H(x)=.[h($)d$-+c

(iii)

aobo h>= h’(x),
C

(iv)

/a’(t) + b’(t)

lc’(t) < ab--2

(

Then every solution x(t) of (1.2)is uniform-bounded and satisfies
x(t)-o, (t)-0, (t)-0 as t--.
Corollary 1. Suppose that the conditions (i), (v), (vi)and in addi-
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tion following conditions are satisfied;
(iii)’ aobo--C>O,

l-c’(t)<ab-Cv

(/= aobo+C)

(iv)’

/a’(t)+b’(t)-

(iv)

xh(x)>O (xO),
aobofogo
> h h’(x),

2
Then every solution x(t) of (1.1) is uniform-bounded and satisfies
x(t)-O, (t)-O, (t)O as t.
Theorem 2. Suppose that a(t), b(t) and c(t) are continuously differentiable and e(t) is continuous on [0, ) and following conditions
are satisfied;
(
Aa(t)ao>O, Bb(t)bo>O, Cc(t)co>O
for te [0, ),
y),
( ii
all
(x,
f(x, y) fo > O, yf(x, y) 0
for
g(x, y) go > O, yg(x, y) 0
( iii
for all (x, y),

( v
( vi )

H(x)=[:h($)d$+

C
a’(t)]

ao

as

b(t)go_c,(t)_b(t)
go4 aobofogo--Ch
+ ]b’(.)
c(t)
2
bo
2bogo

(vii)

I:a’(t)] dt< , I:lb’(t)l dt< , I,c’(t)l dt< , c’(t)O
a8

Then every solution x(t) of (1.3) is uniform-bounded and satisfies
x(t)o, e(t)o, e(t)oo as t.
3. Auxiliary Lemmas.
Consider a system of differential equations
(3.)
2= F(t, X)+ G(t, X)
where F(t, X) and G(t, X) are continuous on I x Q (I" 0 t <
Q" an

,

open set in R ) and

[, G(s, X)1 ds is bounded for all t whenever X be-

longs to any compact subset of Q.
The following result of Yoshizawa [6] is well known.
Lemma 3.1. Suppose that there exists a non-negative Liapunov
/unction V(t, X) on Ix Q such that ?(.(t, X) g W(X), where W(X) is
a positive definite with respect to a closed set 9 in the space Q. Moreover, suppose that F(t, X) of the system (3.1) is bounded for all t when
X belongs to an arbitrary compact set in Q and that F(t, X) satisfies
the following two conditions with respect to
(a) F(t,X) tends to a function H(X) for X e 9 as t, and on
any eompaet set in 9 this convergenee is uniform.
(b) Corresponding to each s>0 and each Y e
there exist a

"

,
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(e, Y) and a T (e, Y) such that if IIX--YII < (, Y) and t>= T (e, Y), we
have F(t, X)- F(t, Y)II < e.
Then, every bounded solution of (3.1) approaches the largest semiinvariant set of the system J-H(X) contained in 9 as t-c.
Lemma :.2. Let h(0)--0, xh(x)O (x:/:O) and (t)--h’(x)O
((t) 0), then
(3.2)

(H(x)=h()d)

2(t)H(x)>=h(x)

Proof of Lemma :.2. We have

2(t)H(x)- h(x)-

h(x)-2.Ih()h()d.

Hence

2[ {(t)h($)- h’()h()}d$

{((t)
2
In

.

h’(e)}h($)de >_ O.

Q.E.D.

the ollowing, itWill be assumed that
Proof of Theorems.
X-(x,y,z) and IIXI]--/X+y+z
CIP means the amily of all continuous increasing positive definite unctions and also CI means the
amily of all continuous increasing unctions.
Proof of Theorem 1. Equation (1.2) is equivalent to the system
(4.1)
2=y, 9--z, 2= --a(t)z--b(t)y--c(t)h(x)+ e(t).
4.

We denote

’(t)=.[o,c’(s)] de.

[; e(t) dt <=E

and

(4.2)

[[c’(t){

We define the Liapunov unction V(t, x, y, z) as

c.

V(t, x, y,

where
(4.3)

It may be assumed that

z)--e-f(’)l’{V(t, x, y, z)+

V(t, x, y, z)-e-r(t)/OVo(t, x, y, z),

Vo(t, x, y, z)
(4.4)

tc(t)H(x) + c(t)yh(x) + 1 b(t)y+

-

/a(t)y +/yz + lz
2

and k is a positive number to be determined later in the proof.
According to the conditions (i), (iii) and Lemma 3.2 it can be seen
that
Vo(t, z, y, z)>=/ZColH(x)

(4.5)
where

+
and

pbo--_

+/z{(a0--/z)--/(2} y2+

32 are suitable positive numbers satisfying

and a0--/z > a2>0.

Then we can find a positive number

>=

2(1+

1--TC-bb.> 1>0
3 such that

(4.6)
Vo(t, x, y, z) (3{H(x) + y2 + z2}.
And it is easily verified that there exist two continuons functions w(r)
and w2(r) such that
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(4.7)
or all X e R and t e I
where w(r) e CIP, w(r)--c as r-c and w(r) e CI.
It iollows rom (4.1), (4.3) and (4.4) that
’0(.,(t, x, y, z)= --{/b(t)--c(t)h’(x)}y--{a(t) lu}z

+
and

(,.)(t, x, y, z)
(4.8)

4

Let

k_>

(4.9)

-

aobo--Ch

+1

4’

phi2 -yh(x) + phl Yt
lua’(t) + b’(t)---c’(t)
P
e_:/o

+ (lay + z)e(t)

I + e_(t)/o(/y + z) e().
(y + 2z
bo

then by (4.1), (4.2), (4.6) and (4.8) we have

( l(t, z, y, )<-- abo-ch
4

.e -//o

y-t--o

It follows from (4.7) and (4.9) that all solutions of (4.1) are uniformbounded.
In the system (4.1) we set

(4.10)

F(t, X)

z
G(t, X)a(t)z-- b(t)y-- c(t)h(x)
then F(t,X) and G(t,X) clearly satisfy the conditions of Lemma 3.1.

Let W(X)- aobo Ch e

2z/ then l.(t, x, y, z)< W(X)
4
and W(X) is positive definite with respect to the closed set 9--{(x, y, z)
Ix e R
F(t,X)--

(

0

/

--c(t)h(x)/

According to the condition (v) and the boundedness of c(t), we have
c(t)-c as t-c where Oco<=C<=C. It is also clear that if we take

--ch(x)
then conditions (a) and (b) o Lemma 3.1 are satisfied, and since all
solutions of (4.1) are bounded, it ollows rm Lemma 3.1 that every
solution of (4.1) approaches the largest semi-invariant set o =H(X)
contained in tO as t- c.
From (4.11), ](-H(X) is the system 2-0, ?-0, 2----ch(x) which
has the solution x-c1, y=c., z-c-ch(c)(t-to). To remain in
c--0 and c--ch(c)(t-t0)=0 for all t>= to which implies c--0 and c--0.
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Then the only solution of =H(X) is X=_O, i.e., the largest semi-invariant set of =H(X) contained in t9 is the point (0, 0, 0). Then it
Q.E.D.
follows that x(t)O, y(t)O, z(t)O as tc.
Proof of Corollary 1. In Theorem 1 we set h(x)= x then the condition (ii) is satisfied. We take h h’(x)= 1, then/= p and the conditions (iii)’ and (iv)’ are obtained. Thus we have the conclusion.

Q.E.D.
Proof of Theorem 2. Equation (1.3) is equivalent to the system
(4.12) 2--y, =z, =--a(t)f(x,y)z--b(t)g(x,y)y--c(t)h(x)+e(t).
It
We denote
and

v(t)=:la’(s)lds, fl(t)=I:lb’(s)lds

r(t)=:lc’(s)lds.

may be assumed that

=<Nc

and
V(t, x, y, z) as

[le(t)[dt<=E.

We define the Liapunov function

V(t, x, y, z)=e-J(){V(t, x, y, z)+ k},

(4.13)
where

(4.14) V(t, x, y, z)-e -[(t)/+(t)/+(t)/}. Vo(t, x, y, z)=e-R(t)Vo(t, x, y, z),
g(x, )d
Vo(t, x, y, z)- luc(t)H(x) + c(t)yh(x) +
(4.15)
yz
f(x,

b(t)[:

+

a(t)

)d +

z

+2

and k is a positive constant to be determined later in the proof.
Since

(4.16)

b(t) goh’(s), we can use Lemma 3.2 and we have
c(t)

zH(x) + yh(x) +

Then we can find a positive number such that
(4.17)
Yo(t, x, y, z) {H(x) + y + z}.
And it is easily verified that there exist two continuous unctions w(r)
and w(r) such that
or all XeR and teI
(4.18) w(X])V(t,x,y,z)w(X)
where w(r) e CIP, w(r) as r and w(r) e CI.
Along any solution (x(t), y(t), z(t)) o (4.12) we have
0.>(t, x, y, z)
--{b(t)g(x, y)--c(t)h’(x)}y--{a(t)f(x, y)-- Z}z’+ (Zy + z)e(t)

+ c’(t)
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(t..) (t, x, y, z)
(4.19)

2zl +e_,(t)(/y+z)e(t)
<__aobofogo--Chle_(y+
4
bogo
N
whereQ--L+ M +_.
a- o c0
Let k>
(4.20)

+1 then it ollows rom (4.12), (4.13), (4.17) and (4.19) that
4( ’
e-(+Q)
(t.)(t, x, y, z)<__
+

(Y 2-Zlbog

aobofogo- Ch4

"

The remainder of the proof now proceeds as in that of Theorem 1.
Q.E.D.
Remark. It turns out from the proofs that above theorems can be
extended to the following cases
(1.1)’
+ a(t)2 + b(t)2 + c(t)x- e(t, x, 2, 2),
(1.2)’
+ a(t)2 + b(t)2 + c(t)h(x)- e(t, x, 2, 2),
(1.3)’
+ a(t)f(x, 2)2 + b(t)g(x, 2)2 + c(t)h(x) e(t, x, 2,
The condition (vi) of Theorem
where e(t, x, y, z) is continuous in I R
I (condition (viii) of Theorem 2) is then modified as
(vi)’ ((viii)’)
e(t, x, y, z) (t)
for all (x, y, z) e R
where (t) is continuous in I and satisfies

.

"

<=

The proofs run just as before, using (s) in place of e(s) in (4.2) and
(4.13) e.g.
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