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202. On the Asymptotic Behavior of Solutions of Certain
Third Order Ordinary Differential Equations

By Tadayuki HARA
Osaka University

(Comm. by Kenjiro SHODA, M. J. A., Sept. 13, 1971)

1. Introduction. Our purpose here is to study the behavior as
t—oo of solutions of the differential equations

1.1 &+ a(D)E + b0 + c(D)a = e(?) (9-6: flatc) )
1.2) &+ a)E + b+ c(®)h(x) =e(t),
(1.3) B+ a(t) f (@, £)3+ b9, €)%+ c(O)h(x) = e(t).

We assume the following conditions throughout this note.

(¢;)) a(t), b(t) and c(t) are positive and continuously differentiable func-
tions on [0, o).

(¢,) e(t) is continuous and absolutely integrable on [0, co).
(¢y) I(x) is continuously differentiable and real-valued for all .

(c) [z, ), fo(x, ), g(z,y) and g,(x,y) are continuous and real-valued
for all (z,¥).

In [2], the author considered the conditions under which all solu-
tions of the non-autonomous equations (1.1) and (1.3) with e(¢)=0 and
h(x) =2 tend to zero as t—oco.

2. Theorems.

Theorem 1. Suppose that a(t), b(t) and c(t) are continuously dif-
ferentiable and e(t) is continuous on [0, oo) and following conditions are
satisfied ;

(i) Aza(t)=a,>0, B=b({t)=b,>0, C=c(t)=¢,>0 for t e [0, o),
(i) 2h(x)>0 (x0), H(x):f:h(f)dSa—l—oo as |@|—oo,
(iid) “oTbo>hlzh'(x),
. , 1, a,b,—Ch ab,+ Ch 7

")+ b (t) — —¢'(t 090 1 — &Y Loo=1),
() pd O+ O— <A (,, oo, o h)
(v) rlc’(t)| dt< oo, ¢'(t)—0 as t—s oo,

0

(vi) j:le(t)ldt<oo.

Then every solution x(t) of (1.2) is uniform-bounded and satisfies
x(t)—0, %(t)—0, #(t)—0 as t—oo.

Corollary 1. Suppose that the conditions (i), (v), (vi) and in addi-
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tion following conditions are satisfied ;
(i)Y ab,—C>0,
< , , 1, ayb,—C b+ C

(10 paO+V - H< B (/x———%o——>.

Then every solution x(t) of (1.1) is uniform-bounded and satisfies
x(t)—0, 2(t)—0, &(t)—0 as t—oo.

Theorem 2. Suppose that a(t), b(t) and c(t) are continuously dif-
ferentiable and e(t) is continuous on [0, co) and following conditions
are satisfied ;

(i) Aza®)=a,>0, Bz2b({t)=b,>0, C=c(t)=¢,>0 for t e [0, oo0),
(i) f@,N=/f>0, yfolz, y) <0 for all (x,v),
(iii) g, 9 =9,>0, yg.(x, y) =0 for all (x, ),

(iv) zh(@)>0 (z%0), H(x):jjh(f)d&—»+ o as|x—oco,
(v) Gbohdosp 2w,

( Vi ) la/(t)‘ ﬂ2+ Ib,(t)lb(t)go_c/(t) b(t) go< a'obofogo_Chl

ao bo C(t) 2
(1= S Ch),
2b,9,
(vii) rla’(t)l dt< oo, r|b'(t)| dt< oo, f ")) dt< oo, ¢/(H)—0
0 0 0
as t—oo,

(viii) r[e(t)l dt< oo.

Then every solution x(t) of (1.3) is uniform-bounded and satisfies
x(t)—0, £(t)—0, &(t)—0 as t—oco.

3. Auxiliary Lemmas.

Consider a system of differential equations
3.1) X=F(t, X)+G(, X)
where F(t, X) and G(t, X) are continuous on IxQ (I: 0<t<co, Q: an

open set in RB*) and thG(s, X)| ds is bounded for all ¢ whenever X be-
0

longs to any compact subset of Q.

The following result of Yoshizawa [6] is well known.

Lemma 3.1. Suppose that there exists a non-negative Liopunov
function V(t, X) on I X Q such that V(w(t, X)) —W(X), where W(X) is
a positive definite with respect to a closed set 2 in the space Q. More-
over, suppose that F(t, X) of the system (3.1) is bounded for all t when
X belongs to an arbitrary compact set in @ and that F(t, X) satisfies
the following two conditions with respect to Q:

(a) F(,X) tends to a function H(X) for X e R as t—oo, and on
any compact set in Q this convergence is uniform.

(b) Corresponding to each ¢>0 and each Y e 2, there exist a



Suppl.] Asymptotic Behavior of Solutions of Differential Equations 905

0(e,Y) and a T (¢,Y) such that if | X—Y||<0 (¢, Y) and t=T (¢, Y), we
have |F(t, X)—F(t, V)| <e.

Then, every bounded solution of (3.1) approaches the largest semi-
invariant set of the system X=H(X) contained in Q as t—oo.

Lemma 3.2. Let m0)=0, zh(x)>0 (x+0) and o@)—h'(x)>0
0()>0), then

3.2) ROH@ZI@  (H@=| neads).
Proof of Lemma 3.2. We have h«x):Zﬁh’(&)h(s)ds. Hence
20()H(z) — (@) =2 (GOR(E) — (RS
=2 PO @MOAEZ0.  QED.

4, Proof of Theorems. In the following, it will be assumed that
X=(x,y,2) and | X||=v2?+9*+2°. CIP means the family of all con-
tinuous increasing positive definite functions and also CI means the
family of all continuous increasing functions.

Proof of Theorem 1. Equation (1.2) is equivalent to the system
4.1) t=y, y=2, 2= —a(t)z—bt)y—c@®)h(x)+ e(t).

We denote T(t)—_*rlc'(s)l ds. It may be assumed that r[c’(t){ dt<N< oo
0 0
and r le(®)|dt<E <oo. We define the Liapunov function V (¢, z, v, 2) as
0

4.2 V(t, 2,9, = TNV (1, @, 0, )+ R,

where

(4-3) Vl(t’ %, Y, z): e—r(t)/CoVO(t, %Y, z)’
Vi, x,v,2)

4.4)

= peH (@) + etyha) + SOV + —21- PO+ pryat 22

and k is a positive number to be determined later in the proof.

According to the conditions (i), (iii) and Lemma 3.2 it can be seen
that

Vit, 2,9, 2)= ﬂCOBIH(x)
4.5) _1_[_1_(1)_0) _ _512 0: o
+5 - =1 % + p{(@— 1) — p10,} y+2(1+52)z,
where 0, and J, are suitable positive numbers satisfying 1——C—>51>0
L0,

and a";ﬂ >0,>0. Then we can find a positive humber J, such that

(4.6) Vi(t, %, ¥, 2 Z 6;{H(x) + ¥* + 2°}.
And it is easily verified that there exist two continuons functions w,(r)
and w,(r) such that
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4.7 w(| XIPDEVE, 2, ¥, 2D Sw,(| X ) forall XeR*and te!
where w,(r) € CIP, w,(r)—oo a8 r—co and w,(r) € CI.
It follows from (4.1), (4.3) and (4.4) that
Voun(t, 2, ¥, )= —{b(t) — c(O W () )y —{a(t) — pe}2?

1 2 1
—pc'(t) |12H b 2
+2,uc(){ @+ phly (x)+p2hly}

A ZACR O %c’(t)} v+ (py+ 2)e(®
and
V1(4.1)(t, Z,Y,2)
(4.8) < _ a,b,—Ch, .e~Nico

= — D00 O g (g 2d) s emrormuy + 2)ecd).

Let kg”;;' 1, then by (4.1), (4.2), (4.6) and (4.8) we have

3
4.9 Vot @y, )< —~—~——“°b°20h‘ - BN/ (yz+ bgzz) .
0
It follows from (4.7) and (4.9) that all solutions of (4.1) are uniform-
bounded.
In the system (4.1) we set

Y 0
4.100 F(, X)=< 2 >, G(, X)=< 0 >,
—a(t)z— by — c(O)(x) e(t)

then F(t, X) and G(t, X) clearly satisfy the conditions of Lemma 3.1.
Let W(X)=a°—b°# <@ (E+N/eo (yz-}— bgzz) , then V', , (£, 2, ¥, 2) < — W(X)

0
and W(X) is positive definite with respect to the closed set 2={(x, ¥, 2)
|xe R, y=0,2=0}. It follows that on Q

0
Fit, X)= ( 0 )
—c(®)(x)

According to the condition (v) and the boundedness of ¢(¢), we have
c(t)—c,, as t—oo where 0<¢,<c..<C. Itis also clear that if we take

0
(4.11) H(X):( 0 ),
—c. h(x)

then conditions (a) and (b) of Lemma 3.1 are satisfied, and since all
solutions of (4.1) are bounded, it follows from Lemma 3.1 that every
solution of (4.1) approaches the largest semi-invariant set of X=H(X)
contained in Q as t—oo.

From (4.11), X=H(X) is the system =0, y=0, 2= —¢_h(x) which
has the solution x=¢,, y=c¢,, 2=c¢,—c.Mc)(t—1%,). To remain in 2,
¢,=0 and ¢;—c..n(c)(t—t,)=0 for all t=¢, which implies ¢,=0 and ¢,=0.
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Then the only solution of X=H(X) is X=0, i.e., the largest semi-in-
variant set of X=H(X) contained in £ is the point (0,0,0). Then it
follows that x(¢)—0, y(t)—0, 2(t)—0 as t—oo. Q.E.D.

Proof of Corollary 1. In Theorem 1 we set h(x)=2x then the con-
dition (ii) is satisfied. We take h,=h'(x)=1, then ¢=p and the condi-
tiong (iii)’ and (iv)’ are obtained. Thus we have the conclusion.

Q.E.D.
Proof of Theorem 2. Equation (1.8) is equivalent to the system

(4.12) d=y, =2, z=-—a@)f(@, Pz—bB9@,Yy—cO)+ ed).
We denote a(t)_j la/(s)| ds, B(t)= j b’(s)|ds and y(t)= Ilc'(s)[ds It

may be assumed that I la’(®) | dt <L < oo, j [b'({) | dtZ M < oo, j le’(t)|dt
0 0 0

<N<c and r le(t)|dt<E <. We define the Liapunov function
V(t, x,y,2) as ’

(4.13) Vit @, 9, D= SOV (8 @y, 2)+ B,

where

(4.14) Vl(t, x, Y, z): e~ la®/ao+p®)/bo+7(t)/co} Vo(t, z, Y, z)-z— e—R(t)Vo(t, x, Y, z)’

Vilt, 2,3, )= pe®H@ + k@ +b® | 9, pndy

(4.15) + ya(t)j: S, )ndy+ pyz+ %z?
and k is a positive constant to be determined later in the proof.
b(t)
c(t)

Since p¢ g,=h'(s), we can use Lemma 3.2 and we have

(4.16) {#H(x)+yh(x)+ L bgg goy} {¢ LH(x)—y| «/ b"g"} =0.

Then we can find a positive number ¢, such that
4.17) Vo, 2, ¥, 2) =0, {H(x) +y*+ 2%}
And it is easily verified that there exist two continuous functions w,(r)
and w,(r) such that
“4.18) w,(X|PEVQE,x,y, ) =w,(| XD forall XeR*and tel
where w,() € CIP, w,(r)—oo as r—oco and w,(r) € CI.

Along any solution (x(t), y(t), 2(t)) of (4.12) we have

V0(4.12)(t, Z, Y, 2)
< —{ub®g(x, y) —cON (@)} —{a(d) f (@, ¥) — p}2* + (py +2)e(t)

, 1 b0 1 oy D(E) )
+C(t){ﬂH(96)+yh(96)+ o goy} ¢ 0 g

() j 9@, gy -+ pa/ (1) j " r(@, s

and
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Vit €, 9, 2)
4.19) <_ o, fo9,— Chy e @ (yz+ 2 zz) + e EO(py + 2)e(d)
4 (e
where Q=£ +M+Zi.
a by ¢

Let k> I ;;_ 1, then it follows from (4.12), (4.13), (4.17) and (4.19) that

1
(420 Vil 2y, 05— LS D= Chpiio (g 2z,
4 b9
The remainder of the proof now proceeds as in that of Theorem 1.
Q.E.D.

Remark. It turns out from the proofs that above theorems can be
extended to the following cases
1.1y E+a®)i+ b))z +c(t)x=e(t, x, &, %),
1.2y E+a(®)i+b@)x+c)h(x)=e(t, x, &, &),
.3y i+ a(t) f(x, ©)&+ b9 (x, )&+ cBDh(x)=e(t, , &, ¥),
where e(t, z, Y, 2) is continuous in I X R*. The condition (vi) of Theorem
1 (condition (viii) of Theorem 2) is then modified as

(vi)  ((viii)) le(t, x, ¥, 2)| < €(t) for all (x,v, 2) ¢ R®
where &(t) is continuous in I and satisfies

j:é(t)dt< 0.

The proofs run just as before, using &(s) in place of e(s) in (4.2) and
(4.13) e.g.
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