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1. Introduction. The well-known Green formula for functions
of two variables, may be stated as follows:
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where u(x, y) and v(x, y) are functions of class C and R is a bounded
planar region with boundary C. Then, from (1) we have
Theorem 1. If u and v are harmonic in R, then
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In 2, we shall prove a theorem which is a sort of inverse of
Theorem I. For the proof, we use the method due to Beekenbach
[13. On the other hand it is known hat
Theorem 2. If u(x, y) is harmonic in a planar domain R, then
for any closed circle C(x, y; r) contained in R.
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Further Levi 2j and Tonelli 3 proved tha if u(x, y) is continuous in R and (3) holds for any closed circle C contained iu
R, Chen u(x, y) is harmonic in R.
We prove a similar Cheorem in 3.
2. Lemma 1 (Saks 4J). If u(x, y) belongs to the class C
and for any closed circle C(x, y; r) contained in D
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then, u(x, y) is harmonic in D.
As an inverse of Theorem 1, we prove
Theorem I. If u(x, y) and v(x,y) belong to the class C in a
1) (r)=o(r) means that lim ._(r) =0.
T
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planar region R, and v(x, y) is harmonic and 0 in R, and
if for any closed circle C(x, y; r) contained in R
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further
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then u(x, y) is harmonic in R.
Proof. Since u and v belong to class C* in R, we have for
each point (x0, Yo) in R,

-

u(x, y)-U(Xo, Yo) + a r cos 0 + b r sin 8 + o(r)
v(x, y)-V(Xo, Yo) + a r cos e + b r sin 8 + o(r),
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where a,, b,, a, b= denote the values of

at the

point (x0, Yo) and X-Xo-r cos

Therefore,
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By (6) and (7), we get the following relations:
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+ b br sinO + o(r),
v

n
+ b br sin + o(r),

and hence

n
+ 2r(aa. + bb.)r + o(r).
Since v(x, y) is harmonic in R,
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By (7) and (8), we get
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On the other hand
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2rr(a + bb) + o(r).

From (4), (9) and (10), we get
2
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Since V(Xo, yo)O, we see immediately that for any closed circle
C(xo, Yo r) contained in R,

n

rd 6- o(r2).

Therefore, applying Lemma 1, we see that u(x, y) is harmonic
in R, q.e.d.

Lemma 2 (Beckenbach [lj). Let u(x, y) be a function of class
C in R, and suppose that for any point (Xo, Yo)in R, one of the
.following conditions is satisfied:
(i) There exists a neighborhood

of (Xo, Yo) in which u(x, y)is

harmonic,

(ii) U(Xo, yo)-O and

u u
x y

are summable in R, then u(x, y)

is harmonic in R.
This Lemma and Theorem I give the following.
TSeorem II. Let u(x, y)be a function of class C in R, and
v(x, y) be harmonic in R. And further the following two conditions
are satisfied:

(i) if v(x, y)-O, then u(x, y)-O and moreover

x

y

are

summable in R,
(ii) the relation (4) holds for any closed circle C(x, y; r) contained in R.
Then u(x, y) is harmonic in R.
Similarly we can prove the ollowing.
Theorem IH. Let u(x, y) be a function of class C in R, and
y)
u(x, >0.
If for any closed circle C(x, y; r) contained in R,
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then u(x, y) is harmonic in R.
When
We shall prove a theorem in the direction o2 the LeviTonelli theorem.
Theorem IV. Let u(x, y) be a function of class C in R, and
suppose that for any closet circle C(x, y; r) contained in R the
following conditions are satisfied:

if
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then u(x, y) is harmonic in R.
Proof. Let us denote by 2 the left-side

A--dO
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y + sin 0)} d.
By the mean value theorem, we get

u(x + r cos
u,(x +
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+ (r-
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where

Now we get
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+ o’ sin 0)- u
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( + r cos O, + r sin O) cos 0 + {( + O’ cos O, + 0 sin O)
( + r cos O, + r sin O) sin O dO
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By the assumption (12),

(18)
Combining the estimations

1
Therefore

-

(14), (15), (16), (17)and (18), we get

[’ u rdO + o(r)

o(r).

u-u rd 0- o(r).

By Lemma 1, we see that u(x,y) is harmonic in R, q.e.d.
Finally, we conjecture the following’ proposition:
If u(x, y) belongs to class C in R, and for any closed circle
C(x, y; r) contained in R the relation (12) holds, then u(x, y) is
harmonic in R.
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