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195. A Simple Proof of Littlewood’s Tauberian Theorem

By Shin-ichi IZuMI
(Comm. by Z. SUETUNA, M.J.A., Dec. 13, 1954)

Littlewood’s tauberian theorem? reads as follows:

If ianx” converges for |x] <1 and

n=0
(1) lim 3 a,2"=0,
z>1 n=0
(2) Ianl_S.A/n (7&21, 2)“’)7
then f}an:——O.
n=0

Two simple proofs of this theorem were given by J. Karamata.?
We shall give another simple one.
Let
a(t)=a, m=st<n+l, n=1, 2,...),

S(t) = f ") du,
then® ’

S(s)= wa(t)e‘“dt:%ane'“ f 1e““dt.
0 n=0 0

Hence the conditions (1) and (2) become
(8) la(®)| < Aft, lim f(5)=0.

We shall further put

Pu (t) =e" E (ut)m ’
nu !

g)=1 (0=t <1), gt)=0 (¢ >1).
Then we have

S(T)= f a@dt=T [ ‘W(TH)dt=T [t

—7 f“ W(TO[gt) —Pu®)]dt + T f “a(TE)P(t)dt
— ST+ S(T), °
say. By (8)
S =4[ 1) —Put) | de

1) J. E. Littlewood: Proc. London Math. Soc., 9 (1918).
2) J. Karamata: Math. Zeits., 32 (1982); 56 (1952). Cf. K. Knopf: Theorie
der unendlichen Reihen, 2te Aufl. R. Wielandt has given a simple proof of the one
side theorem due to G. H. Hardy and J. E. Littlewood in Math. Zeits., 56 (1952).
8) This is the form used by A. Korevaar in his papers in Indak. Math. (1953-1954).
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éA_O/q"il_mZ (ut)m l\dt Af 2 <Z(ut> F\

mu m<u Ml )

—-AS]_,l ASl'z,
say. We have

sam (2T

m>u m'
-5 L f (uty™ 1o~y dt = f tn-to-tdt
m>u Ml m>u m
= u<m2$m + a“;m Sl,],l+Sl,1,27

say, where a > 1. Since

1 o - U 1 “
= et < 2 [ emietdt
(m+1)![ ¢ m+1 m! Of o

we get
Sppe<- o [ twtedt| 1+ %+ w4
R )vf [ au+1l ' (au+1)(au+2) ]

(@u—1! 1 _
= AT 1o1jg = A

and also
Sp= X 1 <Algax A(a—1).
w<nsaw M
If we take a=1+1/V'u, then S,, <AV u.
Similarly we have

Sy e= 2 e f (ut)™ ey dt= > 1 wtm-le—vdt

mlu ! )

Seaiia=[T+) S
= - = = +
J " m' 1,2,1 1,2,2

A+8)w

say. Evidently S,,;=<e¢ and

Sl,2,2 = —e_—m—- ” fu-lgmt/+e)dg
(@ _1)' a+ex
( _1)' 1 +e)“f fr-1o-tde < (1 +&)e~)",

If we take €=1/\/ u, then SLZISL2,1+SL2,2§A/\/'M .

Hence |S(T)| <A/ u.
On the other hand, since f(s)=0(1) and f™(s)=0(s™) (m=1, 2,
-++) ag s—>0, imply f™(s)=o0(s™™),” we get

S(TY=T f “a(T)P(t)dt = f “a()P(¢/T)dt

4) J. E. Littlewood: Loc. cit.
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—s v /m a(t) B e g
e m! r

sl (% \m u):

_m% m! (T>f(T o),
where o may be taken 1/u® for large T. Thus we have Sy(T)=0(1)
as T->ow. The theorem is now completely proved.



