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1. 8. Chowla [1] proposed the problem (the cosine problem):
Let K be an arbitrary positive number. Then can we find
N=N(K) such that

(1) min (cos m&+cos mx+ - - - + o8 mx)< — K

0=<el2m
for all =N where (m,, m,,---,m,) is any set of n different positive
integers?

We shall give an answer to this problem in a special case and
prove theorems closely connected.

2. Theorem 1. For any positive number K, there is an N such
that (1) holds for all m =N and for any set of distinct integers
(Mg, Mgy« -+ -, My) sSuch that the number of solutions of the equations
(2) m;+m;=my, (t<i<k<n)

s of o(n?).

Proof. If not so, there is a positive number K such that for
any N there are an >N and a set of distinct integers (m,, m,,
««+,m,) such that

—f(x)= an} cos mux =>—K.
Then we have

—-n=f@ =K
Let us consider the integral

1= [T(R—fyn+ )i

which was used by S. Szidon [2] for a different purpose. By the
Schwarz inequality

(3) = ( [ &=y (K= £+ f)de )

= [~ prds U= F)F+npde=I, L

say. Now since

f 2Wf dz=0, f 2Wf2clac=r,-z-n2,
0

0
we have

1= f K2—2Kf+ f(n+ f)dw
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20T 20 27T
:=27rK2n+nof dex—zKof fzdx+0f o

29 27

0 0

and then

290 200 2

IP=a,+2a, | fde+( | fidx).

[ra( [ )

We have also
I,= f (K — 8K+ 3Kf — f)dw
0

— BrKn+20K)— [ fdo=Bu— [ fidw
/ /
and

1= f K= Y02+ 2nf + f2)da

27 27
=Q2mrKn*—2mn* +wKn)— | fldez=v,— [ fida.
f ]

By (8) we obtain
27¢
(2an+ Bn+ 'Y’n)f f3dx é Bn’)’n_ a’?&

where
2+ B+ Yu=2w Kn*+ 4w K*n+ 27 K?
=2rK(n*+2Kn+ K*)=2wK(n+ K)?,
Bryn—ai=m*n —n® + 2K(K—1n*+4K*(K—1)n+2K*].
Hence, for large #,

(4) - f e dr= (1 + o(L)ynt/2K.
On the other hand
240 29¢ n n 7
—f f%lx:f <1Z cos’ mx+2 > cos mx cos mja:> > cos myx dx
=1 k=1
0 0

1,7=1
1<Jj
20 7
— f { > (cos (my—m,)w + cos (m, +m,)a)
T
— é« > cos 2miw} > €oS Mm% dx.
= k=1

2=1

Let S=S(n) be the number of solutions of (2), then
— [ Frdv=2mS+ 02,
0
which contradicts (4), since S=o(n?).
3. Theorem 2. Let O<a<1/2. If

n
S cos mx = —n?,
k=1
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then the number of solutions of (2) is greater than
%‘-n“"“(l +o(1)
as n— oo,
Proof. Let K=n°¢ in the proof of Theorem 1, then
20+ Bu+ ¥n=2m1*"*1 +0(1)),
Butyn— ai= —n*n*(1+o(1))
and then

_ f T = (/241 +o(1)).

Thus we get the theorem as in § 2.
4. Theorem 3. For any positive number K, there is an N such
that (1) holds for all n=N and for any set of distinct integers

(Mg, Mgy« - -, M) such that the number of solutions of the equations
(5) m,=m;=my=m, (1<i=n, k<l<n)
s of o(n®).

Proof. As in the proof of Theorem 1, if not so, there is a
positive number X such that for any N there are an #n>N and a
set of distinet integers (m, mg,- - -, m,) such that

—flx)= kﬁ}_lcos mx=—K,

and then
—-n=f@ =K.
Let us consider the integral

27t
J= [&=f o+ fide
0
whose square is less than

[ E— gy (K- frde=, 0,

(] 0
say. Now

J = @nEnt+2rKon—3nKm)—(n—3K) [ fdo— [“pda,
[ 0
Ji= @nK*+6rKm)— 4K [ fodu+ [,
0 0

Jo= (mnd + 2m K(K— 2)n? + mK ) + (2n— 2K) f ridn+ f i,
0 0

Hence the inequality J2<J,-J, becomes
3mK*n'—2m* K*(K—3n* — m* K (4K — 8)n*— 27*Kn

+ (=20 K0 + 4 K (K — 102+ 2r K¥(AK+ 1)n + 4w K?) f ety
0

+(n*+ 2Kn+ K?) ( S “'fsdx)z
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< m(nt +2Kn* — 2Knt + K'n +4K'n+2K") [ Trde.
0
By the inequality (4)
29T
4 >_77'_ 3
!ﬂhh=4mnﬂ+dm
which contradicts the assumption.
Theorem 4. Let 0<a<1/2. If

> cos mux = —nd,
k=1

then the number of solulions of (5) is greater than
i—n3‘2°‘(1+0(1)).
Proof is similar to the case of Theorem 8.

Finally the author expresses his hearty thanks to S. Uchiyama
who gave him valuable remarks.
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