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58. Note on the Lebesgue Property in Uniform Spaces. II

By Shouro KASAHARA
Kobe University

(Comm. by K. KUNU(I, M.Z..., April 12, 1956)

Let E be a separated uniform space. An open covering (R) of E
is said to have the Lebesgue property if there exists a surrounding
V of E such that, for each point xeE, we can find a member O
of the covering containing the set V(x). If every covering of E
consisting of a countable number of open ses (such a covering is
called a countable open covering) has the Lebesgue property, the
space E is said to have the countable Lebesge property. All uniform
spaces to be considered in what follows will be assumed separated.

In a previous note 4], it has been shown among other things
that a uniformisable Hausdorff space possesses a compatible uniform
structure for which every open covering of the space has the
Lebesgue property if and only if it is paracompact, and the cor-
responding proposition to the finite Lebesgue property.

A purpose of this note is to prove an analogous proposition
for the countable Lebesgue property, and to give a characterization
of a uniform space having the countable Lebesgue property.

First of all we can easily obtain the following
THEOREM 1. Let E be a uniformisable Hausdorff topological

space, hen E possesses a uniform structure compatible wih the opolo-
gy of E for which E has the countable Lebesgue property if and only

if E is countably paracompact ) and normal.
It is known) that a uniform space having he countable Lebesgue

property is countably paracompact and normal, and so we have only
o prove the if par of the theorem. Now, by a theorem of C. H.
Dowker [1 and a theorem of K. Morita [5J, we can conclude that
every countable open covering of a counably paracompact normal
space is normaP and the normal sequence consists of countable open
coverings.

Therefore, the family of all countable open coverings of E forms

1) A separated uniform space is said to have the finite Lebesgue property if
every covering consisting of a finite number of open sets has the Lebesgue property.

2) A Hausdorff topological space E is countably paracompact if every countable
open covering of E has a locally finite refinement. Cf. C. H. Dowker [1].

3) Cf. S. Kasahara [3].
4) A sequence fan} of coverings of a space is called a normal sequence if, for

each n, the covering an/l is a star refinement of an. A covering a is normal if a
normal sequence {:an} exists such that (R)1 is a refinement of a. cf. J. w. Tukey [7].
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a basis of a uniformity compatible with the opology of E. The
uniform structure corresponding to this uniformity is called the
E-sruc$ure. Explicity, E has the countable Lebesgue property for
any compatible uniform structure finer than the E-structure.

Remark. It is clear that a countably paracompact normal space
is counably compact if and only if the E-structure is equivalent to
the F-structure. On he other hand, in a normal space, he F-struc-
ture is equivalent to the universal structure6 if and only if for
every compatible uniform structure it is precompact. But, this
means by a theorem of P. Samuel [6] that the normal space is
counably compact. Hence

1. For a countably paracompac normal space E, the following
conditions are equivalent:
( 1 ) E is countably compact;
(2) he E-structure is equivalent o the F-structure;
( 3 ) the F-structure is universal.

2. For a paracompac space E, he following cnditions are
equivalent:

(1) Eis compact;
(2) the E-structure is equivalent, to the F-structure;
( 3 the F-structure is universal;
4 E has a unique uniform structure.

Obviously, a paracompact space has the LindelSf property if, and
only if, the E-structure is universal.

In 3J we have shown that, in a uniform space, every open
covering having he Lebesgue property is shrinkable. However,
more precisely, we can say that an open covering of a uniform
space has the Lebesgue property if and only if i is, say uniformly
shrinkable, hat is

THEOREM 2. An open covering O}e of a uniform space E
has the Lebesgue property if and only if there exists a surrounding
V of E such that the collection [V(O)}x is a covering of E (where
c denotes the comllement operator).

Let V be the symmetric surrounding ensured by Che Lebesgue
property of the covering [O}e, %hen we have

5) The uniform structure corresponding to the uniformity consisting of all finite
open coverings of a normal space is called the F-structure of the space. Cf. S. Kasa-
hara and K. Kasahara [4].

6) A uniform structure of a u,niformisable space E is universal if it is finer than
any compatible uniform structure of E. The foot-note 4 of [3, p. 130J is inexact,
and it should be read as follows: E is countably compact if E has the finite Lebesgue
property and it is pseudo-compact.
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v(ol)=0,

since otherwise there is an x e E such that V(x),0 4= 0 for any
a e A; this states the only if part of the theorem. It is also easy
to show the validity of the if part, and we omit the proof.

Using %his theorem we shall now prove the ollowing

THEOREM 3. A uniform space E has the countable Lebesgue prop-
erty if and only if E is countab!y paracompact normal and every
continuous mapping of E into any separable uniform sace is uniformly
continuous.

To prove the only if part of our theorem, let us consider a
separable uniform space F and denote by I a countable dense subset
of F. For any surrounding U’ of F, we choose a symmetric surround-

ing U of F such that U U’. Let us denote by V he surrounding
of E ensured by the Lebesgue property of the countable ope covering

[f-(U(i))}e, then we have
(f(x), f(y)) e U’ for any (x, y) V.

For, if (x, y) e V, here is an i e I such that V(x)f-(U(i)), and
so we have (f(x), i), (f(y), i) U.

We shall now proceed to prove the if part of the theorem.
Let F be the set of all sequences of real numbers a such hat
0al and that all but a finite number of the a,’s are equal to 0.
For any wo points a-(a) and b--(b) of. F, put

g(a, b)- , a-b I,

t.hen, as can be easily seen, the set F becomes a separable metric
space wih respect to this metric d. Now, le [O} be an arbitrary
countable open covering of E, then the space E being countably
paracompact normal, there exists a locally finite countable refinement
[0} of {0}. To obtain the desired conclusion, it will suffice to
show that the countable open covering [0} has the Lebesgue prop-
erty. Then, by a theorem of C. H. Dowker [1, the covering [0}
is shrinkable, that is to say, we can take a countable open covering

[U} of E such hat U0 for any i-1,2,..- Since the space
E is normal, there exists, for any i, a real valued continuous func-
tion fi such that

for any xeE, and fi(x)-[l for any xeU;0fi(x)l
[ 0 for any x -0.

Let us consider a mapping f(x)-(fi(x)) of E into the above-defined
separable metric space F, then i’t is clear %hat the mapping f is
well defined and is continuous since the covering [0,} is locally
finite. Therefore, by t.he assumption, f is uniformly continuous,
and so we can find a symmetric surrounding V such that
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( * d(f(x), f(y)) 1__ whenever (x, y) e V.
2

If the total intersection of the family [V(0)} is non-empty, hen
there exists an x e E belonging to all V(O). On She other hand, the

point x is contained in some U, and for this positive integer i, we
can ake therefore a point y O. such that (x, y)e V. But then,
since fi(x)=l and fi(y)-O, we have d(f(x), f(x)):>1, which contradicts

the relation (.). Accordingly, we must have )V(O)-O, and thus

the countable open covering [0} has the Lebesgue property in view
of Theorem 2.

In .he remainder of this note, we will concern the completion
of uniform spaces of some types.

THEOREM 4. Let E be a uniform space having the countable
Lebesgue property. Then the completion E o,f E has the countable

Lebesgue property if and only if E is countably paracompact and
normal.

In view of Theorems 1 and 3, it will suffice to prove that every

continuous mapping f of E into a separable uniform space F is

uniformly continuous. Now let be .he completion of F, then
since E has the countable Lebesgue property, .he restricted mapping

f E of f to E is uniformly continuous as a mapping of E into F.

Hence, f E my be extended uniform continuously to E and the
extension coincides with f as can be readily seen. Thus he mapping

f is uniformly continuous.
THEOREM 5 Le E be a uniform space. I,f the completion E

of E has the countable Lebesgue property and for any sequence of
closed sets F of E we have

(**)
I=i I=i

where the cosure is tken in E, then E has the countable Lebesgue

property and E is countably garacomact normal, and the converse is
also true.

irst, we proceed o show that the space E has Che countable
Lebesgue property. Let us consider an arbitrary sequence of closed
sets F of E with empty total intersection. Then, by the assump-

tion, we have ,Q F--0. And so, since E has the countable Lebesgue

property, for a suitable surrounding V of /, we have )V(F)--O.)

7) Cf. Theorem 2.
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Let U=V(EE), then U(F) is contained in V(F) and we have

thus U(F)-O, which states that the space E has the countable

Lebesgue property.
In order to complete the proof of the theorem, it remains only

to prove the following
THEOREM 6. If a uniform space E has he countable Lebesgue

property, then for any sequence of closed sets F of E, we have the
velation (..).

To prove t.his, it is sufficient o show that

() if F--0, hen F--0.

In fact, we have o prove that )F F, but if,there is a poiat
i=l

x in F-F, we can find a neighbourhood U of x in E such

that U F,-- 0. Put H,-UF,, then the set f H, contains the

point x and [H,} is a sequence of closed set.s of E with empty total
intersection. Thus if the assertion () has been proved for any
sequence of closed sets F, of E, a contradiction occurs and the
proofs are completed. However, this may be easily obtained from
the lemma below.

LEMMA. Let F be a uniform space, and E a dense subspace of
F with the induced uniform structure. If an open covering [0} of
E has the Lebesgue property, then the collection [F-E-O} is an
open .covering of F having the Lebesgue property.

Suppose ha he open covering [O} of E has he Lebesgue
properW; then there exists a symmetric open surrounding V of F
such that, for each point y e E, the set U(y) is contained in some
0, where U=V(EE). Let W be a symmetric surrounding of

F wih WV, hen for any point x F, we can ake a point y e E
belonging o the set W(x). Since E-U(y)-(F-V(y))E, we have

F-E-U(y) V(y). But the set U(y) is contained in some O, and

V(y) is consequently in F-E-o,. On he other hand, .he set
W(x) is contained in V(y) because for any z e W(x) the pair (z, y)

belongs to V. Therefore, we have W(x)F-E-O, proving the
lemma.

By a similar method, i is possible to prove t.he following analo-
gous theorem for the finite Lebesgue property, and we shall omit
the proof.

THEOREM 7. Let E be a uniform space. If E has the finite
Lebesgue property and its completion is normal, then has the
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finite Lebesgue property and for any closed sets F, F. of E we have

where $he closure is taken in E. The converse is also true.
We noe that the heorems concerned with the finite Lebesgue

property of ype of Theorems 4 and 6 have been proved by K. Iski
in his note 2].
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