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88. Note on Algebras of Strongly Unbounded
Representation Type"

By Tensho YOSHII
Department of Mathematics, Osaka University, Osaka, Japan
(Comm. by K. SHODA, M.J.A., June 12, 1956)

8§1. Let A be an associative algebra with a unit element over
an algebraically closed field & and g.(d) be the number of inequivalent
indecomposable representations of A of degree d where d is a positive
integer. Then if A has indecomposable representations of arbitrary
high degrees and g.(d)=co for an infinite number of integers d, 4
is said to be of strongly umbounded representation type. In a paper
[1] James P. Jans proved that the following four conditions are suf-
ficient for an algebra to be of strongly unbounded representation type:

(1) L, the two-sided ideal lattice, is infinite.

(2) For any ¢ and any two-sided ideal A, tn N (IN is the radical
of A) e A, (Ae,) has more than three covers in e, N (Ne,) where A’ is
satd to be the cover of e A if A'DeA, and A’ DBDeA, implies
B=¢,A,.

(8) The graph G(A,) associated with any two-sided ideal A, N
18 @ cycle where the graph G(4,) is such a set {P,, P, & P,, P,, P, &
Py Py--+, P,_,, P,_y & P,, P,}® that P, & P, holds if e,A’e; covers
e.Ae; for some cover A of A, and G(A,) is said to be the cycle if
{G(A,), G(Ay)} is also a graph.

(4) The graph G(A,) associated with any two-sided ideal A, N
branches at each end where Gy(A,) ts said to extend G«A,) at the right
end if {Gy(A,), G(A,)} s the graph and G(A,) vs said to branch at
one end if it s extended by at least two distinct graphs at one end.

Now in this paper we shall prove that the following two condi-
tions are also sufficient for an algebra to be of strongly unbounded
representation type:

(6) The graph G(A,) associated with any two-sided ideal A,C N

. (P,,P, &P,,P,, P, &P, }
S 29 1 29 19 1 *P,., P &Pr,P,P &Pr,Pr .
2 { P,«a, sz & Pra, Pk2’ P’cz & Prll, 3 kg 1 kg kg 4 4

(6) The graph G(A) is { Py, Py, & Py, Py, Py, & Py, Pa, Pr, &
Pjs’ Pjs’ P]c3&Pj P"s’ Pka&Pj2,
P,, P, &P,

Jg2

32

Py, Py, &Py, Py, Py, &Py, Py,

1) James P. Jans [1].

2) Py, P,,---, P, mean vertices, and “P; & P;”’ means that “P; and P; are con-
nected by an (oriented) edge”,
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§2. In this chapter we shall prove the following
Theorem 1. If the graph G(A,) associated with A,C N 1is
P,,P, &P, P,, P, &P,, }
{Prs’ P,&P,,P,, P, & Pri) Pro Piy & Py Pry Pry & Bry P, then 4
18 of strongly umbounded representation type.

Proof. In order to simplify the proof we assume that A is the
basic algebra and N?=0. In the case where N®*0, we can prove
by the same way as [1]. First we have the representation

. — [ ch j(a’) }

BAO=y ) X0
for P, & P, where R,(a;) has only 1 in the lower corner, namely
Yi(a)=1 and X, (a,)=0, for a; ¢ e,Ne; and R, (a,)=0 if (3, ) % (s,?).
Next we construct the matrix function R, cek and S is an

integer, @ ]
(@
R“<“)"{Y(a) Xu(a))’
as follows.
Let X,(a) be the direct sum of I,*X; (@) (¢=1, 2, 8) and let Xx(a)
be the direct sum of I,*X,(a) and I,*X,(a) (i=2, 3, 4). Then it is
clear that X,(a) and Xx(a) are representations of A.

Next we put
000 0Qcev-ee 0) 1 Oceves 0}
1 . S
Qevve- 0 0-v--- 0 .
1 Qevow- 0 10:---- 0
1 0----- 01
M1: ) M2_ 1 S,
1 Qeeees 0
[\ 01 Qevvee 0 1
1 Qevee- 00-e--- 0
. S
| P 0 1 (Qeenn- 00-:--- 0
N e’ [
S S
S S
1 0 OW (1 1
..... 1 1
1.. . M,= 1 1
1 Qeeven 0 L 1 1
T 0 0Q-vvo- 0 1 c i
M3: e e s 1‘ 1e¢
Qeeve- 0 Qceve- 0 le
Qevve- 01 . M~ 1 .
1e¢
[0-v-ne 0 1] 1e
I s : ! Le.
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Let Y(a) have M;*Y (a) directly below I,*X,(a) and directly to
the left of I,,*X, (a), M;*Y(a) directly below I,*X,(a) and directly
to the left of Iy,* X, (@), M;*Y(a) directly below I*X,(a)and directly
to the left of I,,* X, (@), M,*Y;(a) directly below I,*X, () and directly
to the left® of I*X,(a), M*Yy(a) directly below I,*X,(a) and
directly to the left of I,*X.(a) and M;*Y 4(a) directly below I.,*X, (@)
and directly to the left of [,*X,(a). Fill out the rest with zeroes.

Now it is shown by the computation of eigenvalues of any

commutator of R,(a) that E,(a) is a directly indecomposable repre-
sentation.

Next we shall prove that A is of strongly unbounded represen-
tation type. For this purpose we have only to prove that F,(a) and
R,(a@) can not be similar for ¢3=d. Now suppose they were similar.
Then there would exist a non-singular matrix P intertwining £, and
R, and we divide P into submatrices,

Py Py oeeeee- P,
P, P, eeeee- P
P="" T e
Py Ppyovovee- P.,

corresponding to the divisions of B,. It is clear from R, (a)P=PR.(a)
that P,=0 (’55\:1), Py,=0 (’5#2), Py=0 (ZZ\:S) and Py, P, Py, Py,
Py, Py, Py, Pg, Py, Py, Pi; and Py are zero, and M,P,=P,M,
M2P22=P44M2, MyPy=P My, M,P,=PyM, M,Pyp=PsM, and M5cpss:
P.M,. Hence P,, P, Py and P, are the direct sums of P, and
Pa,s——c—ll;"%:P77 and from M,P,=P,M,, P, can not be non-singular if
cxd.®
§8. In this chapter we shall prove the following
Theorem 2. If the graph G(A,) associated with A,C N is
{P,cs, P, &P, P, P,, & P, Py, P,, & Py, P;, Py; & P,, P, P, &
Plc2) sz &
i ' P;, Py, & P;, Py, Py & P;, le}, then A is of strongly unbounded

reziresentatz’on type.

Proof. By the same way as Theorem 1 we construct the matrix
function R, as follows, (@)

P YUY/
Refa) {Y(a) X,;(a)}°

Let X.(a) be the direct sum of I,,*X;(a), I,*X;(a), I,*X;(a) and
I;*X;(a) and let Xx(a) be the direct sum of I,*X,(a), I)*X,(a),
I* X, (a), I*X,(a) and [*X,(a). Then X,(a) and Xs(a) are all
representations of A.

Next we put

3) * means the Kronecker product.
4) The computation is long and we shall omit it. Cf. T. Yoshii [2].
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8 8
et N et N
1 0
0 1 1 OQvvn- 0
0, 1 1
M= - .. and M;= 1
1 0 S .
0 1 10----- 0
0 1

Then let Y(a) have M,*Y,, directly below I,*X;(a) and directly to
the left of I[,,*X,(a), M;*Y,(a) directly below [,*X:(a) and directly
to the left of I,,*X; (@), My*Yy(a) directly below I,*X;(a) and directly
to the left of I*X,(a), M *Yy(a) directly below I,*X; (e¢) and directly
to the left of I,*X, (@), M:*Yy(a) directly below I,,*X;(a) and directly
to the left of I;,*X, (@), Ms*Y 4(a) directly below I " X;,(a) and directly
to the left of I,*X;(a), M;*Y,(a) directly below I,,*X;(a) and directly
to the left of I,*X, (a¢) and M*Y;(a) directly below I,*X;(a) and
directly to the left of I,*X (a).

Now it is shown by the same way as above that R, is a directly
indecomposable representation of A.

Next in order to show that A is of strongly unbounded repre-
sentation type, we prove that R,, and E,, can not be similar for ¢==d.
Now suppose they were similar. Then there would exist a non-singular
matrix P intertwining R, and R,;. Let P be divided into submatrices,
Py, Py Py---Py
Py Py Py--- Py
Py Py Py -+ Py
corresponding to the divisions of R,. It is clear that P, (1), P,
(7’:\:2)’ Psi (7’:\:3): P4£ (7::\:4)’ P56) P57: P.')B) P59: P65’ P67: PGB’ PGQ’ P757
Py, Pu, Py, Py, Py, Py, Py, Py, Py, Py and Py are zero. More-
over we have

P=

Qg Qg Qg9 )
o Qo
Qgg gy
(™ yg
Py=| ay Qg5 Qsg
Oga Qg .
Qg g

and it is impossible from PR.(a;)=FE,(a,)P that P is non-singular.
Thus this proof is completed.
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