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103. Fourier Series. I. Parseval Relation

By Shin-ichi IzuMI and Masako SATO
Department of Mathematics, Hokkaidd University, Sapporo
(Comm. by Z. SUETUNA, M.J.A., July 12, 1956)

1. In our former paper [1] we have proved the following
theorems:

Theorem 1. If g(t) is integrable and if f(t) is a bounded measur-
able function such that

" _ 1
[ (f(x+u)-f(x-u))du_o<h/log_k_)
uniformly for all x as h—>0, then the Parseval relation
(1) L[ @ do= "5+ 55 (@,a,+b,b2)
™ 0 4 n=1

holds, where a,, b, and ay, b, are Fourier coefficients of f(t) and 9(t),
respectively, and the right side series converges.

Theorem II. If g(t) is bounded measurable and <f f(t) is an
integrable function such that

[mdwlé—bofs(f(w+u)—f(w—u))du‘:"(l/log%)’

then the Parseval relation (1) holds, where the right side series con-
verges.

It is easy to see that if f(¢) and g(¢) belong to the conjugate
clagses and the Fourier series of one of them converges uniformly,
then the Parseval relation (1) holds and the right side series converges
in the ordinary sense.

Concerning the uniform convergence of Fourier series, the Salem
theorem [3] (cf. [2]) is well known which reads as follows:

Theorem III. If f(¢) vs continuous and
5”2/23 JS@+=2kmw|N)— f(t=(2k—1)m/N)

k

k=1
tends to zero unmiformly as N->co, then the Fourier series of f(t)
converges uniformly.

In this paper we show that if £(¢) and ¢(¢) belong to the conjugate
classes, then the weaker one than the condition of Theorem III is
sufficient for the validity of the Parseval relation (1).

2. Theorem 1. If g(t) s Lebesgue integrable and f(t) is a
bounded measurable function such that

(2) me+qc/th E%] f(ti(zk—1)7r/N)-——f(ti‘.2k7T/N) !

f=1 k |
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©s bounded wuniformly in % and tends to zero almost everywhere, not
necessarily uniform in x, then the Parseval relation (1) holds, where
the right side converges.

Proof. Let Sy be the Nth partial sum of the series in (1), and
sx(t, f) the Nth partial sum of the Fourier series of f(¢). Then

aalt, =1 [ f@)Dale—t)is,

where Dy(t) is the Dirichlet kernel, that is,

i 2 5in /2
Then

4 N 3
S="4% 1 31 @ap+b,b0)=1 [T ooy, £dt
4 n=1 ™ o

=~7%2_ ") dt f "f(@+8)Dy(@) de

1 [ 1
= [,, Dy(@) o~ of 9 f @ +8) dt.

The right side is the Nth partial sum of the Fourier series of the
function

o)=L [“o)f@—tyas
™ 0
at x=0. We shall now consider

w(Su=L [Tuerrerae)= [T TN @y [ o) Ao+t —f(0)1de+ (1)

a ﬂ?qc 0 2q
-_-of dxof dt+[ﬂdwof dt+o(1).

Let us prove that the first integral is o(1), the second may be simi-
larly estimated, and hence we omit it. Let us write the first integral
as follows:

f«/zvdx f 2"dt+ f "dx f Mdt-}-o(l): I+J+o(1).
0 0

/N 0

We have
n/N 2qt
=N [ de [T9@0) 1 fa+t)—f0) | dt
2:: ’ /N
= [Tig®1at-N [ f@rt)—£)] deo
which is o(1) as N— o gince ge L(0, 27) and the inner integral is

uniformly O(1/N) and is almost everywhere o(1/N). We have also,
supposing N as an odd integer,
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= Sm%dx [T+ t—re)at

7 /N 0
G+D/N oin N

:glf T, = f IO f@w+t)—f(t)]de

kg /N

:(Nki}:z/zfygfn]vxdx{x+(2k l)w/Nf (t)[ (m+%p_7f+t>

/N

—f(t)]dt—m f g(t)[ <x+ z-?—w) f(t)] dt}

:(Ng}:/zf:"msm Nz dx{(zk 3 /Nf g(t)[: (x+ (2k— Zvl)qr +t>

x/

orr
x+m|/N 2k
(@ Tym/ N (@ + 2Zhor/ N S To0) 1 (“T“) ~1) |
— @ " @k —1)m
(@ — 1)/ N) @+ 2h— 1y /N) o) [f <x+ N +t)
—f(t)]dt}
=J 1+J2_J 3y
say, where
[ W0 f( 4t (2h— 1) N)—F (@ + & + 2o/ N)
J, f g(t)dt Z; Nsm Nz dx Z‘, Ty N
- SLIES ”/2f(w+t+(2lc D/ NY— f@+ £+ 2o/ N)
FA flg(t)ldt N[,N i da

—0(1)
since g e L(0,27) and the inner integral is uniformly bounded and
tends to zero almost everywhere as N— « by the assumption of the
theorem. It remains now to prove that J,—J;=o0(1) as N—> co.
-1)/2 20/,
Jo= f sin Nz dx

k=1
/N

z+m/N

@ "’i)w/N)(x+2k 13 g(t)[ Sf(@+ 2km| N+ t)— f(¢)1ds,

(LI=A max ST L (o) | LAt 2 N ) £8) | dt
n/N<wp<em/N k=1 [ .
No W-1)/2
<A max (2 + >:J21+J22’
m/N<w<2m/N \ k=1 k=Ny+1
where N, is a large but fixed integer.

For any €>0, we can write g(t)=g,¢t)+gyt), where |g,@)| <M,
27
and f | 9t)| dt<e. Then
]
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Ju<A max S\ f | f(@ + 2N+ &) — £(E) | dt

/N Lo 27/ N lc=
E“ k2 [ I g 2( ) l = ’

where | f(2)| < M,
1 A
< it
Jou =AM, k%_,‘o“ BEN
which is less than ¢ for large N,. Thus we have proved that J, tends
to zero as N— . Similarly Jy;=o0(1).

3. Theorem 2. If g(t) is bounded measurable and f(t) is an
integrable function such that

(8) fgﬂ cg] f(t==2km/N)— f(t+(2k Dy /N) dt

k=1
0

tends to zero as N—>oo, then the Pwrseval relation (1) holds, the right
stde series being convergent.
Proof. As in the proof of Theorem 1, we divide the integral

form of W2<SN——1— f 2wf(c)e)g(oc)olav) into I, J,, J, J;. We can easily
T
0

prove that I=o0(1) and J,+ J;=0(1). Concerning J, we get

W=1/2 pom/N 1
Nwd |
S x[x+(2k——1)w/N

T (e @) e % a]

N N
_ fmg( bt [ [/N e wagﬂ f@+t+(2k— - i)zrz/liv>1)£(/a]a\;ut+2kw/N) dx}
|J11<f dtum sin ang”’zf(%t-k(2k—8;/1\/;));f1\(;0+t+2’”’/N) dx1
_ f“ ‘| f "sin Na—t) 5 7= ZQZ/ABW /g"f,“%wm @
[ e
- f <Nkz:2 f(x+(2k 1)(,;@1;{(“2%/1\7 ) }dx

0
which tends to zero as N— o by the assumption. Thus the theorem
is proved.

Especially, if
29t
[ 1 f@)—fa+mIN) | de=o(1/log N),
0

then the assumption (3) is satisfied. This is also a special case of
Theorem II.
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4, We shall state theorems which can be proved by the above
method. The proof may be omitted.

1° If g(¢) is of bounded variation and f(x) is a continuous func-
tion such that (2) (or (3)) satisfies the assumption in Theorem 1 (or
Theorem 2), then the Parseval relation

[ eda®) =245 1 3 @i+ b

holds where a,, b, are Fourier coefficients of f(¢) and ay, b, are Fourier-
Stieltjes coefficients of g(t).
2° If g(¢) is integrable and f(¢) is a bounded measurable function
such that
N f””"”" E(Nil}m | f(¢£2km/N)—fEx=2k—D)m/N) | 4

= fpt-o

(a>0)

2+ 7 /N
is bounded for all x and tends to zero as N—> oo, then the Parseval
relation (1) holds, where the right side series is (C, —a) summable
(cf. [4, 5.

3° If g(¢) is bounded measurable and f(¢) is an integrable funec-
tion belonging to the class lip (1, «), then the Parseval relation (1)
holds where the right side series is summable (C, —a) (cf. [4, 5]).
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