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Let f(x) be a real or complex valued measurable function over
(--oo, oo), and f(x) the Hilbert transform of f(x), that is
f(t) dt.
(1.1)
1.

f

The property of this singular integral has been studied by many authors.

In particular we feel interest in the result of L. H. Loomis [5J and
H. Kober [3. Other references will be found in E. C. Titchmarsh
We introduce instead of the ordinary Lebesgue measure the following one

l(,
and we consider the Hilber ransform for he function of he class
to the
L(I) whieh is the set of f() to be measurable with
g and sueh as

resee

(1.a

p

Clearly the measure function (1.2) lays a role of convergence faetor
and this enables us to trea he more extensive elass of functions.
he urose of this aer is the systematic treatment of the Hilber
oerator from a oint of view of linear oeration. We may use the
same notation of constant at eaeh occurrence.
2. he theorems on interpolation of the oeraion whieh we need
are three. Definitions which we do no sate here will be found in the
aer of A. ygmund [7. Let R and S be two saeesfor simplicity
Nuelidean saeeswith non-negative and eomletely additive measure
and u respectively. In a revious aer he author [, I has extended the definition of A. Zygmund to the ease where t(R) and (S)
are infinite. We need two more theorems which are due to A. P.
Calder6n and A. Zygmund [1. hese concern wih the ordinary
Lebesgue measure and we can state in the following form:
heorem. Soe that (R)
that
(S) axe both ifiite
qai-liea oeatio f--Tf i iltaeol of eak te (1,1)
g (p, ) (p>l). The f--Tf i gefieg fo eve f eh that
Here we state the result without proof.
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fl log fl L and we have for any sub-set So with finite ,-measure
lfld,<__A lfi{l+log*E,(So)lfi]}d+S,(So) -,
(2.1)

f

f

8

where is any positive number.
Theorem. Suppose that p(R) and ,(S) are both infinite, and
a quasi-linear operation f--Tf is of weak type (1, 1). Then we have
for any sub-set So of S with finite ,-measure
8

.1

where 0 < s < 1 and A is an absolute constant.
3. In this section we use a weak type or strong type of the
operation in mean with respect to the measure d[. From now on we
limit p and
such as p> 1, 0a <1. The equivalence of the measurability in the ordinary Lebesgue sense and that of the d/ is clear.
Theorem 1. Let f(x) belong to L$, then the Hilbert operation (1.1)
is a strong type (p, p).
This theorem has been proved by the same argument of G. H. Hardy
and J. E. Littlewood
Theorem 2. Let f(x) belong to L. Then the Hilbert operation
(1.1) is a weak type (1, 1).
This theorem has been proved by running on the line of A. Zygmund loc. cit., but we need the following
Lemma 1. For any interval I--(a, b) and 0 <1, there exist two
contiguous interval I.-(a’, a) and I*-(b, b’) such that

A III/2

B’ III/2 I
where

I(l)=(a, c), I()--(e, b), 2e--a+b,
and by I] we denote the length of the interval L
The case a--0 in Theorems 1 and 2 is due to M. Riesz cf. 6J
and L. H. Loomis 5 respectively. In these theorems the operation
can be replaced by the following

(a.5)

Tf f

f

f(t) dr,

where ]--](x) is any positive measurable funetion of
we can put sup lf(x)l.

.

In particular

V>0

4. If we apply interpolating theorems to the result of the preceding section we have immediately
Theorem 3. Let f(x) belong to L$ (0a<l). Then the Hilbert
operation (1.1) exists for a.e. and also belong to the same class and we

S.
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have

[’. (I f I), dx < A
J 1H-lxl

(4.1)

(4.2)

lim

,,(} f I)

f. ([ --fiI)

dx--O.

In particular we have
Corollary 1. Let f(x) belong to L$ (p>l, Oa<l) then we have

l+lx[,
(A)

dxA,

f f

lira

l+lxl,

dx

g 0.

Theorem 4. Let f(x) be a fnction such that
) ]f[j dx<
If[
(4.5)
(0<a<l).

,

f lg+C(l

Then the Hilbeft operation
have

(4.)

f I1

l+lxl"

-dxA

) ]f]J dx+B
f: Ifl lg+C(l
1+ix

where A, B are absolute constants.
heorem g. Let f() be

(.a)
Then we have

(.10)

lira
0

N--N g--0

where

l,(x)=,(x)

(4.11)

---K(x) ff(t)dt,

where A, B are absolute constants.
Theorem 6. Let f(x) belong to L, (0a<l).

(4.12)
(4.13)

f

If [-’
lim

[f--fl.+i

dx=O

Then we have
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where 0<e<l, >(1.-a.) and A is an absolute constant.
5. For any sequence

(5.1)

X=(...,x_,Xo, X,...,x,...)

_, ,. .,

we define the Hilbert transform by the following sequence

x= (...,

(5.2)

0,

,...)

where

(5.3)
the prime means that the term m-n is omitted from summation.
If we put
(5.4)
x(u)=x if ]n-ul/2 (n=O, 1,...)
and similarly for
Then a transformation (u)=Tx(u)defines a
linear operation. The weak type (1, 1) and strong type (p, p) of this
operation are equivalent to the following propositions

,.

(5.5)

.:-

y

-l+ln

and

(5.6)
respectively. Thus we can reduce the discrete case to the continuous
case of the preceding section. We have
Theorem 7. Let X belong to l$. Then X also belongs to the same
class and we have

It x !1.,. A,. II X I1.,..

(5.7)

Corollary 2. Let X belong to

(s.8)

.,

I! x !,,,,,

l (p>l, 0a<l).
A,, !! x I,,,,.

Theorem 8. Let X be a sequence such that

(5.9)
where 0<a <1.

l+lnl

Then X can be defined and we have

where A, B are absolute constants.
Theorem 9. Let X be a sequence such that

(5.11)

E i,! log+ [(I-I-n) x,l] <

Then we have

(5.12)
where

E I.*1 A E IXni log+ [(1-I-n)

Then we have
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(5.13)

*o--o

and

.,_,__l,x,,
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(n--+/-l, +_2,...).

Theorem 10. Let X belong to the class
can be deftned and we have

(5.14)

1]1+

L, (0a<l).

Then X

{a--;.-a.)}

where 0<<1, >(1--) and A is an absolute constant.
6. As a simple application we establish some theorems concerning
the Dirichlet singular integral. This is defined by the following for-

mula:

(6.1)

D(x, f)=D(x)=1

f f($)

sin 2(--t) dr.

This can be rewritten in the following form,
f(t) cos 2t dr-- cos
f(t) sin 2t dr.
(6.2)
D(x)-- sin x
x--t
=
Thus we have similar theorems. We omit the detail.
7. In the final section we give a negative example:
Theorem 11. For any given pair of numbers (p>l, 1) or
(p--1, > 1), there is a function of class L whose Hilbert transform
diverges almost everywhere.
If we put f(x)-(log n) n<xn+l (n--l, 2,...) and vanish elsewhere. This f(x) proves this theorem. This example shows that the
case --1 is a critical case in some sense and if we wish to treat the
Hilbert transform in the case 1, we should call a modified definition. These will be argued in other place.
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