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3. Semi-ordered linear spaces R and R’ are said to be similar to
each other if there exists a one-to-one correspondence ¢: Rsa—>¢(a)e R’
between R and R’ such that

(8.1) o(—a)=—¢(a) for all acR;
(8.2) o(a)>¢(b) if and only if a>b.
The correspondence ¢ fulfilling the conditions (3.1), (3.2) is called a

similar correspondence.

A convex set C in R is said to be an l-vicinity if
(8.8) for any acR, there exists a positive number a such that aacC;
(8.4) acC, |b|<|a| implies beC;
(3.5) a,beC, |a|~|b|=0 implies a+beC.

If C is a convex [-vicinity then we have 0e¢C and aXbeC for any
a,beC.

Now we say that semi-ordered linear spaces R and R’ are almost
similar to each other, if there exist convex [-vicinities CC R, C'C R’

and a similar correspondence ¥ from C onto C’. For such ¥ we have
obviously for a,beC

Y(aXb)=V(a) X¥(®), Yv(a)=|¥(a)].
When R and R’ are almost similar to each other, then for any
normal manifold N in R (projection operator [N] on R) there exists

a normal manifold in R’ (resp. a projection operator [N]’ on R’) such
that

2e[N]C if and only if Y(x)e[N]'C'.

Therefore we can conclude that the proper space £Y of R is homeo-
morphic to that &' of R, if R and R’ are almost similar to each other.
The converse of this fact, however, is not true in general. But as for
modulared semi-ordered linear spaces we can show the converse of the
above holds valid in sufficiently general cases. This gives appropriate-
ness for our standpoint of discussing the theme of this paper in
modulared semi-ordered linear spaces. The proof of the following
theorem owes essentially its idea to that of Theorem 62.1 in [1].

1) In fact, [N] is a projection operator on R’ defined by the least normal
manifold including all ¢(x) (x<[N]C).
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Theorem 2. If R and R’ are monotone complete, simple,” almost
finite modulared spaces and their proper spaces are homeomorphic,
then they are almost similar to each other.

Proof. We denote by C,(CL) the set of all elements xcR (resp.
#'eR’) such that m(x)< + o (resp. m'(x')< + o). As C,, and C), are
obviously convex [-vicinities, we need only to show that there exists
a one-to-one similar correspondence between C, and C),. We denote
by p’ the image of p under the homeomorphism between the proper
space of R and that of R/, and denote also by [p]" (or [N]’) the
corresponding projection operator on R’ to [p] (resp. [N]) with respect
to this homeomorphism (i.e. [p]’ is a projection operator on R’ such
that Uhy={0":be Uy} ([1, §8] or [4]).

We shall first show that for any 0= acC,, there exists an element
x'e R’ such that 0 '€Cl, and m/([p]'x)<m([pla) for all [p].

In fact we can find y'eR’ such that [a]'R'3% 20 and m'(y")
<m([y] 'a)<+o.” If for every [q]<[y']"! there exists 0=r[q,]
<[q] such that m'([¢,]"y")>m([q,]a), then we can find a system of
projectors® [p,]<[¥'] (1€ 4) such that m'([p,]'y")>m([p.]a), [9:.]1[p,]
=0if 227 and ILEJA [p,]=[¥1"'. Then we obtain m'(y’)=§4m'( [p.1'Y")
= %m( [p:Ja)=m([y"] 'a), which is a contradiction. Therefore we can

find a projector [p,], such that 05 [p,] < [¥']"! and m'([¢]'y")<m([q]a)
for all [¢]<[p,]. Putting 2’=[p,]'y’ we obtain the element satisfying
the above condition. For any C,>a>0 we denote by D, the totality
of all elements R’52'>0 such that m/([p]'2)<m([pla) for all [p].
Since " y'=[(2'~y")*]Jo'+(1—[(¢'—¥)*])¥’, we have for any «’,y'e D,
m () (&' o )=m'([p] [(&' —y)* Ja")+m'((p) 1= [ —9")* 1))
<m([p] [ =) 1 @)+ m([p]A— [/ —¥)" ] y) =m([p]a)
for all [p]. Thus «’,y €D, implies &' —y’ e D,
Since m is monotone complete and m/(x)<m(a) for x'eD; (0 a
€C,), there exists 0=, = |J /. And we have b'(,;n=[p]'b), for all [p].

v'eD,
Next we shall prove that
(3.6) m/([p]'bz)=m([p]a)
for all [p]. Let m/([p,]'b;)<m([p,]a) for some [p,]. In consequence

2) A modular m is said to be simple, if m(a)=0 implies a=0. When m is finite,

the assumption of simpleness can be erased, since putting
my(x)=mle+|x])
where e=xéJRoc, we obtain a simple, finite, monotone complete modular on R. On
m(x)=0

the other hand, when a modular m fails to be finite this assumption is essential one
in general.

3) [¥'] My’ eR’) is a projection operator on R such that ([¥']"Y=[y] C(i.e.
“fy']—-[y]™*"” is the inverse of “‘[p]—[»] ).

4) [p]=[{p}] is said to be projector.
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of the fact showed above, we have 0=={p,]'b.¢C},. Since m’ is almost
finite, we can find also a [¢)] on R’, [¢/]<[p,]’ such that [q,]dicF}
and m'([q]'bh)<m([q'] 'a) for all [¢'1<[q,]’. Then we can find a posi-
tive number a>1 and [¢/] ([¢/]1<[q¢,]’) such that m'(a[q]'d,)<m([q'] 'a)
for all [¢]<[q]]. Hence we have «'=a[q/]b,+(1—[q7]) b,eD, and
@' 2 b, which is a contradiction. Therefore we obtain m'([p]'b.)=m([p]a)
for all 0% acC, and [p].

Putting Y(a)=0,.—b,., for any acC, we obtain a mapping from
C,, into C/,. Considering the converse of Y, we can see also that the
mapping YV acts onto C/,. Since m and m’ are simple, it is easily seen
that ¥ is a similar correspondence between C,, and C), from the de-
finition. Therefore the proof is completed.

From the above theorem we have immediately

Corollary 1. If Rand R’ are monotone complete, finite modulared
spaces whose proper spaces are homeomorphic, then they are similar
to each other.

Now it comes into question that ¢ normed® semi-ordered linear
space which is similar (almost similar) to a modulared space can
be also modulared space. Though we can show that the affirmative
answer for this question is given, this problem shall be discussed in
another paper for avoiding to come off from the present subject.

4. Here we define

Definition. In case R and R’ are almost similar to each other,
an operator H from R into R’ is said to be splitable with respect to
P if it satisfies
4.1) H(N]z)=[N] Hzx
for all xeR and NC R ([N]’ is a projection operator on R’ corre-
sponding to [N] by ¥).

We have shown in Theorem 1 an inequality for a splitable operator
H on R into itself, where R is a non-atomic almost finite modulared space.
When R and R’ are almost similar to each other by ¥, we have
similarly for a splitable operator H on R into R’ with respect to .

Theorem 8. Let R and R’ be mon-atomic semi-ordered linear
space and almost similar to each other by a similar correspondence

Y(R CCf» C'C R). Furthermore let R’ be a modulared space with a
modular m' which 1is almost finite and wmonotone complete. Then
Sor any splitable operator H with respect to ¥ and positive number

a, there exist a positive number 1,>0 and an element 0<c,cR’ such
that

5) A modulared space is a normed space at the same time with the norm:

Il2]l] = inf L which is equivalent to the modular topologically. But the converse
m(em<1 | €|

of this is not true in general,



No. 10] A Generalization of Vainberg’s Theorem. II 679

(4.2) | H(ax) | < cat7d ¥() |
Jor all xz¢€C.
Proof. We put for any positive number «
H'(z")=H(a¥}(="))
for «’eC’. Since Y¥-! is also similar correspondence from C’ to C and
VU ([M']e)=[M"] ¥4 (2') for any «'eC’ and M'CR’, H' is also
splitable operator on C’ into R’. Then by virtue of Remark 2 of
Theorem 1 there exist 0<c¢,eR’ and a positive number 7, such that
H(a¥ (@) =| H'(") |[<ci+7.|o'|
for all #’¢C’. Consequently we have
| Haw) | <70 2)
for all zeC.

Corollary 2. If we replace the condition that R and R’ are
almost similar by ‘“‘similar to each other by ¢©” in Theorem 2, then
we have for any splitable operator from R imto R with respect to ¢,
there exist a positive number v and an element 0<c’ e R’ such that
(4.3) | Ho|<c+ro(la])

Jor all xeR.

Remark 8. For a function f(u,t) introduced in 1, putting
(H(x)(t) = f(x(t), t)— f(0,t) we obtain a splitable operator on one
function space B consisting of measurable functions on £ into another.

Remark 4. In case §=f(u,t) operates from L, to L, (p>0,
p;>1), putting gpﬁl(x(t))=|x(t)]§1 sign |2(¢)| for any a(t)eL,, ¢p is a
similar correspondence from L, onto L,. Then the formula (4.3)
corresponding to ¢& is nothing but Vainberg’s result in [2] introduced
in 1. When Young functions @ and @, satisfy the 4,-condition (i.e.
O 2u)<y®(u) for all u>u,>0, if mes(E)<c, and for all u>0 if
mes (B)=+o0), L§(E) and L§ (E) are similar to each other by a
similar correspondence which coincides with a mapping: L}(E)—>x(t)
=07 (@(x(t)))e Ly, in case ®(u) and P,(u) are positive for any u>0.
Thus if $=f(u,t) operates from L3}(E) into L} (E), we have by
Corollary 2
(4.4) | f(w,8) | <a(t)+7(P7H(D(w)))
for all ue(— oo, o) where a(t)e L, (E).°

Remark 5. Theorem 2 does not include all cases covered by
Vainberg’s Theorem, since L,(E) spaces can not be treated as modulared
space, for 0<p<1l. Yet they are similar to a modulared space, for
instance, to L,(E) by correspondence: L, (E)>x(t)—>|x(t) lfp sign {x(t)}
€L,(F). Hence Corollary 2 allows to obtain a complete generalization
of Vainberg’s Theorem by replacing the condition “ R is a modulared

6) This result was obtained by Vainberg and Shragin in [8]. In [3] the details
for this operator: 9=f(u,t) were discussed.
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space” by the weaker one “R is similar to a modulared space”. In
this case we have in place of (4.3)

(4.5) | He|<c+re(o(x))  (veR)

where p is a similar correspondence from R onto itself.

Lastly we consider the most important case, where H operates
from R into the conjugate space R. For operators defined on R into
R we can consider the following condition:

(4.6) H([N]xz)=(Hx)[N]” for all xeR, NCR.

A semi-ordered linear space R is said to be conjugately similar

[1, §59] if there exists a similar correspondence: R sx—>xReR be-

tween R and R such that xf"(x)zo, 2>0 implies £=0. For example,
L,-spaces (p>1) are the conjugately similar space with the corre-
spondence such that L,,ea(t)zo-»a(t)'?peLq where %—}—%:1. When R
is a conjugately similar space, the condition (4.6) is equivalent to the
fact that H is splitable with respect to the conjugately similar cor-
respondence [1, 8§22, 60]. Let R be a conjugately similar space. Then
by virtue of the fundamental theorem established by H. Nakano [1,
§60] which shows the essential relationships between modulared spaces
and conjugately similar spaces, we can define finite monotone complete
modulars on R and on R.® Therefore we have by virtue of Corollary
2 immediately

Theorem 4. Let R be non-atomic conjugately similar space with
correspondence Rax—x®cR. If an operator H on R into R satisfies
(4.8), then for some 0<cecR and y>0 we have

4.7) |Hrx|<c+r|x|F  for all zcR.

Finally the author wishes to express his gratitude to Professors
I. Halperin and I. Amemiya who read the original manuscript and
corrected it with several lists of advice. And he also wishes to thank
Professor H. Nakano for his kind encouragement.
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7) For 6deR and NcR we denote by G[N] a functional such that (@[N])x
=a([N]z) for all zeR.
8) The converse of this is also valid [1, §62].



