No. 7] 367

82. A Remark on the Abstract Analyticity in Time
for Solutions of a Parabolic Equation

By Taira SHIROTA
Osaka University
(Comm. by K. KUNUGI, M.J.A., July 13, 1959)

1. Consider an equation of evolution
1.1) du/dt=A(t)u
where the differential operator

Aty =35 a¥(t, 8) 0 —+ 6t 7) -2+ e(t, )
65=1 ox,0x;  i=1 0%;
is elliptic on a domain G of an m-dimensional Euclidean space. As
for the case when all the coefficients of A(t) are independent of ¢,
K. Yosida [7] extended the result of S. Itd and H. Yamabe [5, 6].

In the present note the author will give a direct proof of K.
Yosida’s result under an assumption that all the coefficients a*(¢, %),
bi(t, %), c(t, «) are uniformly analytic in ¢ for any « in G.

The method is based upon the idea of C. B. Morrey and L. Nieren-
berg [2]. The result, which is applicable to the unique continuation
problem of (1.1) [1], is obviously extended with respect to certain
distribution solutions of generalized parabolic equations [4].

2. For the sake of simplicity, we shall discuss the case G=E™
and assume that the real coefficients a’/(¢, x), b(t, ), and c(t, x) are
sufficiently differentiable such that

D DPat(t, x), DFDPbi(t, x), DPc(t, x)
(k=0,1,2; ¥'=0,1; p=0,1,2,3,--.)
are continuous over [—1,1]X E™, and that there are two positive
numbers L and K such that
@.1) Max {|DPat(t, )|, |6t )], Jett, @) |)=L

4,5=1,2,000,m

22)  Max {|DPa(t, )], | Dbt @)], | DPC(, ©)|)=Lp! K*
p=0,1,2,0++
F,J=1,2y000,m
for any xeE™ te(—1,1). Moreover there are two positive y and ¢
such that

(2.3) S E>ST ati(t, X)L, =0 S
for any xeE™, te(—1,1) and for any real £=(¢;,---,&,). Set
| £t @)= f f [ £(t, 2) |2 dadt

e m
and

A®) = A(t)—a
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for sufficiently large but fixed @. Furthermore for R<1 define e, d,,
Mg, ,, and Ny, by
e,(f, ) =|| D f 2, d,(u, 7)*=]|| DF*Ou|[2+]] AQ0) DPu ||}
My, (f)=@)" sup (B—r)’e,f,7)
RALrZR

Ng ,(w)y=(p!)™* sup (R—r)?d,(u,r).
RAA<r<R

Then according to Morrey and Nierenberg, there exist two positive
K, and K, for sufficiently smooth functions u, f satisfying (d/d¢t— A(t))u
=f (te(—1,1)) such that for any integer p>0
(2‘4)10 NR,p(u)éKZ{MR,p(f)+LK1RNR,p(u’)

+L 3 (KR Noy o0+ 33 N (W)

where we assume that K, is sufficiently large (K,>K), K,LK,R<1/2
and R<R,=min (1/K,LK,, 1).
The inequality (2.4), follows from the inequality
[ (d/dt—AQ))u |[F=K (|| du/de|[+1]] AQ)u|[*)
where % is a sufficiently smooth function such that the carrier of «
is contained in (—1,1)X E™ and where K, and K} depend only upon
a,7,0, L and K, (for the case of a bounded domain, see [2] and [3]).

From (2.4) we see the following

Theorem. The solution u(t) of (1.1) is an analytic function of a
neighbourhood of 0 into L,(E™) wherever wu(t) is a continuously dif-
ferentiable function of (—1, 1) into L,(E™).

For by using convolution operator and the difference operator we
see from (2.4), that the continuously differential solution u(t) of (1.1) is
infinitely differentiable in ¢ such that both || D{®u||,,, and || A(0)D{ul],
are finite [4].

Accordingly, again using (2.4),, there are two positive 2 and M
such that

[| DPu || = Mp! 22
for any »p>0 and for all sufficiently small R, which implies the analyti-
city of wu(t) in time at t=0.

Corollary. If a continuously differentiable solution u(¢) of (1.1) for
t>0 satisfies the condition: for a fixed t,>0 wu(t,, #)=0 on an open set
GC E™, then u(t,x)=0 for any ¢t>0 and any zeG.

Because f(t)= f u(t, 2)o(@)de, for a o(x) in D(G) is analytic in

t>0 by the theorem above-mentioned and D f(t,)=0 for any p=0
[4]. Therefore f(t)=0 (t>0) and hence u(t, x)=0 for (t>0, xcG).
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