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Among the results of this paper are some generalizations of
results by Iséki [47] and Isiwata [5] concerning convergence properties
for sequences of real-valued continuous functions. In particular it is
shown that an arbitrary topological space X is pseudo-compact if
and only if every sequence of continuous, real-valued functions which
converges in some admissible (jointly continuous) topology for C(X)
converges uniformly. An additional characterization of pseudo-compact
spaces is the following: If X satisfies the first axiom of countability,
then X is pseudo-compact if and only if every sequence which converges
in the compact-open topology on C(X) converges uniformly.

We define several types of convergence for sequences of functions
in C(X), the ring of continuous, real-valued functions on an arbitrary
topological space X.

(a) {f.} converges to f uniformly at each point of X[ f,—~f(UP)]
if, for each x€X and ¢ > 0 there is an integer N and a neighborhood
U, of x such that |f.(y)—f(¥)| <e, whenever yeU, and n>N.

(b) {f.} converges locally uniformly [f,—~f(LU)] if, for each
xeX, there is a neighborhood of % on which {f,} converges to f
uniformly.

(e) {f.} converges strictly continuously to f[f,~>f(SC)] if,
whenever f(x,) converges, f,(x,) converges to the same limit. (See [4].)

(d) {f.} converges jointly to f[f,—~f(J)] if {f.} converges to
S in some admissible topology for C(X), i.e. a topology in which
(f, x)=>f(x) is a continuous mapping of C(X)X X into the real numbers.
(See [5].)

In this paper we consider only continuous real-valued functions on
a topological space X and by convergence we mean convergence to an
element of C(X).

THEOREM 1. In any topological space X the following are equiva-
lent.

(i) X is pseudo-compact.

(ii) Ewery sequence of continuous functions which converges
uniformly at each point of X converges uniformly.

(iii) Ewvery sequence of continuous functions which converges
locally uniformly converges uniformly.
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(iv) Every sequence of continuous jfunctions which converges
strictly continuously converges uniformly.

(v) Every equicontinuous sequence which converges pointwise
converges uniformly.

(vi) Every jointly convergent sequence of continuous functions
converges uniformly.

ProoF. The equivalence of (i), (ii) and (iii) for arbitrary topo-
logical spaces was established in [1]. To complete the proof of the
equivalence of the six properties we prove that (ii) implies (iv), (iv)
implies (i), (ii) is equivalent to (v), (vi) implies (i) and (ii) implies (vi).

Proof that (ii) implies (iv). It is sufficient to show that f,—f(SC)
implies f,—f(UP). Assume that {f,} does not converge uniformly at
some point e X. Then, for some positive number &, there is a sequence
of points {x,} and a subsequence {f;} such that x,ef '((f(x)—1/n,
f@)+1/n)) and |f; (x.)—f(x,)|>¢, where i,>n. Now f; —f(SC) since
{fi} is a subsequence of {f,} and a subsequence of a strictly continuously
convergent sequence is strictly continuously convergent. Thus, since
{f(x,)} converges to f(x), {f; (.)} converges to f(v) which contradicts
the above sequence of inequalities.

Proof that (iv) implies (i). Assume that there is an unbounded
function g in C(X). Define g,(x)=g(x) when g(x)<n and g,(x)=n
otherwise. Clearly g,—g(SC) but {g,} does not converge uniformly.

Proof that (ii) is equivalent to (v). Suppose that {f,} is equi-
continuous and converges to f. Let xeX. If ¢>0, by the equiconti-
nuity, there is a neighborhood V', such that |f,(y)—f.(®)|<¢/3 for each
yeV,. By the convergence at x, there is a positive integer N such
that |f.(x)—f(x)|<e/3, whenever n>N. Since f is continuous there
is a neighborhood W such that |f(y)—f(x)|<e/8, whenever ye W,. Let
U=V,NW, If yeU, and n>N, then |f,(v)—s/®)|<|fa(y)—Sa(2)|
+|£o@) —f@)|+| f@)—F@)|<e. Hence f,~f(UP) and (ii) implies (v).
For the reverse implication suppose that f—f(UP). Then, if ¢>0 and
xe X there is a positive integer N and a neighborhood U of X such that
|fo(¥)—Fv(y)|<e/8, whenever ye U, and n>N. For each i=1,2,---, N
there is a neighborhood U of # such that |f,(y)—f.(«)|]<¢/8, for each
yeU, Let U=ﬁ0Ui. If yeU, then |f.(y)—f.(x)]<e for n<N and
@) = @I | £ @) = Fo@)] + 1) — Fo@)] + | F @)= f)] < &, when-
ever n>N. This completes the proof of the equivalence of (ii) and (v).

Proof that (vi) implies (i). If g is in C(X) and is unbounded,
then defining g,(x) as above we see that g,~g (jointly) since {g,} con-
verges to g in C(X) with the admissible topology which has as a
subbasis sets of the form V(e, f, (a, b))={gecC(X)| |g9(x) —f(x)]<e for
each x¢ f*(a, b)} where ¢, f and (a, b) are fixed, ¢ >0, feC(X) and (a, b)
is an open interval of real numbers. To prove this let ¢>0 and (a, b) be
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any interval of real numbers. Pick N>b-+e. Then g,(x)=g(x) for each
zeg Y (a—e, b+e) and n>N. If ge V(s f, (a, b)), then g, V(e, f, (a, b))
for n>N.

Proof that (ii) implies (vi). To prove this we show that, if
fu—>f(J), then f,—f(UP). Assume that f,—f(J). Choose any point
xeX and any positive number &. Since (f, )—>f(x) is a continuous
mapping, there is an open set V,® U, in C(X)&® X such that g(y)e(f(x)
—¢/8, f(x)+¢/3), whenever (g, y)e V,®U,. Since f,—f(J), there is a
posivive integer N such that f,eV, for n>N. Now, if yeU, and
n>N, then f,(y), fu(®), f(¥), f(®)e(f(x)—¢/8, f(x)+¢/3). Hence |f,(y)
—f(y)|<e. This completes the proof of Theorem 1.

LEMMA. A topological space X is pseudo-compact if every sequence
which converges im the compact-open topology for C(X) converges
uniformly,

PrRoOOF. If geC(X) is unbounded, we define g as before. (See the
proof that (iv) implies (i) of Theorem 1.) Let A be any compact
subset of X and V be any open set of real numbers such that g(4)CU.
Since g(A) is compact, there is a real number reV such that g(x)<r
for xcA. Take N>r. Now g()=g(x) for xcA and n>N. Thus ¢
is in the open set {fe¢C(X)|f(A)CV} for all n>N. This shows that
g converges to g in the compact-open topology but not uniformly,
completing the proof of the lemma.

Convergence in the compact-open topology clearly implies continuous
convergence since, for a convergent sequence, the value set plus the
limit is a compact set (ef. [3, p. 2417). If the topological space X
satisfies the first axiom of countability and {f,}cC(X) converges to f
continuously, then {f,} converges uniformly at each point of X. To
prove this let  be a point with basis V;, Vy, -+, V,, .-+ and assume
that {f,.} does not converge uniformly at . Then for some positive

number ¢ and each set U,=[)V, there is an integer i,>% and a point

x,€ U, such that |f; (x,) -—fi(wln)l >e¢. Since xz,~>x and {f,} converges
continuously f; (#,)—f(x). This contradicts the inequalities above and
consequently contradicts the assumption that {f,} does not converge
uniformly at .

A point « is a P-point if the interior of every countable intersection
of open sets containing x contains x. If « is a P-point and {f,} con-
verges pointwise to f, then, clearly {f,} converges to f uniformly at .
Using the above results and Glicksberg’s result that, in a regular
pseudo-compact, every G, point has a countable basis [2, p. 378], we
have the following.

THEOREM 2. If X is a regular topological space in which every
non P-point is a G, point, then the following are equivalent to the
properties (i) through (vi) of Theorem 1.
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(vii) Ewvery sequence of continuous fumctions which converges
continuously converges uniformly,

(vili) Ewvery sequence of continuous functions which converges
in the compact-open topology for C(X) comverges uniformly.

Note that the regularity condition of Theorem 2 can be removed
if “G,” is replaced by “1st countable”.

Let T be the Tychonoff plank minus the point (w, 2). Since T
is pseudo-compact and only the points (n, 2) fail to have a countable
basis, continuous convergence implies uniform convergence; however,
T is not countably compact. It is not known whether or not a com-
pletely regular pseudo-compact space which satisfies the 1st axiom of
countability is countably compact. Of course, countable compactness
is equivalent to countable paracompactness in such a space [1].
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