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1. Introduction. It is well known that a C* function f is
analytic on [, 8] if and only if there exist positive constants M and
a such that

(1) sup | f“(x) | <Ma‘kl, k=0,1,2,:-- .
2€[a,

In this paper we prove a generalization of this fact for functions
with several variables. Our main result is the following

Theorem. Let D be a domain in R", and let A be an elliptic
differential operator of order m with constant coefficients. Then, for
a function feLi.(D) to be analytic in D it is necessary and sufficient
that 1) for every k, A*f (in the sense of the distribution) belongs to
Li(D), and that 2) for every compact KC D, there exist positive
constants M and a such that*

(2) Il A*f || g = M(ak)™, £=0,1,2,--- .

Recently E. Nelson gave a similar sufficient condition in the case
where the coefficients of A are analytic [5]. His condition is essen-
tially that
(3) | A*f || = M(ak)*, £=0,1,2,--- .

It is highly desirable to obtain a result which includes the above two
cases.

At the end of this paper an application will be given on the regularity
of solutions of parabolic differential equations.

Here the author wishes to express his cordial thanks to Professor
K. Yosida whose instruction has meant much to him.

2. Proof of the theorem. We prepare several lemmas. Lemma
1 can be proved by using Cauchy’s integral formula and Taylor ex-
pansion,

Lemma 1. Let K be a compact convex set in R*. A C* function
f(x) defined on K is analytic if and only if there exist positive con-
stants M and a satisfying
(4) sup | D*f(w) |< Ma''p!, |p]=0,1,2,--",

where p:(ph"'; pn)’ |pl:p1+"'+pm
Dr=¢'?loats- - -dufn, pl=p;lpyl---p,l.

T 172
*f HK=< f | f(x) [%lao) . But the theorem holds for norms other than the
9

L*norm, too. For some system of differential operators an analogous theorem holds,
of which Proposition 1 is a special case.



No. 8] A Characterization of Real Analytic Functions 91

If a function f is defined in D and if its derivatives in the sense
of the distribution up to order k are all square integrable, then we
call f k times strongly differentiable and write fe H*(D). Let

(5) A 1lso= (X 11 DS [2)
Then H*(D) forms a Hilbert space by the norm

17 llo= (27 10)

Lemma 2 (Soboleff). Let D be a domain in R". If a function

feHYD) and h=Fk—[(n+1)/2], then f belongs to C"(D) and
|p[+[(n+1)/2] =P ip|

6) s Df@=C" S AL for [nI=h
where D, is the set {xeD;|y—x|<p=>yeD}, and constant C depends
only on n.

As for proof see [1] or [6], but a simplest proof is obtained by
the techniques of the Fourier transformation.

Combining the above two lemmas we have

Proposition 1. Let f be a funntion defined in D. Then f is
analytic in D if and only if feHf(D) for every k, and for every
compact K, there exist positive constants M and a such that

(7) I”fnllc,KéM(ak)k: k:()v 1’ 2,"' .
For a function f in L}.(D) we shall use the notation
(8) N/,p,D(f)z sup5’||f||D,.
<o
Especially

No,p,D(f):No,D(f):” f HD°

Lemma 3. Let 2 be a bounded domain in R, and A be an elliptic
differential operator of order m with constant coefficients. Suppose
feLi(2) and AfeLi(2). Then D?feLi (2) for |p|<m, and the
following inequality holds.
(9)  NiposoD?F) < C(Np g, o(AF)+ Ny o(£))7V7(N o (1)) -1V,
for 0<p=<p,, where constant C depends only on %, p, and A.

We can prove this by the same method as in Hormander [2].

Corollary. Under the same conditions as in Lemma 3 the follow-
ing inequality holds.

(10) HD”ngH,,éCIlAfll'é:'/"‘llfl};7,""/’”+C?1—Hfllo,-

0|

Proof. We have, from Lemma 8 and (8),
p]pl ” Dpf “!)p.;..,_g_ Ip[,p,.o.,(Dpf)
C(Nm,o,0,(AF)+ Ny, o, (F)PV"™(Ny,0,(f))F12V"
C™ || AS o, + I L)L 2 )
2C((o™ [1 AL Nl )P+ 11 £ HE™ALS Nl )
and, dividing by p'®, we have (10).
Proof of the theorem. Necessity is easily proved from Lemma 1.

1)
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For every point xe¢D, we can choose a sphere 2 with center x
which is contained entirely in D. It is sufficient to prove that f is
analytic in £2,,, where 2p is smaller than the radius of 2.

M in (2) may be replaced by 1 for sufficiently large a. We have,
by (10),

S m, a,__ 2 S 1D llo,= . l(%] || D?Df ||a,
k
= Cllq|=§~nm”ADf””"“"”’“)—i_Cz(—;) |q|=oc2—1>m”qu||”"“‘1/’“)

=C > 2 |D'DAf |lapqom

|Pl=m |g|=CE—2ym
k " D [)e
+ Cz(?) “;:]m,q,:%"'_zm“l) D f””ﬂu—x/ls)
12) =C S ADAf llopgspy + 00 = -

1g|=(k—2)m -

< a4 o+ (D)o a (L) s,

ek L) s,

IA

(Clam+02~b17n~>kkmk=(bk)”".

Let j be an integer such that mk <j<m(k+1). Then
A, o= 2 > | D* DS |l

mk | g|=

(13) =< Cs E ”A_qu”@ mk)/m”qu”l (j—mlc)/m+C Z P m”qu”DP

= 5(||| S Wncesn, a1 S Hms, 2,)
= Co(O(e+1)"* P+ (bk)"*) = M(cs),
where M=C,y(d™+1) and ¢=2b, which are independent of j. Thus f
is analytic in £2,, by Proposition 1.
3. Application. In this section we consider the solution of a
parabolic differential equation

(14) Sulta)=(~D"4u(te), 120, weDCR,

where A is a strongly elliptic differential operator in « of order 2m.
Lax-Milgram [3] treated this equation as an equation of evolution
in L*D) in case D is a bounded domain, and, applying the Hille-Yosida
theory, proved the existence and regularity of the solution for the
initial-boundary value problem. (D may be unbounded. See, e.g. Yosida
[8].) The solution is given by the formula
(15) u(t,®) =T s,
where T, is the semi-group of bounded operators with infinitesimal
generator A, and u,(®) is the initial value in L;(D).
K. Yosida [7, 8] proved, moreover, that T,u, (t>0) is strongly
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differentiable in ¢ any number of times (also analytic) as an L*-valued
function and its derivatives T5®u,=(—1)"*Y*A*T,u, satisfy, for a con-
stant ¢, the inequality that
(16) | A*T o || = (ck/t)*|] o |].

Therefore the solution T,u, satisfies the condition (38). Thus by
Nelson’s result we have

Proposition 2. For every u,cLi(D), if t>0, the solution T,u, of
(14) is an analytic function in « in the domain where the coefficients
of A are all analytic.

u(t, )=T,u, may be regarded as a locally square integrable func-
tion in (t>0)XD, and 9*™/ot*"+ A is an elliptic differential operator.
Remembering

@am @*™/ot*™ 4+ AYe T uy=(A*™+ A)Y* T, u,,
we see that, for any ¢,>¢,>0,
(18) ” (am/atm"" A)kT»uu ”(c,,tz)x = (tz —t,) (C,’mk/tl)mk,

with a constant ¢’. Hence we obtain the following

Proposition 3. The solution T,u, of (14) is analytic with respect
to ¢ and 2 in the domain (¢>0) XD, where D, is the domain in which
the coefficients of A are all constant.
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