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145. Approximation of Solutions of Homogeneous
Differential Equation. I
By Hideo YAMAGATA
(Comm. by K. KuNUGI, M.J.A., Dec. 12, 1961)

§1. Hereafter we will use these notations:
P(D) U=0, (1)

where D=(D,,:--, D,,)=<% 02yt " ,%ax,,) , a homogeneous differential
equation with constant coefficient,

C"=CxCxX---XC, a direct product of N complex planes,

R*=RXRX---XR, a direct product of N real ax’es,

(D), the set of functions UeC~ with compact carrier,

(D), the set of functionals on (D) in the sense of L. Schwartz.

We begin with a definition:

Definition 1. A solution of (1) in R™ is called an exponential
solution if it can be written in the form

U(X)=f(X)e*® (2)
where {eC™ and f(X) is a polynomial.

Approximation of solutions of (1) by the set of exponential
solutions has been discussed by Lars Hormander and B. Malgrange,
ete. The following theorem is evident from Hormander’s result.

Theorem 1. The closed linear bull in (D’) of the exponential
solutions of (1) consists of all solutions of (1) in (D).

In the following, we will give an approximation of solutions of
(1) by the smaller set of solutions which consist of complex linear
combinations of exponential solutions.

Namely these solutions are written in the form

U(X):e‘<x1C1+X:€x+°-'+XnEn)’ ( 38 )
where §,6C and (&, -+, &)eR* 1~ U(&,- -+, &%) for an arbitrary fixed
neighbourhood U (g}, - -, &%) of an arbitrary fixed point (¢3,- - -, £5)e R,

We have already found the applications of this result in many
different directions. Without proof we shall show the result which
we have gotten, and we shall show the outline of the proof with
an example. Afterwards we shall treat system’s case in (II) and (III).
§ 2. Let’s consider the function U(X)=f(X)e**™ where {c¢C* and
f(X) is a polynomial.

Lemma 1. If U(X) is the solution of the equation P(D)U=0,
then P“({)=0 for a by which D, f(X)==0.

Let’s consider the polynomial with complex coefficient, P(()
=ali+a,(Ce -+, L)+ o o Fa(Cyy - -, G



624 H. YAMAGATA [Vol. 87,

Because by a rotation in C*, every P({) can take this form. Accord-
ingly we can decide the root of the equation P({)=0; 4,(C,,---,C.),
22(C21 Sty Cn)v ] Zk(sz ) cn)°
For the sake of simplicity we shall write exp (22;({,,- - -, ) X, +10,.X;
+-- '+iCan):-E'i(C21' ) Cm XPlr' ° %y Xn)=E(1i(C29' ) Cn)’ C27' ) Cm
‘le' ) Xn) and St(Rn—I,_\U(&g’. ) 52»))={'E'1,(C2y° %y Cn! Iflr' ‘Y Xn);
(€ -+, C)eRIAUE,- -+, D}

In Lemma 2 and 4 we will use the following notation:

PR P.O)(ALk<m)

are polynomials of {,,---,{, with complex coefficient, and A((,,---,<,)
is a polynomial of ,,---,{, with complex coefficient.

Lemma 2. If P({)=0 has a p-ple root of (2<p<k), namely

2t(C2;' "%y Cn)E e Ezhp—l(Cm' ) Cn)y
then for a suitable polynomial A((,,---,L,), P({) takes the following
form: A(,,---,L,) PQ)=P,)*---P,(), where n,---,n, are not
all 1.

Lemma 8. If 2,(.,---,&,) is not a p-ple root (0=2) in the neigh-
bourhood U(L3,---,L%), then A,(&,- -+, &,) is an analytic function in the
neighbourhood T (S, -+, L) UL, -+, L3).

Lemma 4. Let’s consider the case in which P({) does not take
the following form:

A(G,,---, L) PQ)=P,)™-..-P,L)*, where n,---,n, are not
all 1. Then {(C2i ] Cn);lj(czf ° "Cn)= ot =2/+p—1(£2" M) Cn)}g{(cm' ° ':Cn);
A(,,--+,2,)=0}, where A(,---,C,) is a polynomial with complex
coefficient.

Using the method like the Euclidean algorithm, we can prove
Lemma 2 and 4.

Lemma 5. If 2,(Cy---,8,)=2,Cs---,C,) in an open domain, then
2(Cs -, 8)=2/Cs---,C,) in the whole complex space.

Lemma 6. Let’s consider the functions E(2,, Cp,---,C,, X, -+, X,)
(1<5<i+p—1), where 2,283, - - -, t00)=2,(C5,- - -, 103) (1 <g<i+p—1) at
only one point £=0.

Then we can approximate XiE(4,(0,---,0),0,---,0,X,,---, X,)
(1<l<p—1) by the complex linear combinations of E(1,,(,,---,¢,,
Xllv' ) Xn) (iSjS’l:-l—P—l) in (‘DI)°

From the equidifferentiability of E(,,{s---,C,, X7--+, XY in a
compact set and Heine Borel’s Theorem, we can prove this lemma
easily.

Lemma 7. E(4, 85+, C,, Xiy+-+, X,) is in the linear bull of
S(U(@&,- -+, 8)~R* 1Y) in (D).

From the uniform convergence of power series and the finite
difference form we can prove this lemma.
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Theorem 2. If P({)=0 has not a multiple root, namely P ()
does not take the following form A((,,---,¢,) P(C)=P,)™---P, (),
where A(l,,---,C,), PQ), P,(&), - -, P,() are polynomials, and n,,- - -,n,,
are not all 1;
then the closed linear bull in (D) of L‘JSQ( Uy, (637, -, £2P) ~R"71)

consists of all solutions of P(D)U=0 in (D).

Theorem 3. If P({)=0 has a multiple root, namely

21((2,' ‘% Cn)E e Eljﬂ'—l(CZ" ) Cn))
then the closed linear bull in (D’) of

(Ui, OB L[ Y (pesreios ey )

1<Ek<p—1
U@, -, 87) B
consists of all solutions of P(D)U=0 in (D).
§3. An Example:
BU+RU+2U=0, —01—-8—03=0, {,==i/T+3.
e VTRl s Hilaytiles VTG ity Hler |
C2= i":cs, (":Ca’ Ca) .
£,=10,{,=0—>{,==+107.

C2=i, C3=0—)C1=$i.

SZ 53

e v = % ﬁ [ag:a?: § kz,' {<2‘n,— 1)’/2<2'n, — ].)p"e— VERRFEs? o +iEay+itsz

P3=0 P3=0 3=0 p'3=0 h2 hs a0
(C.—10)" Cuo0r] (05RO ey
P! P! gt ! 5! N
lim ¢~ VAGFRTHT oG Lty +iles__ o VGTFRIT Lot 2+iCiCs+RIY+iCaz - _‘X e Cavtitaz
P W, F R F O+ GG+ R+ C

(26, +h)h0  h—2iy)
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