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§1. Introduction and Theorem. Let P<x,ai) be a partial
x

differential operator of order m with C=-coefficients defined in a
spherical neighbourhood S(a, %) of a point a with radius % in R™
Furthermore let Q be a domain in R" containing the point ¢ as a point
on its boundary.

Then we define the (@, 2)-regularities as follows:
Definition 1. We say that P(w, —%> is (a, 2)-regular if for any

r and any integer s, there are positive numbers I, ¢ such that every
distribution solution # of the equation P(x, D)u=0 defined in S(a, 7)

is in C*(S(0,1)), whenever wueC*(S(a,r)(R"—2)), where t depends
upon 7, | and s, but I depends only upon » and the derivatives of
the coeflicients of P(x, D).

Definition 2. We say that P(x, —a§—> is hypo-(a, 2)-regular if for
x

any 7, there is a positive number [ such that every distribution so-
lution u of the equation P(x, D)u=0 defined in S(a, 7) is in C*(S(a, 1)),
whenever ueC*(S(a, 7)) (R"—02)).

In the previous paper [4], I considered the case where P(x, D)
has constant coefficients and Q={z|(x,£)>0} and showed that let
n=3 then for a homogeneous polynomial p and for any ¢ with
order <m—1, P=p+gq is (0, 2)-regular if and only if the roots z of
p(z6+1)=0 (&£ L7) can’t cut the real axis and the real roots are simple.

On the other hand in variable coefficients L. Hérmander considered
every interesting theorems some of which showed the sufficient condi-
tion for P to be the hypo-2-regular [1].

In the present note under the same conditions as Hormander’s
we shall generalize the distinctive feature of regularities mentioned

above to variable coefficients as follows: denoting »“(x, $)=—a—p(x, £),

- 0&,
(@, )=—2—p(@, &) and B(x,&)=p(z,d), we have
J
Theorem. Let the principal part p(x, D) of P(x, D) have the
property such that for some real valued function ¢eC=(S(0, #)) with
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{220} =10},

0x;
R n, 0% 5 PR

ef > P (x, E)p™(x, €)

55=1 0 ,0%;,

(1) o6
+ Z [@P(, (@, &) —p,(x, )P (w, &) E)] }<0

if =0 and 0:\:$eR" satisfy the characteristic equatlon
p(@, £)=0
S (@, )98 =0
3=1 o,
Furthermore we assume that if for some £x0, p(0, £)=0, then there

exists a homogeneous polynomial ¢(%, &) of order m—1 with C*(S(0, h))-
coefficients such that for x¢S(0, 2) and for £e R

(2) 7 D @ &)~ P, 5., )

and

Then

(A): if the coefficients of p are real, P(z, D) is (0, {x|¢(x)>0}-
regular,

(B): if the coefficients of p are complex, P(x, D) is not always
(0, {z| ¢(x) > 0})-regular, but hypo-(0, {x|¢(x)>0}-regular,

(C): if the coefficients of P are analytic, then any distribution
solution u of P(x, D)u=0 defined in S(0, &) is in C*(S(0, 1)), whenever
ueC*(S(0, h) ~{x|p(x)<0}), where ! is independent of wu.

Obviously conditions in the above theorem can be weakened ([4]),
but it seems to be important that the conditions are invariant under
the coordinate transformations and for the sake of simplicity in
descriptions we omit here variations of Theorem.

§2. Errata of my previous paper [4]. P. 587. The condition
in (2) of Corollary 2 read “the roots z of p(26+71)=0 (¢ | 1) can’t cut
the real axis and the real roots are simple.

P. 587 and p. 588. “hypo-&-regular” in Corollaries 2 and 3 read
“g-regular”.

P. 588, line 31. “x>—B” read “(x,&)>—B".

§3. The a priori estimate. Using certain coordinate transfor-
mation we may assume that ¢(x)=t (x=(¢, 2*), #*=(x,,- - -, 2,). Then
we have the following Lemma which is weaker than Hérmander’s [1],
but it is direct to achieve our purpose.

Lemma. Under the hypothesis of Theorem, there exist a constant

K(>0) and a (sufficiently small) I{(>0) such that when « is sufficiently
large

a > leﬁuPe'z“”“’dx
18/=m—1
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(8) gK{ﬂp(x, D)Ize-zagmdx_l_q(a)m;n_zf|Dpulz o280 da:}

weCe(S(0, 1)).

Where in the case A let g(t)= and in the case B let g(t)=L(6—t)*

o—t
for some constant L(>0),6(6>1) and for 0<B8<1. Furthermore g(a)
is a polynomial of a.

Proof. Setting u=ve*® we see that for ueCg(S(0, d,))

—-ag(td — =z 1 aj )
e”*"“p(x, D)yu= j;o j_' (T&{p(x’ §) e=_a%_ vg,(t)
where

J
gj(t) — _‘%;(eaq(t))/eag(t).

Since |g,(t)|=Ka’ for 0=t=<d, (6>0,), where from now on by K
we denote constants independent of v and «, it implies that

f | (e, DYu|? e~ dog - f | B, D)|2e~*0® da
= [ (1@, Dyo|*:£| p(a, Dyo ) de
+ [ aup®ol=] 9,5 v ]) da
+ f {[(pv, 9.0")+ (9.0, PV)]=[(DY, 9:0v)+(9:0 v, Pv)]} da
+ f {[(0V, 92201 0) +(goreD v, PV] 2 [DV, 922D 0)
20m—|81>

(g B detea S [ 1DoRdat S [ Do,
|8l=m—1 1Bl<m—2

where ¢ is an arbitrary small number and K, is a constant independent
of v and «, but depends upon e. Let I{™ and I{™ be the i-th term
(1=1,2,8,4) respectively of the right hand side of the above equalities.
Then we see that the following inequalities are valid:

1 =
=)< 2 2 4, By |2
| I |__8a<f|pv| dw+f|pv| dx:>+aC; > | D |® da

Bl<m—1
where C is a constant independent of «, v, and d,.
Furthermore

VSIETS f|Dﬁv{2dx+a8K. = f|mv|2dx.
181=m—1 181 <m—2

1122 ([ Ipolda- [1op@orde)t+( [1pvrde. [lopvoldr)’

Igo= [(5*(—D, 9)0,p(@, D)+5(—D, #)g,p™(z D)
+p(l)('—D’ w)glﬁ(x" D)+p(—D» x)gﬂ—)(l)(x’ D))’U, 'l)) dw
= f (= P*(—D, %)gip® (2, D)—p*(— D, x)g9ip"(x, D))v, v) dz+
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+ f (=p*?(—D, »)g,p (x, D)—p**(—D, x)9,p (x, D)
—p(—D, 2)9,p5°(x, D)—p*(—D, x)9,p5"(x, D))v, v) dw
+ [ (~532(—D, 9)g.p(z, D)= 5**(— D, ©)gl(, D)
—p§?(— D, x)g,(x, D)—p**(— D, x)gip(x, D))v, v) dw
+ [(=F5(—D, 990, D) —pP(— D, 99,5, D))o, 0) dz
+aK S [ |DPvPda
[ﬂlSm—z
=P+ IR+ LR+ I+ .
Where

L= [(=g)(IpPol+|¥v]?) da,

il S o [(poP+ipoP)dat 5 oK f | Dol da,

I I | s [(pol+ o) dot 53 oK [ | D] da.
Therefore we see that

2 f | P(, Dyu |2 e~ dge
____1_ 2| 5|2 2 | D121 | 75100912
2[ (1 a)f(lpvl +15o) dat+ [oX| Vol [500f) do

—z(f|pv|2dx.f|g1p<vv|2dw>*+f|m|2dx.f1g@<vv|2dx)*]
o [(po+ [ Bof) do
+IP+IP IR —a(C429) 3 f | Dfo |2 da
Bl=m—1
— s
K’[mszm_ﬂ(a)flp v| da.
The first term above inequality [ ]
g"‘il—fgf(lpmvlz'{'lﬁm”lz) da.
o
Now we shall consider the bilinear form
1 AR L
o [(pol+[ o) da

+ [ (—ot—L202){(@*(= D20 (@, D)+ p*(— D, )™ (e, D))o, v) d

+ f (=p*”(—D, )g,p (%, D)—p“?(— D, x)g,p (2, D)
—p(—D, %)g,p > (w, D)—p(— D, %)9,B5>(x, D)), v) dac
+ f ((—P$°(—D, x)g,p* (2, D)—p*(—D, )g,p*(x, D))v, v) d.

Here we must remark that in the case B
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%‘—gi=Laﬁ{(1—ﬁ)(5—-t)"'2—Liﬁ(B—t)“"“’Z.legi
(44

for some sufficiently large constant L, if we take sufficiently small
t and §,, for L, is independent of «, 6, and v. Furthermore in the case

._g{_

A, we can omit the term I{™, therefore we replace <—g{—£g2> by
[24

<<1——Ig—>g§—-g§>, in the above bilinear form, which is also gﬁgi.
(44 44

Using the partition of unit with respect to the space S(z, d,)
x{&| |&€]=1} (8,>0,) which is independent of a and applying Garding’s
consideration and singular integral operators, we can prove from (1)
that for a sufficiently large K, the above bilinear form

zaK, ) f | Dfo |t do— a®™-PK, f |o]? da.
|8l=m=-1

Thus returning from v to u we obtain the desired inequality. (Q.E.D.)
Here we remark that to prove the above lemma we may replace
e *® by e *, but in the proof we must do p(x, D)u by ¢(t)-p(z, D)u
for certain g¢(t). Thus Hormander’s estimate (1.1) [1] is not always
valid in arbitrary bounded open sets under the conditions corresponding
to (1) and (2) (see [4]).

§4. The proofs of (A) and (B) are accomplished from Lemma
the consideration used in [1] and [2], but we must first consider in

the case where p(O, gf)ﬂ;o and then use (1). Moreover in the proof

[
of the counter part of B we use the result in [4]. The proof of (C)
is also based upon Lemma. We have only to estimate the square
integrations of each derivatives of solution w.
Finally we remark that Theorem is also valid in the large when-
ever conditions corresponding to the conditions (1) and (2) are satisfied
on the domain which contain Q.
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