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Introduction. Let t9 be a locally compact Hausdorff space, every
compact subset of which is separable, and G(x, y) be a positive con-
tinuous (in the extended sense) kernel on tg." In _2], we proved that
a regular symmetric balayable kernel G satisfies the U- and BU-
principles if and only if it is non-degenerate, that is, for any dif-
ferent points x and x. in 9,

G(x, x)/G(x, x.) any constant in
In this paper we shall extend this result to non-symmetric kernels.

1. Nonodegeneracy. Theorem 1. If G satisfies the U- or
BU-principle, it is non-degenerate.

This is evident.
Theorem 2. Let G be non-degenerate and satisfy

the domination principle or

(ii) the balayage principle and the continuity principle. Then

its adjoint kernel is non-degenerate.
Proof. If G satisfies the condition (ii), then it satisfies (i).

Therefore we may assume that G satisfies the domination principle.

Contrary suppose that is degenerate. Then there are different
points x and x such that G(x, x)=aG(x., x) for any point x in
with a positive constant a. Then G(x, x) and G(x., x)are finite and
G,(x)--bGe(x) (i--1,2) with b=G(x,x)/G(x,x). Hence by the
domination principle

Gex, bGx, in .
This shows that G is degenerate.

Corollary. The adjoint kernel is non-degenerate if and only

if G is non-degenerate, provided that

(i) G satisfies the domination principle and satisfies the
continuity principle or

(ii) G satisfies the balayage principle and the continuity
principle.

1) We use the same notations as in [33.
2) The U-principle means that if G-potentials of positive measures with compact

support coincide with each other G-p.p.p. in 9, then the measures are identical.
The BU-principle means that the G-balayaged measure is uniquely determined by

a given positive measure and a compact set.
3) of. [8, 4].



750 M. KISHI Vol. 39,

2. [7.principle. Let K be a compact subset of 2 and (K) be
the space of all finite continuous functions on K with the uniform
convergence topology. We denote by (K) the subspace of (K)
consisting of functions f which are G-potentials of signed measures,

that is, f-G/--G/, with /,/e90.)

Theorem :. Let G satisfy the balayage principle and the conti-

nuity principle. If G is non-degenerate and K is G-regular,) then
(K) is dense in (K).

Proof. This follows from the following two remarks.
(a) (K) is closed with respect to the operations / and A.)

In fact, let G/ and Gp be G-potentials in (K) with eg:0 (i--1, 2)
and put u-G/AG/. By the existence theorem) there exists a
positive measure /, supported by K, such that

G/_u G-p.p.p. on K,
G/_< u on S/.

Since G satisfies the balayage principle and the continuity principle,

satisfies the domination principle2 Hence by the above inequalities
we obtain

G/_< u in /2,

G/-u G-p.p.p. on K.
Moreover by the regularity of K we have

G/

_
u on K.

Consequently Gz-u on K. This shows that GzAGz. belongs to
(K). From this it follows immediately that (K)is closed with
respect to V and A.

(b) For any different two points xz, x. on K and any real
numbers a, a., there exists a function f in (K) such that f(x)--ai
(i--l, 2). In fact, G being non-degenerate, there exist different two
points y and y. on K such that

Yi 4: x, x. (i-- 1, 2),
a(y_, x) G(y, x)
G(y, x.) G(y, x)

We can take a positive measure 2 such that 2 belongs to (K)and

G2(x)Ge(x) (i-1,2). Then there exists a positive measure /,

4) 0 is the totality of positive measures with compact support.

5) Namely an inequality />_h G-p.p.p. on K for /e0 and a positive finite

continuous function h on K implies />_h everywhere on K.
6) (fVg)(x)=max {f(x), g(x)}, (fAg)(x)--min {.f(x), g(x)}.
7) Cf. [a,
8) cf. [:_a, 4.
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supported by K, such that /e(K), /--A%, on K, and hence

Gp()-G%,(x). Similarly we have a positive measure /, supported

by K, such that GZ.(K) and G/()-G%.(x) (i-I, 2).
Now we take real numbers t and t such that

Then f--tl/+$/2 belongs to (K) and f(x)-- ai. This proves (b).
Our theorem follows from (a) and (b) by the theorem of Weier-

strass-StoneY
Theorem 4. Let G satisfy the balayage principle and the conti-

nuity principle, and be r.egular.1) I G is non-degenerate, then
G satisfies the U-principle.

Proof. Let G,=G,. G-p.p.p. in D with ,1, ,e91%. We take a

-regular compact set K containing S,US,. Then by the preceding
theorem (K) is dense in g(K). From this follows immediately our
theorem.

3. Uniqueness of balayaged measures. Lemma. Let G satisfy

the balayage principle and the continuity principle, and let be
regular. Then G-balayaged potentials are uniquely determined.

Froof. Let G,t (i---1,2) be G-balayaged potentials of , on K.
Then G,-G,. G-p.p.p. on K. Take a point x0 in /2--K. As is

regular, there exists a G-regular compact set K’K which does not

contain x0. Then G-balayaged potential G’ of 0 on K’ coincides

everywhere on K’ with Ge0. Consequently

This proves that G,I--G,. everywhere in D--K. Consequently
G-p.p.p. in /2.

Theorem 5. Let G satisfy the balayage principle and the conti-

nuity principle, and le$ be regular. If G is non-degenerate, then
it satisfies the BU-principle.

Proof. This is an immediate consequence of Theorem 3 and the
above lemma.

Summarizing up the preceding results we have
Theorem 6. Assume that G satisfies the balayage principle and

9) Cf. [1].
10) Namely for any compact set K and its open neighborhood w, there exists a

G-regular compact set K’ with KK’o.
11) G satisfies the balayage principle (cf. 3, 4).
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the continuity principle and that the adjoint kernel is regular.
Then, in order that G satisfies the U- and BU-principles, it is
necessary and sufficient that G is non-degenerate.

4. U.principle with respect to the adjoint kernel. Now we

consider whether satisfies the U-principle provided that G satisfies
it. The answer to this problem is negative in general. In fact, let
/2 be an open interval {Ixll} in the 1-dimensional Euclidean space
and let G(x, y) be given by

G(x, y)-- 2nyn.
--0

Then G satisfies the U-principle but does not.
If G satisfies the balayage principle and other additional condi-

tions, the answer is affirmative.
Theorem 7. Assume that G is regular and satisfies the balayage

principle and the continuity principle, and that the adjoint kernel

is regular.1) Then satisfies the U-principle if and only if G
does it.
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12) satisfies the continuity principle, since G satisfies the balayage principle (cf.
5).


