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3. Certain Embedding Problems of Semigroups

By Takayuki TAMURA and N. GRAHAM
(Comm. by Kenjiro SHODA, M.J.A., Jan. 13, 1964)

1. By a left translation of a semigroup S we mean a trans-
formation 1 of S, x—ux21, satisfying (xy)i=(xd)y, for all x,y in S. A
right translation of S is a transformation p satisfying (xy)o=ux(yp),
for all @,y in S. A left translation 2 and a right translation p are
said to be linked if x(y2)=(xp)y, for all z,y in S. We note that
for each a in S, the transformation 2, defined by xi,=ax, for all x
in S, is a left translation of S, the transformation p, defined by zp,
=2za, for all = in S, is a right translation of S, and A, and p, are
linked. We call 2, an inner left translation of S, p, an inner right
translation of S. A semigroup S is said to be weakly reductive if,
for any a,b in S, ax=bx and xa=uxb, for all # in S, imply a=b.

It was proved in [1] that a weakly reductive semigroup S can
be embedded into a semigroup T so that

(1) S is an ideal of T,

(2) every left translation of S is induced by some inner left

translation of T, and every right translation of S is induced

by some inner right translation of T,
if and only if

(8) every left translation of S is linked with some right trans-

lation of S, and wvice versa.
However, the general case in which weak reductivity is not assumed
was open. In this paper we shall give necessary and sufficient con-
ditions for an arbitrary semigroup S so that it can be embedded into
a semigroup T with the properties (1) and (2). The special case for
weakly reductive semigroups will follow as a corollary. We shall also
discuss the embedding of a semigroup S into a semigroup 7' under
conditions somewhat weaker than (1) and (2).

2. The open problem in [1] can be solved as follows:

Theorem 1. A semigroup S can be embedded into a semigroup
T so that

(1) STcS, TS<S,

(2) for every left translation 2 of S there exists @ in T such

that xAi=ax, for all x in S, and for every right translation
o of S there exists b in T such that xpo=ub, for all z in S,
if and only if

(8) every left translation of S is linked with some right trans-

lation of S, and wice versa,
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(4) every left translation of S commutes with every right
translation of S.

Proof. Assume S embedded into 7 under conditions (1) and (2).
Let 2 be a left translation of S. Then, by (2), there exists a in T
such that 1=1,|S (the restriction of 2, to S). Since STZS, o,|8S is
a right translation of S, and hence p,|S is the right translation of
S linked with 2=2,|S. Similarly, every right translation of S is
linked with some left translation of S. Therefore (3) holds. Now let
2 be a left translation of S, p a right translation of S. By (2) there
exist a,b in T such that for all # in S, zi=ax, xp=2b. Thus, xpl
=a(xb)=(ax)b=wx10. Conversely, suppose S satisfies (8) and (4). Let
T, be the translational hull of S in [1], that is, the semigroup of
all pairs (4, o) of linked left and right translations 1 and p of S under
the operation o defined by (2, p) o (4, p")=(2'2, pp’). Now let T=SUT,
and define an operation * on T by

(5) axy=uy

(6) xx(2 p)=wp

( 7) (4 p)xw=2x2

(8) (&), p)=(2, 0)o (X, 0')
where z,y in S, (1, o), (4, ¢') in T,. Clearly, S is embedded into T so
that S*xT<S, T+S<S, by (5), (6), and (7). Also, by condition (3), for
every left translation 2 of S there exists at least one element (4, p)
of T such that xz2=(3, p)*x, for all x in S, and for every right trans-
lation of S, the analogous statement holds. Thus S would be embedded
into a semigroup T under conditions (1) and (2), provided * is associa-
tive on T. We shall prove ax(8*r)=(axp)*r where a, 8, y are arbitrary
elements of T=SN 7T, Since * coincides with the operations on S,
T,, the associativity holds, by (5) and (8), when «, 8,7 in S or when
in T,. The verification of the remaining cases is straightforward
from the following facts: A is a left translation of S, p is a right
translation of S, the mapping (4, p)>p is a homomorphism, (1, p)—>2
is a dual homomorphism, 2 is linked with p, and (4) holds (cf. p. 3
of [3]).

Corollary 1. Let S be a weakly reductive semigroup. Then S
can be embedded into a semigroup T under conditions (1) and (2) if
and only if (3) holds.

Proof. It suffices to show that for a weakly reductive semigroup
S, (8) implies (4). Assume (8). Let 2 be a left translation of S,p a

right translation of S, 1 a right translation of S linked with 2, p a
left translation of S linked with p. Let 2, % be arbitrary elements
of S. Then

(yod)z=((yo)x)2=(y(%0))A=(y2)(%po)=(y0)z,
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#(yod)=(@A)(yo)=((x2)y)o=(x(yA))o=2(y2p).
Since S is weakly reductive, ypi=wip for arbitrary y. Therefore, (4)
holds.

Corollary 2. If S is a commutative semigroup, (1) and (2) are
equivalent to

(4’) every translation of S commutes with any other translation

of S.
If S satisfies S*=S, then (1) and (2) are equivalent to (3), (cf. Exercise,
p. 13 in [1]). Accordingly, if S is commutative and S*=S, S is always
embeddable in 7.
3. We can weaken the condition (2) in the following two ways:
(9) Every translation of S, whether left or right, is induced
by an inner left or right translation of 7' (possibly by both
inner left and right translations of T').
(10) Every right translation of S is induced by inner right
translation of T.

Theorem 2. A semigroup S can be embedded into a semigroup T
so that

(1) STc<S, TS<S,

(9) for every left or right translation r of S there exists ¢ in

T such that xr=tx for all « in S, or xrz==«f for all « in S,
if and only if there exist a subsemigroup A of the semigroup of all
left translations on S and a subsemigroup B of the semigroup of all
right translations on S such that

(11) each element of A is linked with some element of B and

vice versa,

(12) every element of A commutes with every element of B,

(18) every translation of S belongs to A or to B (possibly to

both A and B).

Proof. Assume (1) and (9). Let A be the subset of all left
translations of S which are induced by inner left translations. Then
A is a subsemigroup of left translations of S. Similarly, the set B
of all right translations of S which are induced by inner right transla-
tions is a subsemigroup of right translations of S. By the definition
of A and of B, (9) implies (13) immediately. (11) and (12) are obtained
in the same way as the proof of (3) and (4) in Theorem 1. The proof
of the converse parallels closely the proof of the converse of Theorem
1. Assume there exist sets A and B satisfying (11), (12), and (18),
and let T,={(a, B); acA, fcA, and a are linked with 8}. We may
define an operation * on T in the same way as (5) through (8).

Theorem 3. A semigroup S can be embedded into a semigroup
T so that

(1) STcS, TS<S,
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(14) for every right translation p of S there exists ¢ in T such
that xo=uxt for all « in S,

if and only if there exists a subsemigroup A of the semigroup of
all left translations on S such that

(15) every right translation of S is linked with some element

of A and vice versa;

(16) every element of A commutes with every right translation

of S.
The proof is similar to those of Theorems 1 and 2.

4. For simplicity, the embeddings in the cases of Theorems 1,
2, and 3 are called those in “two-sided way”, “mixed way” and “right-
sided way”, respectively. The dual case of Theorem 3 is called “left-
sided way”; and “one-sided way” means either “left-sided way” or
“right-sided way”. Clearly, the embeddability in two-sided way im-
plies that in mixed way and in one-sided way.

Theorem 4. A semigroup S can be embedded in the two-sided
way if and only if S can be embedded in the mixed way and S
satisfies (4).

Proof. We may show that (3) is fulfilled if S is embeddable in
the mixed way. If p is a right translation and at the same time a
left translation of S, p is linked with itself. Even if p is a right
translation but not a left translation, there is a left translation 2
which is linked with p because of the assumption of the mixed way.
The same thing holds with respect to any left translation whiech is
not a right translation. Thus (3) has been proved and hence this
theorem has been proved by Theorem 1.

Corollary 3. Let S be a weakly reductive semigroup. S can be
embedded in the two-sided way if and only if S can be embedded in
the mixed way.

Proof. If S is embeddable in the mixed way, (8) is satisfied, as
seen in the proof of Theorem 4. By Corollary 1, S is embeddable
in the two-sided way.

Example 1. A null-semigroup of order >2 (ef. [1]) is an example
of S which is not embeddable in the two-sided way but embeddable
in the mixed way or in the one-sided way.

Example 2. Consider a semigroup S of order 4 defined as follows:

a b ¢ d
al a a a a
bl a a a «a
c,b a a b b
dl ¢ a a b

There is no distinction between right and left translations. All those
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are given as follows (cf. [2]):
<abcd) <abcd><abcd> <abcd> (abcd
caaaal) \aaabdb/) \aaba/) \aabdbbd)) abcd>'
Since they satisfy (8) and (4), S can be embedded in the two-sided
way, for example:

a b ¢ d e f g
al @ a a a i a a a
bl a a a a a a b
cl a a b b a a c
di a a a b a b d
el ¢ a a a e e ¢
Sl a a b a e e f
gl a b ¢ d e f g

The following embedding of S is in the mixed way, but this
embedding is neither in the two-sided way nor in the one-sided way.

U o o8

eabcd;’e

The following is in the right-sided way, and not in the left-sided
way, but in the mixed way; and hence not in the two-sided way.

a b ¢ d e f g
¢l @ a a a ¢ a a
bl a a a a a a b
¢l a a bbb aac
d ¢ a a b i a b d
el a a a a i e e e
fl a a a a e e f
gl a b ¢ d e f g

Example 8. Let S be a semigroup of order 3 defined by

a b ¢

o S

a b
a b
a b

f & R
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S can be embedded in the right-sided way:

a b ¢ d e f g h 1
al a b a  a a a b b a
bl «a b a i a a b b a b
¢l a ba i acaddec
dl a b a d d d g g d
el a b a d e d g g e
Sl a b a d d f g h f
g, a b a d d g g d g
hl a b a d d h g f h
il a b a d e f g h ¢

abd
translation of S, and hence S can not be embebbed in the mixed way,
nor in the left-sided way.

There still remain a few problems:

Problem 1. If S can be embedded in the mixed way, can S be
embedded in the right-sided or left-sided way?

Problem 2. For a given S, is there the smallest or a minimal
extension in which S can be embedded in each of the three ways,
if it exists? What relationship is there between them?

Problem 8. Can any semigroup be embeddable either in the
right-sided way or in the left-sided way?

The left translation (“ b ") of S is not linked with any right
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