718

Vol. 40,

154. Locally Convex Metrizable Topologies which Make
a Given Vector Subspace Dense
By Shouro KASAHAa
Kobe University
(Comm. by Kinjir KUNUGb M.J.A., Nov. 12, 1964)

1. The current theory of quantum field encounters with a difficulty arizecl from the fact that the orthogonality of the specific
vector subspaces of the space of physical states denies the expansion
of certain physical states. ) It might be possible, however, to avoid
this difficulty by changing the topology of the space of physical states.
In the problem of this possibility, it is fundamental to show the
existence of a topology having the property that a given vector
subspace is dense in the whole space; moreover it will be desirable
that the topology is locally convex and metrizable.
The purpose of this paper is to give a condition under which
the existence of such a topology is ensured.
The author is indebted to Professor T. Ishihara for suggesting
this problem.
2. We shall concern exclusively with complex vector spaces.
But every result obtained in what follows remains valid for real
vector spaces.
Let E be a vector space, and let M be a vector subspace of E.
A vector subspace N of E is called an algebraic supplement of M
in E, if M-N--E and MN-={O}. A subset A of E is said to be
linearly independent if a (finite)linear combination ]x, where
i=l
xeA for each i and x#x for i#j, is 0 only when each is zero.
By a base of E, we mean always a Hamel base of E, that is, a
maximal linearly independent subset of E. We denote by dim (E)
the dimension of E, i.e. the cardinal number of a base of E, and by
codim (M) the codimension of M in E.
A pair (E, E’) of vector spaces E and E’ is called a dual system
if a bilinear functional (., } on the product space E E’ is assigned.
A dual system (E, E’) is said to be separated if it satisfies the following two conditions:
1 If (x, x’}=0 for all x’eE’, then x=0.
2 If (x,x’}=0 for all x eE, then x’=0.
A dual system (E, E’) which satisfies the condition 1 (resp. 2 ) is
1) A brief survey of this circumstance can be found in T. Ishihara [1_.
2) Cf. T. Ishihara [1.
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said to be separated in E (resp. in E’).
Let E be a topological vector space. We denote by E’ the dual
of E, and by E* the algebraic dual of E.
:. We need the following
LEMMA. Let E be an infinite dimensional metrizable topological
vector space. Then the codimension of E’ in E* is not smaller than
.dim (E). )
Proof. We denote by I the set of all positive integers, and by
a one-to-one mapping of I onto II. Let {V;ieI} be a fundamental system of neighborhoods of 0 in E. For every i eI, we put
where (n, m)- (i). Then U; i I is also a fundamental
U- n
system of neighborhoods of 0 in E. Let B be a base of E. Since
the cardinal number of B is infinite, there exists a one-to-one mapping
of BI onto B. Evidently we can assume, without loss
of generality, that (x, n) V for each (x, n) B I. Now, for
each (y,a)eB(O, 1), 4) we define a function y(") on B by putting
y(")(x)-a.C(x)+l for all xeB, where Cy is the characteristic function of the set {y} consisting of single element y; and for each function
y(’, we define a linear functional (") on E by setting
for all (x, n) e B I.
((x, n), )} --n"x)

I__V,

_

k

..

Consider a linear combination y’---, ("), where "):") for
i=1
Since i#j and y-yj imply a4:aj, it follows that, for each positive
integer j,
k

((y., n), y’}-- i=l 2.((y, n), i".}
contains one and only one term of powder
there exists an n0I such that

a.+l.

Therefore if 24=0,

for all n>-_no.
]((y, n), y’}l>l
Consequently the set A’ of all linear functional ("), (y, a)B (0, 1),
is linearly independent. In addition, because the mapping is oneto-one, we can find, for every (1, m) I I, a positive integer
such that n-- p-1(i, m) > no; and hence we have (y, n)
1
Thus the inequality
shows that y’ is not continuous if

(*)

Un--1-

V.
24:0.

(*)

Therefore the vector subspace of E* spanned by the set A’
is contained in an algebraic supplement of E’ in E*. Now since
the mapping (y, a)-(") of B (0, 1) onto A’ is one-to-one, the sets
B(0, 1) and A’ have the same cardinal number. This completes the
proof of the Lemma.
3) We denote by the cardinal number of the continuum.
4) The symbol (0, 1) denotes the set of all real number x such that 0<x<l.
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The following corollary is an immediate consequence of the

Lemma.
COROLLARY. Let E be a vector space. Then the Mackey topology
r(E, E*) is metrizable if and only if E is finite dimensional.

We shall prove the following main theorem.
THEOREM 1. Let M be an infinite dimensional vector subspace
of a vector space E. If the codimension of M does no$ exceed
then for every locally convex metrizable topology Vo on M, and for
every algebraic supplement N of M in E, there exists a locally convex
4.

E satisfying $he following conditions:
(1) M is dense in E.
(2) N is closed.
(3) The induced topology of r on M is finer than
Proof. For each element x’ of the dual M’ of M for the topology
r0, we define a linear functional 5’ on E by letting
for xM,
(x, ’)- <x, x’}
0
for x eN.
By the Lemma, we can find a linearly independent countable (infinite)
subset {y*} of an algebraic supplement of M’ in .Y2*. Suppose that
the dimension of N is infinite. Then since dim (N)_<_
2*0, by
Lemma 4 of [2], there exists a vector subspace N’N* of dimension
0 such that the dual system (N, N’) is separated. Let {z}
be a base of N; we define for each i, a linear functional
by letme$rizable opology r on

ting

y* )
<x, }-- (x,
<x, z}

for x e M,
for x e N.
Let {V} be a fundamental system of convex neighborhoods of 0 in M
for the topology r0; then, for each i, the polar V of V in M’ is a
a(M’, M)-compact convex circled set. We shall show that the set
of all linear functionals 5’ on E, where x’e VT, is a(E*, E)-compact,
convex and circled. To see the compactness, it will suffice to show
that the mapping x’-+5’ of M’ into E* is continuous for the topologies a(M’, M) and a(E*, E). Now each element x eE can be written
uniquely in the form: x-- p(x) + y, p(x) e M, y e N; hence for every finite
subset {x,,..., x} of E, if x’ belongs to the polar of the set {p(x,),
p(x)} in M’, then 5’ belongs to the polar of the set {x,,..., x}
in E*. Thus the mapping x’-+5’ is continuous, and so each A’ is
a(E*, E)-compact. It is clear that A is convex and circled, Let us
denote by E’ the vector subspace of E* spanned by the set ([_J A)
i=1
{; i--1, 2,...}. Then the dual system (E, E’) is separated. In fact,
let x be a non-zero element of E; if p(x)#O, then we have
=<p(x), x’}:#0 for some x’M’; if p(x)-O, then since xN, we have

..,
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(x,z)#O for some z, and so (x,y)ev0. Now the topology r of
uniform convergence on each member of the family of sets {A;
i--l, 2,...}{{}; i--l, 2,...} has the required property. Clearly,
the topology r is locally convex and metrizable which satisfies the
condition (3). In addition, the dual of E for this topology is E’, as
can be easily seen. It remains to establish (1) and (2). If x does
not belong to N, then since p(x)O, we can find an x’ M’ such that
(p(x), x’}#0, and hence we have (x, 5’}:0. Because 5’ vanishes on
N, this shows that N is closed. Let x0 be an element of E’ which
vanishes on M. We can write x0 5’-t-, y, where x’ e M’. Hence
=1
we have for every x M, O-- (x, xo} (x, + 2y>-’
(x, x’ + 2y*},
i=l
and so x’- 1y* vanishes on M. It follows that x’--O and R-...

-’

i=l

--i,--0, since the set {x’,yl,...,y,*} is linearly independent. Consequently we have ME’--{0}, which shows that M is dense in E
for the topology r.
Now, suppose that the dimension of the vector subspace N is
finite n. Let {z,..., z,} be a base of N; we define, for each i--1,..., n,
a linear functional
on N by setting
1,..., n,
(z., z}is the Kronecker’s delta. Then the proof proceeds quite
where
similarly by taking {y*; i-l,...,n} and {z; i=l,...,n} instead of
[y*} and {z} respectively, and we omit the detail.
Since every vector space can be introduced a norm topology, we
have as a corollary of Theorem 1 the following
THEOREM 2. Let E be a vector space, and let M be an infinite
dimensional vector subspace of E with codimension
Then for
every algebraic supplement N of M in E, there exists a locally convex
metrizable topology on E for which the conditions (1) and (2) of
Theorem I hold.
By Theorem 3 of [2, these theorems yield the following
COROLLARY. Let E be a vector space, and let M, N be two vector
subspaces of E. Suppose that the dimension of M is infinite, and
the codimension of M in the vector space M+N does not exceed
Then
1 For every locally convex metrizable topology o on M, there
exists a locally convex metrizable topology
on E satisfying the
following conditions"
1 ) The closure of M contains N.
(2) The induced topology of r on M is finer than o.
2
There exists a locally convex metrizable topology on E such
that the closure of M contains N.
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(This article is dedicated to Professor K. Kunugi is celebration
of his 60th birthday.)
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