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123. Non-negative Integer Valued Functions on
Commutative Groups. I

By R. B1GGs, Morio SASAKI, and Takayuki TAMURA

University of British Columbia, Iwate University
and University of California, Davis

(Comm. by Kinjiré KUNUGI, M.J.A,, Sept. 13, 1965)

T. Tamura, one of the authors, introduced “an indexed group”
which means a commutative group G with a non-negative integer
valued function I(x, ) defined on G xG and satisfying the following
conditions:

(A) Kz, y)=1Ly, x)

B) Iz, y)+ Ixy, )=z, y2)+ Iy, 2) for any x,¥y,2€G

(C) For any x€ @G, there is a positive integer m (depending on
x) such that I(a™, 2)>0.

(D) I(e, e)=1 where e is the identity of G.

It was shown in [1] that I(e, )=1 for all x € G for every indexed
group G. Consequently if G is periodic, condition (C) is satisfied
whenever conditions (A), (B), and (D) are satisfied.

Given an indexed group G, there is a commutative archimedean
cancellative semigroup without idempotent such that the fundamental
group of which is isomorphic to the group G (Theorem 4 in [1] or
Exercise §4.3, 8. p. 136 in [2]).

The purpose of this paper, as one of the series, is to show how
all I-functions on a finitely generated commutative group G may be
obtained.

1. The Case where G is a Finite Cyclic Group. Suppose G is
a cyelic group of order n generated by a. Let E(¢,j, k) denote the
equation obtained by setting =z, y, z as af, @, a* respectively in (B),
and let E’(,J, k) be the equation obtained by exchanging the two
sides of E(¢, 7, k) with each other.

Lemma 1. E(m, p, q), m>0, p, q integers, ts expressed by equa-
tions of type E(1, p, q).

Proof. If m=1, it is obvious. Let m=2, then E(m, p,q) is
obtained by adding E(m—1, 1, p), E'(m—1, 1, p+q), E(m—1, p+1, q)
and E(1, p, q). By induction we get this lemma.

For integers ¢(=0), m,n we define

[m, n],=S) Ia, am+k)-:§ Ka, ™), if i>0
k=0 =0

—0 if =0
Adding then, E(1,1,7), E(1,2,9), -, E(l,4—1,7), we obtain
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Lemm 2.

Ie}, af)=Ka, ¢’ +[7,1—1];_, for 1=1.

Conversely if I(a, a*), for all k, are given and if I(a%, a?) is de-
fined in this manner, we can easily prove that the function I
satisfies (B).

Theorem 1. If G is a cyclic group of order mw, the function
values I(a, a*), k=1, -+, n—1, are independent up to relative size
considerations and every other function value can be determined
from these n—1 values by the form in Lemma 2.

Next we shall consider determining the relative sizes of the
“independent” elements I(a, a*), k=1, -+, n—1. The major conditions
are I(a%, a’)=0 for all %, j=1, ---, n—1. We note that

0=Ila,a)=la, )= -+ =I(a, a™™)
is sufficient for a solution. In fact, in this case, it follows that for
2=i=j=n—1.

1.1) if ¢4+j—1=m, then

K@, &%) =Ka, @)+, (I, &/ —La, @) =0
k=0

since n>j+k>1+Fk for all k with 0=k=1—2.
(1.2) if ¢©+j—1>m, then we can put i+j—1=n+s,1=s<n—3
and

I(a?, af):(kZ:}j I(a, a")+2§t I(a, a’”)>— (gl I(a, a*)+ kgrl Ka, a"))
— K0, a)+ 3] (K0, 04— Ja, @)1

since n>j5+k>s+1-+k for all k with 0=k=n—j5—1.

If n<4, then the following conditions for I(a, a*), k=1, -+, n—1,
are obtained easily:

(2.1) the case n=2, I(a, a)=0

(2.2) the case n=3, I(a, a)=0, I(a, a*)=max {0, I(a, a)—1}.

(2.3) the case n=4, I(a, @)=0, I(a, a®)=0

Ia, ¢®)=max {0, I(a, a)— I(a, a?), I(a, a)—1, I(a, a*)—1}.

So, hereafter, we assume n=5. By (A) we may consider the
conditions for I(a, a*), k=1, ---,n—1 under I(a‘, a’)=0 for all <,J
such that 2<¢<j<n—1. From Lemma 2 and I(a‘, a’)=0, we get an
inequality

( 3 ) I(a, a”j“l)% [1, ?:—l_j_z]'i——l'

Putting here 7+j—1=Fk, k runs through 3,4, ---,20—3 and for a
fixed & such that 3<k=<2n—3 all the inequalities (3) are given as
follows:

(4.1) the case 3=k=n—1

k+1

Ka, a)=[1, k—17;,, i=2,3, -+, [T]
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(4.2) the case k=n

Ha, a")=[1, n—1],_, i=2,3, -+, [”gl]

hence
Ka, a» 21, n—2]; o+ Ia, &) —1
for all i with 2§i§[”_j;-1.}

hence
(4.3) the case k=n+s,1=s<n—5,n>5

I(a, a,n_H)z [1’ n"l's_l]'i——l’ 'I;:S+27 S+3, e, l:%s—i_l]

hence
Ia, o HY=[s+1, n—2];—,—+ I(a, ¢’ —1
for all ¢ with s+2§qj§|:l7:+§_+1].

(4.4) the case k=2n—4
I(a, e =[1, 20n—5];_,, t=n—2,
hence
Ia, o= Ka, o) —1.
(4.5) the case k=2n—3
Ia, o) z[1, 2n—4];_,, 1=n—1,
hence
I(a, a" = (a, a™*)—1.
Summarizing the above inequalities and I(a, ¢*)=0, we have the
following theorem.
Theorem 2. Let G be a cyclic group of order wm. I(af, a?)=0
for all non-zero imtegers t,J if and only if Ia, a*), k=1, -+, n—1,
satisfy the following conditions:
(5.1) In the cases n=2, 3, 4, (2.1), (2.2), (2.3) hold respectively.
(5.2) In the case n=5,
I(a, a")z=m(k) k=1,2, -+, n—2

I, a*~) zmax{m(u—1), w(0), (W), -+, W(n—5) max {I(a, ¢’)—1}}

where
m(k)= max {[1,k—1]},
osis[E217]
and
m' (k)= max {[k+1,n—2];+a, ait***)—1}.
1565[—”";"3]
We notice that the types of I(a, a*) which appear in (k) are all
s<k, and the types of I(a, a®) in

max {m(n—l), w/(0), ¢+, W' (n—>5), 1?2352 {{a, a")—l}}
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are all s<n—1.

2. The Case where @ is an Infinite Cyclic Group. Let G be
an infinite cyeclic group generated by a:

G={a™; m=0, +1, +2, ---} where o’ is the identity element of G.

Lemma 3. E(m, p, q), m, p, q tntegers, is expressed by equations
of type E(1,p, q).

Proof. If m=1, the lemma is true by Lemma 1. If m=0,
E(0, p, q) reduces to an identity. E(—1, p, q) is obtained by adding
E'(l, —1,p), EQ, —1,p+q), and E'(1, p—1,q). For m'=2, E(—m/,
P, q) is obtained by adding E(—m'+1, —1, ), E'(—m’'+1, —1, p+q),
E(—m'+1, p—1, q), and E(—1, p, q). The lemma follows by induction.

Lemma 4. For any integer j, it holds that

(6.1) I(@, a)=IKa, a9 )+[g,t—1];;  4f 1=2

(6.2) I@', a®)=Ia, a)+[t+1,5—17_, of 1< —1.

Proof. The former is shown in the same way as Lemma 2, the
latter is proved by adding E(1, %, 7), EQ1,1+1,7), -+, EQQ, —1, 7).

From Lemmas 3 and 4 we have:

Theorem 3. If G is an wnfintte cyclic group, the function
values I(a, a*), k==+1, £2, ---, are independent up to relative size
considerations and every fumction value is determined from these
I(a, a*), k=+1, £2, ---.

Moreover we have,

Theorem 4. Let G be an infinite cyclic group. I(a', a?)=0
for all nmon-zero integers i,J and they determine an I-function if
and only if (7.1), (7.2), and (7.8) below are satisfied:

Let

m(k)= max {[1,k—17;}, 7(—k)=max{[1,t1—k];},

ogig[?] 0=
'(—k)= mikn {Il(a, a™)+1+[—2—1, 1—k],}.
osis[47]

(7.1) Ka, a®)zm(k), k=1,2, «--
(7.2) { K(a, a_l)%’f‘(_l)
w'(—k)zIa, a ™) z0(—k), k=1,2, ---
(7.8) For any integer s(+0) there exists a positive integer t,
such that
[st,, s—1],=0 iof s=1
[s,st,—1]_,=0 if s=-—1.
Proof. Suppose I(a’, a’)=0 for all non-zero integers %,j. By
(A) it suffices to consider I(a%, a’)=0 in the following cases:
(i) 2=4=j, (ii) 2=7 and j=—1, (i) j=<i<-1.
In each case, from Lemma 4 and I(a%, a’)=0, we get inequalities
®.1) ILa,a™)=[1,t+5—2];, in (i)
8.2) I(a,a)=[t+7,0]_; in (ii)
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®.8) Ia, at)<Ka, a~)+1+[%,5—1],, in (iii).
If we let k=i+7—1 in (8.1),
Ka, a)=[1, k—1],, =2, ---, [1“—‘2*—1]

it k=—j in (8.2),

I(Cl/, a_k)%[i_ks O]k 7’:2’ 39 s
if k=—i—j in (8.3),

Ka, e =I(a, )+ 14 [6, —k—i—1]_ s —i=1, -+, [’“]

2
Immediately we have (7.1) and (7.2). By (C) there exists a positive
integer t, such that I(a®, a**s)—1=0 for any s and
0 if s=0
I(a®, a”S)—lzg[sts, s—1], if s=1
[s, st,—17]_, if s=-—1.
Thus we have (7.3). The converse of the theorem is obvious.

3. The Case where G is a Direct Product. Suppose that G

is the direct product of two commutative groups A and B.
G=AxB={(a, b);ac A,be B}.

Let E(a,, b; a,, b,; a;, b;) denote the equation obtained by setting
x,y, and z as (a,, b,), (a,, b,), and (a,, b;) respectively in (B) and let
E'(a,, b;; a,, b,; a,, b,) be the one obtained by exchanging the two sides
of E(a,, b; a,, by; a,, b;) with each other.

Lemma 5. All of the equations E(a, bj; a,, by; a5 b)) are ewx-
pressed by equations of the types E(a,, f; &, f; €, bs), E(e, b;; e, by; ay, f),
E(a,, b; e, b,; as, f), E(ay, f; @, f; as, ), and E(e, b; e, b,; e, b;) where e
and f are the indentities of A and B respectively.

Proof. Add E’(a,, b;; e, b;; as, 1), E'(a.a,, biby; €, bs; s, f), E(as, by;
e, bs; as, 1), E(a,bs;e, bzba; a4, ), E'(e, b,; e, b;; ay, f), E'(e, b; e, b,b,;
.0, f), El(e, by e, by as, f), E(e, bbs; e, bi; a, f), E'(e, by €, by ¢, b),
E'(ay, f; ay, f; e, bb,), E'(e, byby; as, f; as, bR E(as, f; @, fie, b,b,bs),
E(e, b.bbg; a.a,, f; s, f), and E(a,, f; ay, f; @, f). Then we obtain
E(a,, b;; a, b,; as, by).

Lemma 6. For any a, a,€ A, b, b€ B it holds that

I((ay, by), (a5, b))=1I((as, f), (a, )+ 1((e, by, (e, bs))

+ I((a.@s, f), (e, b:bs)) —I((ay, 1), (e, b)) —L((as, 1), (e, by)).

Proof. Add E'(a,, b;; a,, f; e, b)), E'(a,, f; @, f; e, b,), and E’(e, by
e, b; a.a, f) g.ed.

Conversely if I((as, f), (e, b)), for all a,€ A, b, e B, are given and

if I{(a,b,), (a, b,) is defined in this manner, we can easily prove
that the function I satisfies (B).

We define I, and I, as follows:
I(ay, a)=I(a, f), (@ 1)), I5(bs, b,)=1((e, b)), (e, b))
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Then we verify that I, and I, are I-functions defined on A’'={(a, f);
a€ A} and B'={(e, b); b € B} respectively.

Therefore, by Lemmas 5 and 6, we get the following theorem:

Theorem 5. Suppose that a direct product G=AxB of two
commutative groups A, B, and that I-values I, for A and I, for B
are already given. Then the set I, , of function values I(a,f),
(e, b)), a € A\{e}, be B\{f}, are independent up to relative size con-
stderations and every other value I((ab,), (a,, b,) ts determined from
I, I, and I, , by the form in Lemma 6.

Remark. All elements of I, , in Theorem 5 must be chosen so
as to satisfy I((ay, b,), (a,, b,))=0 for all (a,, b)), (a,, b,), and additionally
(C). For this, how can we choose I((a, f), (¢, b)) in advance? The
complete solution, namely the theory corresponding to Theorem 2 or
Theorem 4, is left to the continued series of this paper.

Let G=A,%x -+ xA, be the direct product of » commutative
groups A,, ---, A,. Suppose that I-values I; for A;, ¢=1, ---, n are
already given, and consider sets I/ of function values:

Ij'((afly ety Qjyy €4y 000, en)’ (61, c00y 6igy Wy Gy * 00y, en)) j:27 N1
where
(a'lv cery Uiy €5y 000, 3,,)7':(61, ttty en)’
(61’ tt0y gy Oy €51qy 00y 67,,)¢(61, ] en)
and e, is the identity element of A,. Then the unionof I}, j=2,---,n,
is a set of I-values independent up to relative size considerations and
every other value is determined from [, I, «--, 1, 1), -+, I,.

Since every finitely generated commutative group is the direct
product of a finite number of cyclic groups, the results obtained above
can be applied to any finitely generated commutative group. We have
easily the following theorem:

Theorem 6. If a commutative group G has order m, then the
number of “independent” I-function values for G is n—1.
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