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1. Introduction. Recently J. L. Lions has succeeded in
characterizing the domains of the fractional powers of an arbitrary
regularly accretive operator” A in a Hilbert space H as interpolation
spaces between the domain of the operator and the whole Hilbert
space H.? In this connection it would be worth while to characterize
domains of fractional powers of differential operators as concretely
as possible. However it seems that little is known in this direction.

In the present note we shall be concerned with the following
problem: Let 2 be a bounded domain in R™ with the boundary 62
which is a m—1 dimensional C= manifold. The unit outer normal
to 02 is denoted by n. Let A, be a regularly aceretive operator in

L¥92) mapping D,= {u € H*); ag—z F+(A—a)u o= 0} into L*Q),

where H*(2), s>0, denotes the Sobolev space of order s and where
a=a(x’) is a given C= function defined for «’ in 02 with 0<a<l1.
Then, we ask how one can characterize the domain D(AL™?), 0<6<1,
of the fractional power AL® of A,. The purpose of the present
note is to give a fairly satisfactory concrete answer to this question
assuming that on each of connected components of 92 either «
vanishes identically or « is never equal to zero.*

The author expresses his hearty thanks to Professor K. Yosida
and Professor H. Fujita who kindly read through the manuscript of
this note with criticism.

§ 2. Results. Since the boundary 02 is smooth, there is a
system of first order differential operators D,, - - -, D, _,, the restriction
of which to the boundary forms a basis of first order differential
operators tangential to 2. {(x) denotes the distance from z in R™
to aQ.

Now we state the result in the case of a=0, that is, the
Dirichlet boundary condition.

1) See Definition 2.1 and Theorem 2.1 in [1].
2) See Théoréme 3.1 in [2].
3) Detailed proofs of theorems in this note will be published elsewhere.
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Theorem 1. If a vanishes identically on 02, then the domain
D(A}®) of the fractional power A}~ 0<6<1, of A, is given by

(2) D(A9)= Eou-90)— H—0(Q), Ogl—og%,

(b) D(A)=E""Q)c H'*Q),

(¢) D(A)=E—(@=Hy"®@, 5<1-0<,
(4) DA =E-)=Hi(®),
1 3

(e) D(A)=E-9-Q=Hy=o®), <1-0<
(f) D(Ay)=E""(2)c HQ),
() D(A)=E--o-=Hu=@, 2<1-0<1,

(h) D(A)=H;(9Q),
where, E**(2)= {u e HY(Q); Kx(w)= S Cx)~* | u(x) |Pda < 00},

2

Z’

E"'(Q)z{u e Hi(2); S RyDuy< oo}, 0<s<1
i=1

and where H:(Q)={ue H*Q); % |o=0}, s>%:.

In the case of non zero a, we have the following Theorem 2,
where we have extended the function & over to 2=2+402 appropri-
ately.

Theorem 2. If a never vanishes on the boundary 02, then the
domain D(A5°) of the fractional power AL 0<6<1, of the operator
A,, is given by

(a) D(AY%)=H*-9Q), 0S1—0<-;?;—,5)

(b) D(ATY=MP@)c H¥D),
(¢) DUF)=Mr-"@=Hr-@), S<1-o<1,
(d) D(4.)=HXQ),
where
mi@={ue B(@); [C@

2

0<s<1,

(a(a:) a'zgéx) +1- a(x))u(x)) r dx< oo},

4) In the case of 0<1——0<—;*, 1—035%, the result was essentially known.

See Théoréeme 5.1 of [3].
5) Therefore D(AL%) is free from the boundary condition in this case. This

was already proved in the case of 0<1—60< %, by a more general method. See
(21, [41.
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and H(@)={ue H(@; agt +(1—eplu=0}, <.

Since it is rather lengthy, we omit the full statement of our
result for the general case, where 02 consists of more than one
connected components and « vanishes identically on some of them
and never vanishes on the other. The result for the general case
is a simple consequence of Theorems 1, 2, and the following.

Theorem 3. Take any 6 in 0<#<1, then a function » belongs
to D(AL®) if and only if ¢u belongs to D(AL ™) for any ¢ in C=(2)

with ¢ =0.
on lea

Corollary. Let G be any relatively compact open subset in £
and let W¢ be the space of functions of H*(2) vanishing outside G.
Then W9, 0<60<1, is contained in the domain D(AL™®), whatever
a may be. Moreover we have, for some constant ¢>0,

| % |lpar-0<e | % || gra-o)0), for all « in W3¢-9,

Here and hereafter C denotes generic constants and |||,
denotes the norm of a function % in a function space V.

§ 3. Outline of the proofs. We begin with the proof of
Theorem 3. The if part of the assertion follows from the facts

that there exists a partition of unity {¢,;}}_, satisfying ‘g—%

=0,
90

1<j<N, and that the domain D(AL) is a linear space.

Since the multiplication operator ¢ - continuously maps L*2)
into LX(2) and D, into D, respectively, this also maps D(AL? into
D(AL™®) continuously.”

Proof of Theorems 1 and 2. Although the half space RT={x
=(', z,) |« € R~ x, >0} is unbounded, we shall first prove Theorems
1 and 2 in the case that 2=R™. Introduce the following maps 2
and p;

" - , w(x', ,,), T, >0
X IRD-LRY, 2@, m)={"0 5" T

r: LR LHRD), ol 22) =20, 5) =0, 0)lag-

Then 2 maps D,=D(A,) continuously into H*(R™) and ¢ maps H*(R™)
into D, continuously. Moreover, po2 is the identity. Interpolating
these maps, we have

(1) | 2% |0y em <c || u|hi-0 ,  (weD(A™),)

and

6) Here we have used the fundamental theorem due to J. L. Lions that
D(AL7% is an interpolation space between Da and L¥f). See Théoréme 3.1 in [2].
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(2) Il v ||bat-o<cllv|[ma-ogm  (ve H* O(R™)."
Replacing v in (2) by iu and using (1), we have
(3) e w bt <[l 2w |[Zaa-o gm <c || % (50

for all u in D(A}™°).
Recall that for any » in H*(R™), s>0,
||v||§,,(Rm)=|2 [| D |33 gm), if s is an integer,
a|<s

and
a, — a, 2
O Holgm=llwlrgn+ 3 (| 122D g, g
= D) m | x—y |
if s=r4+6 with 0<6<1, and r is an integer.
Put
_ 2
(5) Gay= || M= aay,
RIXRY '
)= | u(@)+u()
(6) = ,..SS o =Y Pt Tty [ |00 as
RTxRT
and
(7) Kiw)= |03 | u(z) I d.

Then we have i
(8) A KJ(w) <J3(w) + L(u) < Ij(w) + 465 K5(w),  0<0<1,

where

d=flarorat |

Replace v in (4) by u, uwe D(A;%, and estimate the right hand

side by means of (8) if necessary. Then, taking account of (3),

we can establish Theorem 1 in the case of 2=R"™ by a standard
argument.

A similar argument can be applied in order to prove Theorem 2

in the case that 2=R"™, and that a is identically equal to 1.

Actually, instead of 2 and p, we use ( ) o

n , w(x', ,,), Tp >
v: L}(RY)—L*(R™), vu(x', x,,,):{u(x,, 5, z.<o,

m L(R—LARD), 70, 52) =2 [, 2+, —22)] lay-

Then we resort to the following technic. Let f(¢) be a function
in C=(R") such that %g f(@®)<38, and f(t)=t in some neighborhood

of t=1. Since a never vanishes on R™' by the assumption, the

_ ’
map 7 u—»f(exp <— IL(,“)
a(z')
7) See footnote 6) and recall that
HsO-0+8:0(0)=T(H*(2), H%(2);2,0), 0<0<1.

x,,,))u gives isomorphism mappings
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LA(R™M—LYR™ and D(A,)—D(A,). Interpolating these,” we can
reduce the case of general a to the special case of a=1, which was
already dealt with.

In the case of general bounded domain 2 with the smooth
boundary, choose a tubular neighborhood U, of 92 which is diffeo-
morphic to the product space (—4,0)x0R2, for some 6>0. Using
this diffeomorphism we can define maps 2’, ¢/, v/, 7/, and 7', enjoying
the properties similar to those of the maps 2, ¢, v, , and v. Therefore
we can prove Theorems 1 and 2 in full generality by a slight
modification of the argument used above in the case of 2=R"%.
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