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164. On Equivalences of Laws in
Elementary Protothetics. I

By Kazuo CHIKAWA
(Comm. by Kinjird KuNUGI, M.J.A., Oct. 12, 1967)

In his paper [1], J. Stupecki has given some generalizations of
the six laws that have described the properties of functions of one
argument in elementary protothetics.

In this paper, by using the well known rules of inference and
substitution we shall show that each laws on functions of one
argument is equivalent to its corresponding laws of functions of
two arguments. J. Stupecki has not given the proofs of the equiv-
alences given below in his parper [1]. The rules of inference and
of substitution used in the systems of elementary protothetics has
given in J. Stupecki [1] in detail.

First of all, we shall prove the equivalence of the theorems (a)
and (a’) which have been called the law of development:

(a) Lf,pH{f@= D)2V f(0)~(®)},
@) Lfyp,a{fe,9=(f1,1)p-qV f(1,0)-p-~(q)V f(0,1)- ~()
gV 5 (0, 0) ~(p): ~(D))}.

Then we shall first prove the following theorem to show the equiv-
alence mentioned above.

Theorem 1. [f,p, ¢l{L.f, rH{S(r)D(f D)7V f(0)- ~(r)} f(p, )
(@, -p-qV f(L, 0)-p-~(@V (0, 1) ~(p)-qV £(0,0)- ~(p)- ~())}.
Proof. The idea of the proof is due to J. Stupecki ([1], p. 71).
1) LfrHf @)D @)-rV £(0)- ~(r)},
@) f, 0>
D1 [f,»,qal{v<f,p>(@)=S(q, p)}
By replacing a functor < f, ¢> for the functor f, a variable p for
the variable r in the expression (1), we obtain the following expression.
B) v<fra>@D<f,¢>D)pVy<f,g>(0)~(), (DL;1)
4) v<f,9>(), (D1; 2)
we obtain the following expression by applying the rule of detach-
ment from (3) and (4).

®) v<r,a>O)pVy<f,q>(0)~(p), (3; 4)
©6) fL,a)-pVf0, 0 ~(®), (D1;5)
(M) x<f1>@=x</,1>1)qVy<f,1>(0)- ~(2)). (@)

To obtain (7) we have used the functor obtained by the definition
D2 given below:

D2 [f,p,ql{x<f,p>@)=f(p, O},
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®) f@, =01, 1)-qVf(1,0)-~(q), (D2; 7)
9 r@,9-p=(f1,1)-p-qVvrQd,0)-p-~(q), (8)
in obtaining the expression (9) we based ourselves on the following
theorem of the propositional calculus:
[p,q, 7, s{(@g=(rVs)D(p-g=(p-7rVp-s))}
(10) x<f,0>(@=(<f,0>1)-qVvVy<f, 0>(0)-~(q), (a)
(1)  £(0, 9)=(s(0, 1)-qV (0, 0)- ~(q)), (D2; 10)
(12)  f(0, ¢)- ~(P)=(f(0, 1) ~(p)-qV £(0, 0)- ~(p)- ~(¢)),  (11)
f@,1)-pqV f(1,0)-p-~(@)V f(0,1)- ~(p)-q
V £(0,0) ~(p): ~(q). (6; 9; 12)
To obtain the consequent we have used the following theorem of
the propositional calculus:
[p, 0", ¢, ¢ HoVQ)-(p=0")-(a=¢) D'V},
therefore we complete the proof of Theorem 1.
Theorem 2. [f,p{[ f,r,s]{f(r,8)D(f(L,1)-r-sV f(1,0)-7-~(s)
V F(0, 1) ~(r)-sV f(0, 0)- ~(r): ~ ()} f(D)D(f(L)-pV f(0)- ~(p))}.
Proof. (1) L[f,r,s){f(r,s)D(f(,1)-r-sV f(1,0)-7:~(s)
V f(0, 1)- ~(r)-sV £(0, 0)- ~(7)- ~(s)},

2 fm>o

@) x<fi,1>@=q<f,1>D)-qVvy<f,1>(0)-~(q)), (a)
@) @, =0, D-qVvr(Q,0)-~(), (D2; 3)
G fA, =1, Dp-qV f(Q1,0)-p-~(q), 4)
6) x<f,0>(@=q<f,0>1)-qVvy<f,0>(0)-~(q)), (a)
(M) £, )=(f(0,1)-qV f(0, 0)- ~(2)), (D2; 6)
® f(0,9)~(P)=(f(0,1)-~()-qV f(0,0) ~(p)- ~(q)), (M
9 [fyp,d{if@, DA, 9)-pV (0, ) ~(p)}. (1; 5; 8)

Next we introduce the following definition:

[pH{vr(p)=(p=p)},
Lf, p, e {o&f=(p, O)=(f(p)=vr(q))}.
(10) o&f=D, 2 (@Ef=(1, @) pVao&sf=(0,q9)-~(p).  (9)
By applying the theorem

LS, p, ¢ {oEf=, 9)=F(p)}
in elementary protothetics for the expression (10), we obtain the
following expression:

(11)  fp)>(f(1)-pV f(0)- ~(p)). (10)
By the rule of detachment,
S()-pV f(0)- ~(p) (2)

we have proved Theorem 2,
Therefore we have obtained Theorem 3 by applying the follow-
ing theorem of the propositional calculus to Theorems 1 and 2:
(2,4, 7, sH(®»Dq)-rD8)D(((rD8)-pDAD(pD9)=(r>D9)))}.
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Theorem 3. [f,p{f(®)>(f(1)-pV f(0)-~@N}=[f,p,q){f(0,9)
O(f(,1)paV f(1,0)-p-~(@)V f(0,1): ~(p)-qV f(0,0): ~(p)- ~(2))}.
We shall now prove the converse of the implication.
Theorem 4. [f,p,¢{[.f,rH{(fQ)-7V f(0): ~(r)D f(r)}-(f(1,1)
-qV f(1,0)p:~(@)V f(0, 1) ~(p)-qV f(0, 0)- ~(p) ~(2))D f(», O)}-
Proof. (1) [f,rH{(f()-7rVf(0):~(r)Df(r)},
()()2) (f@,1)-p-qV f(1,0)-p-~(@)V f(0,1)- ~(p)-qV f(0,0)- ~(p)-

(8) x<f,1>@=(<f,1>D)-qVvy<f,1>(0)-~(q)), (@)
(4) f@A,9=(f1,-qVrQ,0)-~(q), (D2; 3)
(5) f,9p=(fA, 1-p-qVf,0)-p-~(q), 4)
(6) x<f,0>@=<f,0>Q)-qVy<f,0>(0)~(q)), (a)
(7) £(0,)=(f(0,1)-qV f(0, 0)- ~(q)), (6; D2)
(8) £(0,9)-~®=(f(0,1)- ~(»)-qV f(0, 0): ~(p): ~(2)), (7
(9) f@,9)-pV£(O0,q-~(p), (2;5; 8)
(10) (v<f,q>Q)-pVy<f,g>0)-~@)D¥v<S, ¢>(), (1)
11) (f@, 9)-pV f(0,q)- ~(P)D f(p, 9), (D1; 10)

f(, Q. (9; 11)

We obtain Theorem 4. Conversely, we shall prove the following
Theorem 5. [f,p{[f,r,s{f@,1)-r-sV f(1,0)-7r-~(s)V f(0,1).
~(r)-sV f(0, 0) ~(r)- ~(8))D f(r, )} (f(1) -0V f(0)- ~(p)) D f(D)}.
Proof. (1) [f,r, s{(f@Q,1)-r-sV f(1,0)-7r-~(s)V f(0,1).
~(r)-sV f(0,0): ~(r)- ~(8))D f(r, s)},
@) (f@)pVf(0)-~(@)D

@) x<fi1>@=x<sf,1>1)qVy<f,1>(0)-~(q)), (a)
@ [ o=, 1-qVvfQ,0)-~(q), (D2; 3)
®) fA9p=(f1, Dp-qVfd,0)-p ~(2), 4)
©6) x<f,0>(@=<f,0>1)-qVvy<f,0>(0)~(q), (a)
(M f0, 9 ~@)=(£(0, 1)- ~(p)-qV f(0,0)- ~(p)- ~(q)), (D2;6)
® [fy2 d{(f@, )2V [0, ) ~(0)Df(», )}, (1;5;7)
© Q)pVF0)~()>Df(p), ®

() (2;9)

Theorem 5 has been proved.
Thus we have been Theorem 6 from Theorems 4 and 5.

Theorem 6. [f,p{(f(1):-pV f(0)-~(@)Df(p)}=[f,p,¢{(f(1,1)
p-qV f(1,0)p-~()V f(0,1): ~(p)-qV f(0, 0)- ~(p): ~(9))D f(p, ©)}.
Therefore we have Theorem 7 from Theorems 3, 6, and the
theorem of the propositional calculus:
[p, ¢, 7, si{(p=q)-(r=8)D(p-r=q-3)},
[p, 7", 0, ¢ Hp=q) - (p=p")-(q=¢)D®'=q)}.
Theorem 7. [f,p{f(»)=(fQ)-pV f(0)-~@N=Lf,p,91{f(p,9)
=(f(L,1)-p-qVf(1,0)p-~(q@)V f(0,1)- ~(®)-qV £(0,0)- ~(p): ~(q))}.
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Theorem 7 states that the law of development on functions of one
argument is equivalent to that on functions of two arguments.
Therefore we complete the proof of the equivalence of the laws of
development.

Further we shall prove that the law (b) on the limit of a func-
tions of one argument is equivalent to its corresponding law (b’) on
a functions of two argument:

(b) [fHIpHfp)=r,(1)-F(0)},

) LA ULp, ad{f (o, 9} =F(1, 1)- £(1, 0)- £(0, 1)- £(0, 0)}.

We assert the following

Theorem 8. [f,q, r{[fUS(Q)-FO)D[pI{f(»)}}:f(q,1)-f(q, 0)
Dy < f, r>(@)

Proof. (1) [fI{f(D)-f0)>[pI{f(D}},

@ flg, D),

3 flg, 0>

4) x<f,a>@), (D15 2)

(®) x<f,a>(0), (D1; 3)

©®) [ri{x<f,¢>(), (1; 4,5)

M flg, ), (D1; 6)
y<f,r>(), (D1;7)

then we complete the proof. Conversely we obtain the following
Theorem 9. [f,q, r{[/HSD)-FO)D[p]{fD}}-F(1,1)-f(1,0)
- £(0,1)- (0, 0)> f(q, M}
Proof. (1) [/fH{f(1)-f(0)>[pI{f()}H,

2 r@,1,

3 f(@1,0),

@) £(0,1),

%) £(0,0>

®) y<f,r>Q), (Theorem 8;1;2; 3)

(M +<f,r>(0), (Theorem 8; 1;4; 5)

®) [qllv<f,r>(@}, (1;6;7)
f(g, 7). (D1; 8)

We have proved Theorem 9. Therefore we obtain Theorem 10 from
Theorem 9 and the theorem of the propositional calculus:
[p, 9, ¢ H{(»>9)-(»D¢)D(pDe-q")}

Theorem 10. [fHLSH{S(1)-F(O)D[p]{f(0)}}-f(1,1)-f(1,0)
- f(0,1)- 7 (0, 0)D g, »1{f (g, N}}.

We shall prove

Theorem 11. [fUH[/{f(,1)-£(1,0)-£(0,1)-f(0,0)>[p, q]
{f (@, OB-FO)- £(0)Df(7)}-

Proof. (1) [fI{f(1,1)-7(,0)-£(0,1)-5(0,0)>[p, ¢1{f(», O}},
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2 rQ@,

3 fO)>

4) o&f=01,1), 2)

(5) o&f=@1,0), 2)

6) o&f=(0,1), 3)

() o&f=(0,0), (3)

®) [s, tHo&r=(s, 1}, (1;4;5:6;7)

9) o&f=((r,), ©))
f(r). (Theorem 10)

We complete the proof. Therefore we obtain Theorem 12 from
Theorem 11,

Theorem 12. [fHLSHS(Q,1)-f(,0)-1(0,1)- f(0,0)>[p,g]{f(p,
OB FQ)- FO)DLr{f (M}
Accordingly we obtain Theorem 13 from Theorems 10 and 12.
Theorem 13. [f{f(1)-fO)D[pH{f(N=LrNfQ, 1-f(1,0)
- f(0,1)- £(0, 0)> [, ¢1{f (0, O)}}.
By an analogous way, we obtain the Theorems 14 and 15.
Theorem 14. [fH{[SHIrH{f (D FQ)-F(O)}-Lo, ¢1{f (0, )}
c f(@,1)-f(1, 0)-£(0, 1)- (0, 0)}.
Theorem 15. [f UL/ Hlp, ¢l{f(p, D} f(1,1)-f(1, 0)- (0, 1)
- £(0, O)}-[o{ S (P} D f(1)- £(0)}.
We obtain Theorem 16 from Theorems 14 and 15
Theorem 16. [f{[p]{f(p)}Df(1)-f(O)}=LfH[p, ¢1{f(p, )}
O f(, 1)-f(1,0)-£(0, 1)- £(0, 0)}.
Then we obtain
Theorem 17. [fH{[p{f(®)}=/fQD)-FO}=LSULp, ¢J{f(p, 9)}
=f(@1,1)-f(1, 0)- £(0, 1)- £(0,0)}.
Therefore we complete the proof of the equivalence of the law
on the limit of a functions in elementary protothetics.
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