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161. A Characterization of Lukasiewiczian Algebra. 11

By Corneliu O. SicoE
Calculus Centre of the Bucharest University

(Comm. by Kinjird KuNuGi, Oct. 12, 1967)

In [4], Iintroduced according to algebraic technique used by Prof.
K. Iséki [1], the notion of L-algebra and I showed that a L-algebra
is a three-valued Lukasiewicz algebra. In this note I shall show that
a three-valued Lukasiewicz algebra is a L-algebra, hence the notion
of L-algebra is equivalent with the notion of three-valued Lukasie-
wicz algebra.

A three-valued Lukasiewicz algebra is [3] a system {4,1, ~,
¢, N, Uy such that the following axioms are verified:

Al) xUl=1,
A2) rNxUy) =2,
A3) zNWU)=FNx)UyN),
A4) T=r~~2,
A5) ~@Ny)=~xU ~y,
A6) ~xUpr=1,
AT) TN ~T=~x p,
A8) (e Ny)= e N py.
In a three-valued Lukasiewicz algebra hold the followings:
1) PHE = P,
3 peuy)=pUyn,
4) rN~eyU ~y,
5) rNp~T=0N~2,
6) x N ~pr=0"
8) pe N ~px=0,
9)  p~wn~p~z=0,
10) ~prN~p~x=0,
11) ~p~r<e< puw,
12) zNYy=02py < ~pw,
13) pe=py and ~p~x=~ pu~y imply £=y, which is the Moisil

determination principle.

If we note wxy=(xN ~py)U(~p~xN ~y), we shall prove that
{A4,0,%, ~> is a L-algebra.

Lemma 1. axy=02x<y.

1) We note 0=~1.
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Really, wxy=020n~py=0, ~p~acN~y=02pe~pu~ 1y,

P~ p~ES S USYZHES Y, ~USTS S~ USYZTSY.

Lemma 2. xxy<a.

(s =(((x N ~py) U(~p~x N ~y) N ~pz)U(~p~(@ N0~ 1y)

U(~p~an~y)) N ~x)=((~p~8 N ~py)U(~p~c 0 ~py)) N~

=~p~xN ~pyN ~x=0, hence xxy<w.

Lemma 3. x=xx(~x*x).

We have ~axxx=(~axN ~px)U(~p~~TN ~T)=~T ) ~px=~ U,

hence a*(~a*x)=a%~ px=(2 N ~ pt~ pr)U(~p~x N ~~ pa)=@ N p)

U(~p~anpe)=peN@U ~p~e)=peNe==.

Lemma 4. &x~y=1yYx~2x,
wr~y=(@N ~p~PU(~p~e0 ~~y)=YN~p~2)U(~p~yN~~)
=Yk~x.

Lemma 5. ~&*xy=~y*x.
It is easily proved by Lemma 4 for x=~x, y=~y.

Lemma 6. @x(@%~a)< ~(ux(yx~1)).

We have ax~ax=@ N ~p~ax)U(~p~xN ~~2x)=~p~x hence,
(k) = (@ ) ~ i D) U (~ @ ) ~ o~ )
=(@np~a)U(~p~snp~z)=p~cN@U~p~)
=p~rNTr=xN~;

also ~(yx(yx~y)=~@wN ~y)=yU ~y and from N ~x<yU ~y we

obtain Lemma 6.

Lemma 7. (xxy)*(xx2)<z%y.
We have
zxy =N~ py) U(~p~20 ~y)
and
(@ry () = (@ N ~ py) U (~ pr~a O~ ) N~ (@ 0 ~ f22)

U(~p~zn ~))U(~p~((@N~py)U(~p~en~y) N ~((@N ~pe)

U(~p~2 N ~2)=((@N~py)U(~p~z0 ~y) N (~peU pz)

N(p~aU~p~2)U((~p~en ~py)U(~p~zn~py) N(~eU @)

N(pg~2Uz)=((en~py)U(~p~zN~y)N(~prU ~p~zU (e

Np~e)U(~p~zn~pyn(~aUzU(pznp~e))=@N ~ 1y

N~ ) U @0 e (Ve g 0 ) U (~ pre@ 0~y 0 pre2) U (o e

N ~pynaz),

hence

~p~ (2ry) = (~ p~z 0~ py) U (~ vz 0~ py) = ~ e~z 0~ 1y,

plexy) = (12N ~ py) U (~ p~2 0 p~y),

~ (@Y (32 = (~ e (|~ g OV~ B U (o~ e () e
~py N pR)U(~ e~ e~ py N~ ) U (~ oV pry O o~ )= o~ o

) o g () ~ 2 oy H(@42) = (p2 (1 ~ ey O ~ pr~2) U (101 g1
~o 0~ py O p)U(~p~a 0 p~y N~ pe2) U (s e 0~ iy 0 pe),
whence
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~ p~((xy)x(0x2)) < ~ pr~(2xY),

p(yy(xe)) < p(ay)
and with a consequence of Moisil’s determination principle, we have
(xy)x(xx2) < 2%Y.

Lemma 8. xx(axx(2x(2%y)))=z*(2x(yx(y*x))).

We have

2r(zxy) = (2N ~ (N ~ ) U(~p~2N ~y) U(~p~2zN ~((2N
~pyY)U(~p~2N ~y)))=E@Npy N(p~2U ~p~y)U(~p~2N py N (¢
~zUy)=@N~zNpy)U@EN~p~y)U(~p~2NY)
=@Nu~2N e UERNYN(~p~yU ~p~2)),
hence

~p~(@x(2xy)) =(~p~2N p~2N py)U(~p~20 ~p~y N (~p~y
Un~p~2))=~p~(2NY)
and

p(zx(zxy)) = (N p~2 N py) U (e N ey N (~p~y U ~ pe~z))
=pzN Yy N(pe~2zU ~p~yU ~p~2)=pzNy),
whence

zx(zxy)=2NY.
Then,

xx(wx(zx(zxy))) =2 N (N Y)=2N (¥ N &)= 2x(2x(yx(y*x))).

Lemma 9. (wx2)x((@x2)x(y*2)) = (y*2)x(y*x).
We have

(@r2)x(y*2)=(((xN ~p2) U (~ p~x N ~2) N ~p((y N ~p2)U(~p~y

N~2NU(~p~(@N ~p)U(~p~zN~2) N~y N ~pz)U(~p~yN
~))=@N ~pzN ~pU(~p~eN~2N~py)U(~p~sN ~20pe
Np~yU(~p~x N ~pzn ~y)
whence

(wx2)((@x)x(#2)) = (@ () ~2 N (~ 2 U ~ ) O (~ U 2 U fey)
N(p~aU~p~zUpy)N(e~e U ~p~zU ~ped ~p~y) N (p~eU pzy
~ ) U (~ e ) ~ 20 (~ U 2 U pry) O (e~ Uz U ) 0 (e~ U
2U~pzU ~p~y)N(p~acUpzUy).
Applying to the preceding relation ~pg~ and p respectively, we
obtain after long calculation

ot (@r2)+((2)(Y#2))) = ~ fme () ~ ey () ~ 12
and

p(exr)x((x2)x(y*2))) = (o N pty N ~ pR) U (~ p~T N ~ p~y N p~2).
Using the calculation made at the Lemma 7, we have

o e (2D R (Y3)) = ~ ey () ~ 1201 ~ o
and

L((yr)x(y*w)) = (LY N~ pz N ~ p~2) U (py N e~y N~ pz N p)
U(~ ey () ez e ) U (~ ey () ~ e 0) )= (e 0 ~ 220 (12
Np~YPU(~p~Y)U(~p~e Ny N ~pp)U(~p~e N~ e~y N p~z)
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=(peNpy N ~pR)U(~p~2 N ~p~ynpH~z).
By the preceding relation, we have

~ pme () e((ExR)x(y2))) = ~ p~ (Y pr(y)),

p(wxR)*((ex2)x(y*2))) = p(y*2)*(2*))
and with the Moisil determination principle, it follows that

(wx2)x((wx2)*(y*2)) = (y*2)*(y*2).

Hence we have proved that a three-valued Lukasiewicz algebra
is a L-algebra. According to the result obtained in [4] we have
the following

Theorem. The notion of L-algebra is equivalent with the
notion of three-valued Lukasiewicz algebra.
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