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2. An Extension of Beurling’s Theorem. I
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Let R be a Riemann surface with positive boundary and let {&,}
(n=0,1, 2, .--) be its exhaustion with compact relative boundary oR,
such that R, N 0R,.,=0. Let N(z, p) be a positive harmonic function
in R—R,—p:pe R—R, such that N(z, p)=0 on oR,, N(z, p) has a
logarithmic singularity at p and N(z, p) has minimal Dirichlet integral
over R—R,, where Dirichlet integral is taken with respect to N(z, p)
+log|z—p| in a neighbourhood of ». We call such N(z, p) an
N-Green’s function with pole at p. Consider now a sequence of
points {p;} of R— R, having no points of accumulation in R— R,+0R,.
Since the functions N(z, p;) (1=1,2, ---) forms, from some 7 on, a
bounded sequence of harmonic functions—thus a normal family. A
sequence of these functions, therefore is convergent in every compact
part of R—R, to a positive harmonic function. A sequence {p;} of
R— R, having no point of accumulation in R— R,+0R,, for which the
corresponding {N(z, p;)} have the property just mentioned, that is,
{N(z, p;)} converges to a harmonic function—will be called funda-
mental. If two fundamental sequences determine the same limit
function N(z, p), we say that they are equivalent. Two fundamental
sequences equivalent to a given one determine an ideal boundary
point of R. ‘The set of all the ideal boundary points of R will be
denoted by B and the set R—R,+B by R—R, The domain of
definition of N(z, p) may now be extended by writing N(z, p)=lim

N(z, p;) (€ R—R,, pec R—R,), where {p;} is any fundamental sequence
determining p. The function N(z, p) is characteristic of the point
p of their corresponding N(z, p) as a function of z. The distance
6(p,, ;) of two points p, and p, in R—R, is defined as
_ N(z,p) N, p)
P P T NG, ) 1+ NGy 9
The topology (N-Martin’s topology) [1] is induced by this metric.
Let U(z) be a positive superharmonic function in R—R, such
that D(min(M, U(z)))< oo for every M and U(z)=0 on oR,. Let G
be a domain [2] in R—R, and let ,U¥(z) be a superharmonic funection
in R—R, such that ,U”(z)=min(M, U(z)) on G+0R, and ,U¥(2) has
minimal Dirichlet integral. Put ,U(2)= }Iim «U™(z). If for any

domain G, ;U(z)< U(2), U(z) is called a full-superharmonic function
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[3] in R—R,. We see N(z, p) is full-superharmonic in R—R,. To
every point p ¢ R—R, an N-Green’s function corresponds. B consists
of two parts, BY, the set of N-minimal point and the set Bj, the
set of non N-minimal points, where BY is an F, set of capacity zero.
It is known that N(z, p):pe R—R,+BY has many properties as the
function —log | z— p | in the z-plane, for instance, N(z, p)—}}lm v N(2,
p), where V, (p)=E[ze R—R,: Nz, p)>M] and M*—supN(z D).
Let G, DG, be domains. Let w(G, ?, G,) be a contmuous functlon
in G, such that w(G,, 2, G)=0 on 0G,, =1 on G,, and W(G,, 2, G,) is
harmonic in G,—G, and has M.D.I. (minimal Dirichlet integral)< co.
We call w(G,, #, G,) C.P. (Capacitary potential) [4] of G, relative to G,.

Let {G,}(n=0,1, 2, --.) be a decreasing sequence of domains in
R—R,. Letw,(?)=w(G,,?, G,), where »,(z) has M.D.I. < for n>n,
and 7, is a certain number. Then ®,(2) converges in mean (we
denote it by =) to a harmonic function in G,—(lim G,) denoted by
o({G,}, 2, @) as m—oo, If {G,} tends to the bonundary, we call
o({G,}, z, G) the C.P. of the ideal boundary determined by {G,}. If
G,=R—R, we simply denote by w({G,},?). It is known if
o({G}, 2, G) >0, sup 0({G,}, 2, Go)=1 [5].

Let pe BY. Then to cases occur (1) sup N(z, p)=oco0 (this is
equivalent to w(p, z)= llm o(v,(p), 2)=0) and (2) sup N(z, p)< oo (this

is equivalent to w(p, z2)>0), where vn(p)zE[zeR.B(z, p)<;:|.

We denote by BY the set of pe B such that w(p,z)>0. Then
BY c BY,

Contact set 4(p) of peBY. Suppose pe R—R,+BY. Then
N(z, p)—lim o, N, P)=N(z, p). Let 4(p) be a closed setin R. If
hm d(pm,,n(,,)N(z p)(_hm s, N, p))>0, we call 4(p) a contact set
of p. Clearly hm A(,,m,,n(p)N(z, p) has mass only at p, whence
hm A(,,m,,"(,,)N(z p) aN(z p): 1=2a=0. If N(z, p)—N(z, p)>0(thls
1s equlvalent to that CG is thln at p), we denote by Ga p. It is
well known v,(p) ap and VM(p) a p [6] for M <M*—sup N(z, p).

Lemma 1.1). S’upposeGap, then ¢npN(2, D)= hm wm,”(,,)N(z D))
=0.

2). Let A(p) be a contact set of p. Then (R-—A(p))%p. This
means that A(p) is not contained in any thin set at p.

N
3). Let 4(p) be a contact set and suppose G>p. Then 4(p)NG
18 also a contact set.

Proof of 1). Casel. pe BY—BY, i.e. @(p, 2)=0. Suppose G5 p
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and assume ,(;¢N(z, p))>0. Then ,(;¢N(z, p)) has mass only at p,
whence ,(;cN(2, p))=aN(z, p)>0, ¢¢N(2, p)—,(caN(2, p))=U(2) is also
full-superharmonic [7] and ,;U()ZU(z). Now ,N(z, p)=aN(z, p)
+ U(z). Clearly 4(c¢N?, p))=ceN(z, p). We have
ce(ocaN(2, D)) =ecN(2, p)+0¢U(R) = aN(z, p)+ U(2) =0caN(2, D).

On the other hand, ,;N(z, p)SN(z, p) and ,,U(z)< U(z), whence we
have aN(z, p)=a..N(z, ). This contradicts Gg p». Hence ,(¢;eN(2, D))
=0. Assume 0<,,N(z, p)—hm ommncaN(Z, D). Then 404Nz, p)

=BN(z, p)+ U'(z) : >0, where hig (2) is full-superharmonic. Whence
eeN(2, D) Z pnoeN(2, D) Z BN(2, p) and we have ,(¢¢N(z, p)) 2 BN(z, p)>0.
This contradicts ,(;¢N(2, »))=0. Thus ,,.N(z, p)=0.

Case 2. peBYcCBY. In this case w(p,z)>0,sup N(z, p)<oo
and we can use w(p,z) instead of N(z, p). Assu;fl}é pnce®@(D, 7)
=lim vn(,,mwa)(p, 2)>0. For any ¢>0 we can find a number %, such

that 1>w(p,2)=1—¢ in v,(p) [8] for n=n,, We have
@(CG N vu(DP), 2) Z canv,m@ (D, 2) Z(1—e)0(CG N v.(D), 2).
Let n—oco and then e—0. Then
(CG’w(py z)>)Canw(p9 z) w(CG m D, z)>0'
Now w(CG N p,2)>0 implies sup w(CGNp,2)=1 and w(CGNp,z?)
has mass only at p, whence a)(CG Np, 2)=w(p, z) Hence ;w0 (p, 2)

=w(p, ). This contradicts G 5p. Hence 44.,0(p,2)=0 and 44,,N(?,
p)=0.

Proof of 2). By 1) we have li}n smnceN(Z, p)=0. Hence CG
is not a contact set. -

Proof of 3). Also by 1)
0<hm s o N (R, p)<llm amnoymncelNEZ, D)

+hm A(pmvn(pmGN(z p)= llm A(p)ﬁv,n(p)ﬁGN(z D).

Hence G N 4(p) is a contact set of p. A suﬁicwnt condition for a
set 4 to be a contact set of pe BY. By Theorem 6 of the previous
paper (C) [9] we have the following

Lemma 2). If there exists a sequence M,<M,, -+ <M*
=su£ N(z, p) such that
lim S ——N(z, p)ds>0.

on

M i 04
Then 4 is a contact set of p.
In the following we consider contact sets when a Riemann surface
is very simple. Let R be a unit circle |z—1|<1. We suppose
N-Martin’s topology is defined in R—R,. Then we have BY=0 and

every point ¢ is an N-minimal boundary point.
Lemma 3.1). Let F=3F, be a closed set in |z—1|<1 such
n=0
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that {F,} tends to z=0 as n—oo and F, is & connected component.
Let F? be the circular projection of F, on the positive real awxis

such that FP=FE[z:r,<Rez<r,],r,=max |z|and r,=min |z|. Put
2eF, zeF,
0,=7,—7h. Then
Condition (A). If lim —195—%>0, then F is a contact set
n=oo Og
of z=0.

Condition (A) means there exists a const. M< co and infinitely
many numbers n; such that 8,;,>r%.

n

We can suppose without loss of generality R0=E|:z =1 < %]
Let R—R, and F' be symmetric images of R—R, an~d oNf F with
respect to the circle C:|z—1|=1 respectively. Let R—R,=R—R,

+C+R-R,. Thenﬁ—ﬁoisaringdomain—;—qz—l|<2. Let N(z, 0)

be the N-Green’s function of R—R, corresponding to 2=0. Then
N(z,0)=2G(z,0)=—2log | 2|+ V(2), where G(z,0) is the Green’s
function of B— R, with pole at z=0 and V(z) is a harmonic function
in a neighbourhood in B—R, of 2=0. Let {v,(0)} be a system of
neighbourhood of the boundary point z=0 with respect to N-Martin’s

topology and let vZ(0) =El:z eR-R,:|z|< %] Then systems {v,(0)

+,(0)} and {vZ(0)} are equivalent, where %,(0) is the symmetric
image of v,(0) with respect to C. We show lim, ¢,,»N(z, 0)>0 under
the condition (A). Now o

ooz N @, 00=2 (, 05,000+ G(2, 0),
where (, 0)+5, 010w+ G(#, 0) is the lower envelope of positive super-
harmonic functions in B— R, larger than G(z, 0) on

(0,(0)+9.,(0)) N (F+ F).
Let «,w+5,0nnw+ UR) and , ,)n»U*(z) be lower envelopes of positive
superharmonic functions in I":|z|<1 larger than —log|z| on (v,(0)
+5,(0)N(F+F) and larger than —log |z|on v,(0)N F respectively.
Then since V(z) is bounded in a neighbourhood of z=0, we have
}LEE s@nrN(Z, 0)=1i__1_2 2 wn(p)+$n(mmm+$'>G(Z’ 0)

. I %
21112 wprsgonreih U*@R)ZHm , 00 r U*(2)
- .

=h_Tn vEwnr U(Z)ZITHTF,,,U*(Z) ;Hﬁi U.(2),

where ,,U*(z) and U,(z) are lower envelopes of positive superharmonic
function in |2|<1 larger than —log |z |on F, and larger than —log
r, on F, respectively (because —log|z|=—logr, on F,).

We estimate the module of a ring domain (I'—F,). Let p and
g be two points such that p=7,¢*, q=r,6*, where r,=max |z| and

Z2eFy
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7, _mm |z|. Then F, contains at least a curve v connecting p with
q. Then by F,D7v, module of (I'—F,) is smaller than that of
(I'—=v). Map I'—v by

1—7rlez

z—rhei?

Then I'—7 is mapped onto a ring whose boundary consists of |w|=1
11— 1 gi0+ie
760 —rle=®

w =

and a curve v, connecting w=oo with w= Now

. ! ,—i0+ip
1=rre < 2 —. Let 2 be a Koebe’s extremal ring domain

r.e—rie | T, —r
such that 002 consists of |w|=1 and a half straight line on the real
~>1., Then the module of

n—Tn

(I'—7) is smaller than that of 2<log
r

axis connecting w=o0 with w=

4X2, . U,(?) is a harmonic

function in I"—v such that U,(2)=0 on oI" and U,(z)= —log », on 7,
whence
S 0 U.(2)ds = 2n(—log »,) > —2rlog 7, g271: log 7, <0.
3. om mod. of (I"'—7) log 8 log 4,
Po—Tr

Hence hmv LmnrN(Z, p)>hm U.(2)>0 and F is a contact set of 2=0.
As an apphcatlon of Lemma 3),1) we have at once the following

Lemma 3. 2). Let R be a Riemann surface such that |z|<1.
Let v be a curve terminating at €. Then Y is a contact set of ¥,

Since N(z,0)+2log |z| is harmonic in a neighbourhood of z=0
in R—R, and by Lemma 2 we have at once

Lemma 3. 3). Let R be the same Riemann surface as Lemma
3).1. Let F=>\F, be a closed set in R such that {F,} tends to 2=0
as m—oo and every F, contains a circular arc: E[z:|z|=r,,
0,< argz<0,+0,]. Thelbﬂ

Condition (B). If li_m 0,>0, F' is a contact set of 2=0.

Let R be |[z—1|<1. Then we see F is thin at z=0 (this is

N

equivalent to R—Fs5 the point 2=0), if and only if z=0 is
regular for the Dirichlet problem in a domain I"— F—F, where

F=E[z:-;—<]z—1 |<2:| and F' is the symmetric image of F with

respect to |[z—1|=1, Hence by Lemma 2 we have
Theorem 1. Conditions (A) and (B) are sufficient conditions
for 2=0 to be regular for the Dirichlet problem in r—F—F.
Let G,OG, be two domains. If there exists a C,-function U(z)
in G, [10] such that U(2)=0 on dG,, U(z)=1 on G, and the Dirichlet
integral D(U(z))< o, we say CG, and G, are Dirichlet-disjoint. Let
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o({G,}, 2, G,) be C.P. of the boundary determined by {G,}. Then we
proved

Lemma 4. 1). [11] Let w({G.}, 2, G))>0. Then there exists a
level curve C, of w({G.}, 2, G,) such that

S 9 w({G.}, 2, Gyds=D(@(G}, 7, G)
¢, ON
for almost r:0=r<1,

2). [12] If G,.; and CG, are Dirichlet-disjoint, for any G,
S 0 w((G.}, 2, G)ds | 0 as 71 1.

c.nce, oN
3). If CG,and G, (n, is a certain number) are Dirichlet-disjoint,
we have by the Dirichlet principle and by maximum principle
w({G,}, 2, G)>0 if and only if ({G.}, 2)(=w{G,}, ?, R—R,)>0.
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