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169. On Lacunary Trigonometric Series. II

By Shigeru TAKAHASHI
Department of Mathematics, Kanazawa University, Kanazawa

(Comm. by Zyoiti SUETUNA, M. J. A., Oct. 12, 1968)

§1. Introduction. In [8] we have proved
Theorem A. Let {n,} be a sequence of positive integers and {a,}
a sequence of non-negative real numbers for which the conditions

1.1) N pr >N (14 k), k=1,2,...,
(1.2) Ay=C"1 3 o too, as No+ oo,
k=1

and
(1.3) ay=0(AyN~*), as N—+ oo,
are satisfied, where ¢ and o are any given constants such that
1.4) ¢>0 and 0<a<l/2.
Then we have, for all z,
(1.5) lim|{t;te E, 3 a, cos 2rmy(t+a) <wAy}| /| E|

N-oo k=1

= (Zn)‘lfzjw exp(—u?/2)du,®

—

where E [0, 1] is any given set of positive measure and {a,} any given
sequence of real numbers.

This theorem was first proved by R. Salem and A. Zygmund in
case of =0, where {n,} satisfies the so-called Hadamard’s gap condi-
tion (cf. [4], (5.5), pp. 264-268). In that case they also remarked that
under the hypothesis (1.2) the condition (1.3) is necessary for the va-
lidity of (1.5) (ef. [4], (5.27), pp. 268-269).

Further, in [2] P. Erdos has pointed out that for every positive
constant ¢ there exists a sequence of positive integers {n;} such that
N1 >N (L + k™), E>1, and (1.5) is not true for a,=1, k>1, and
E=[0,1]. But I could not follow his argument on the example.

The purpose of the present note is to prove the following

Theorem B. For any given constants ¢>0 and 0<a<1/2, there
exist sequences of positive integers {n,} and non-negative real num-
bers {a;} for which the conditions (1.1), (1.2) and
1.6) ay=0(AyN-9), as N—+ oo,
are satisfied, but (1.5) is not true for E=I[0, 1] and a,=0, k>1.

The above theorem shows that in Theorem A the condition (1.3) is

* | F| denotes the Lebesgue measure of a set E.
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indispensable for the validity of (1.5). In §§ 3-5 we prove Theorem B
for 0<a<1/2,

§2. Some lemmas. i. In this section let {X,(w)} be a sequence
of independent random variables on some probability space (2, 8, P)
with vanishing mean values and finite variances. Putting E(X%)=o?

and s2,= f}n o, the theorem of Lindeberg reads as follows:
k=1

Theorem. (Cf. [1] pp. 56-57.) Under the hypotheses

2.1) Sp—+oco and o,=o0(s,), as m— -4 co,
a necessary and sufficient condition for the validity of the relation
2.2) lim P{s;! ZLV_‘, X(w)<x}=27)* r exp(—u?/2)du

m—»oo k=1 -0

for all x is that, for any given ¢ >0,
lim 52 %I X2(w)dP(w)=0.
k=1J Xg>esm

m—soo

From the above theorem the following lemma is easily seen.
Lemma 1. Under the hypotheses (2.1), the relation (2.2) implies

that, for any given ¢>0,
2.3) lim 3" P{X(@)>¢e8,}=0.

m—oo k=1
ii. Lemma 2. Let m andl be any given positive integers. Then
there exists a positive constant ¢, not depending on m and l, such that

|{t; telo, 1], |jzl_; cos 2rm(i+1)t| >0 +1)/3}| >2¢,1

Proof. This can be easily seen from the relation
sin 2rm(l+43/2)t —1/2
2 sin wmt

’

fl‘_, cos 2rm(j +1)t=
J=0

provided if sin zmt+0.
§ 3. Construction of sequences. In the following let ¢>0 and
0<a<1/2 be given constants in Theorem B. First let us put
p()=I[3"1,
3.1) I(7)=Min {[p*()/cl, (G +1)—p() -1},
Jo=Min {5 ; I()) >1}.%*
Since p(5+1)—p(f) ~a ¢/« and p*(§)~7, as j— + c0,** we have

(3.2) I(5) ~ Bla)i, as j—+ oo,
where

(1/e, if 0<ca<1/2,
.3) Pla)= { Min 2, 1/¢),  if a=1/2.

Next we put
nm=1 and n..,=[nQ+ck )+1], for k+1<p(,.
If n,y, §>1J0, is defined, then we put

# [x] denotes the integral part of .
w0 f(j)~g(j), as j—+c, means that f(7)/g()—1, as j—+co.
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n ={n,,(j)(l+l), if 1<I<UGY),
T Myl e} +1], i WD <I<pG+D—p().
Further we put, for 7>7,
(3.4) Ny =219,
where
Minlm ; 27 /0,0, > 1+ () — 1) if =y
(3.5)  q(D={ Min[m; 2" /1y, >1+c{p() -1}
and 2™ >n,,_,)5°, if 7>7,.
Then it is clear that the sequence {n,} satisfies (1.1).
On the other hand we define {a,} as follows:
(8.6) 0 — { 1, if p(H<k<p()+1U7), for some j>j,
. k= . .
1/k?, if otherwise.
Then we have, by (3.6) and (3.2),

3.7 A§,<m>+l(m)=2"jio{l(j) +1}4+0(Q) ~ Bla)m?/4, as m— + co.
Since p*(j)~7, as j— + oo, this sequence {a,} satisfies both of the con-
ditions (1.2) and (1.6).

Further, if we put Sy(t)= Z] ak cos 27n,t, then we have, by the
definitions of {n,} and {ak} umformly in ¢,

3.8 S,mrimn= Z} Z cos{272’(14+ Dt} + O(1), as m— +oco.

= OL
§4. Independent functlons. Let «,(t) be the k-th digit of the
infinite dyadic expansion of ¢, 0<t<1, that is,

@.1) t= 3 2,()2°%, (2 (=0 or 1),
k=1

then {z,(t)} is a sequence of independent functions on the interval

[0,1]. Putting
q(j+1) -1

(4.2) 7]j(t)= . Z(j) x,(0)27F, for j>j,
=q
we define
= j "5 cos 2r210(1 4 Dy, (B)dt,
01=0
4.3) Y (= 5 cos 22201+ L, (8} — 1,
i=o

= ﬂ Yi(H)dt and ¢,= Z‘_j,oz' 5
Then we have, by (4.2) and (3.5),
sup | l‘z‘) cos {27211+ 1)t} — lév‘_j,) €08 2 {2191+ 1)y, (D)} |
t 1=0 =0

—O(sup 29 31 w(B)2F 31 (1+1))
t k=q(j+1) 1=0
=0@Wf ¥ 27
k=q(j+1)

=0@¥P-MH =01,  as j—+co.
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Therefore, we have

@4 sup|Y,)— 3 cos 222901+ 1)t | = OG-, as j—+ oo,
13 =0
and, by (3.2) and (3.7),
(4.5) th=2" 3 (I3)+ 1+ Ollog m)
=Jo

~ A%y riemy~ Blaym? /4, as Mm— +oo.
Thus we obtain
4.6) tp—+oo and t,=o(t,), as m— -+ oo.
Further, we have, by (3.8) and (4.4),
(407) |Sp(m)+1(m)(t)_ j;’,; Yj(t)i =0(10g m)

= 0(A y(mys10my), Uniformly in ¢, as m— + co.

Since (4.5) and (8.2) imply that JB(a) t,,/5< {I(Im/2])+1}/4, for m>m,,
we have, by (4.4)

jf‘] [{£50<t<1, |V (8] >NB@) t,/5}|
z I[t;0<t<1, Z}cos2712‘1(1)(l+1)t>{l(])+1}/3]|,

j m/2
and by Lemma 2, we have
(4.8) lim 3 {85081, |Y ()] >NB(@) t,/5}|

moe j=m/2

>lim2e, 3 17()2lim af@) 5 >0,

m— =m/2 m—roo =m/2

§5. Proof of Theorem B. Suppose that (1.5) holds, that is,
(5.1) lim [ {t; 0<t <1, At +1mSpom +10m(E) S}

m—oco

=@2r)V Zr exp (—u?/2)du.

—o0

Then by (4.7) and (4.5), we have
5.2) lim|{¢t; 0<¢<L1, &} Z} Y,t)<a}|

m—oo

=2r)V 2j exp(— u2 /2)du.

On the other hand (4.1), (4.2), and (4.3) imply that {Y,;({)} is a sequence

of independent functions with vanishing mean values and finite vari-

ances. By (5.2) and (4.6) we can apply Lemma 1 to {Y,(¢)} and obtain
lim j_%/z 1{£;0<t<1,| Y ,(t)| >JB(@) t,/5} =0.

This contradicts with (4.8).
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