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1. Let S be a compact space with the second countability axiom.
Let 2 be the set of all signed measures on the topological Borel field
of S with finite total variation, and let B, (resp. 28,) be the subset of
B of all substochastic (resp. probability) measures. In 2B, we intro-
duce the topology of weak convergence. Consider a non-linear equa-
tion:
du(t)
(1) pr
where the initial value f and the solution u(?) are in 2, and Blu] is
given by the formula :

(2) Blul=3 a,B,[u, -+, ul,

for given {a,};., and {B,};., such that i) a, is a non-negative real num-

= Blu(t)] —u(t), w0+)=r,"

ber, a,<1 and f}an=1, ii) B, is a mapping from " to W, multi-
n=1

linear, continuous and maps W7 into W,, for each n=1, where W~
and B, mean the n-fold direct products of the spaces 8 and 2B, re-
spectively. This equation was considered by H. Tanaka [6] and T.
Ueno [7], in a slightly different form, to extend the result of McKean
[56] and Johnson [4] concerning the propagation of chaos. In [6], the
following condition :

1 de
(3) — > =40 for any &>0,
1o ‘S—Elansn

is assumed to prove the propagation of chaos. This condition seems
closely related to the condition of the uniqueness of the solution of
(1). In this paper, as a remark to [6], we give an extension of
Wild’s sum for the solution of the equation (1) and investigate the re-
lation between the condition (8) and the uniqueness of the solution of

(D).

1) In this paper, the continuity, differentiability and integral of w(f) are in
the sense of topology of weak convergence in I%. In equation (1), we assume the
differentiability of w(t) as a matter of course.
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2. To give an extension of Wild’s sum [7], we define the set of
trees inductively in the following manner. T, is the set of only one
element (o) where « is an symbol called “surmit”. If T, is defined
for each k<n, then T,,, is defined by :

(4) Tpu=U U o=@y -, Pn); 2:1€ Ty, -+ -y P T}y

m=1 1Sn1,e**,npSn
nitesetnp=n

and T'= | T,, where unions mean direct sum. This notation is one
n=1

representation of the branching trees as in the following :

T3 (@), (@), (@), (@) <

y 2 P2 Ps 5]

Because of this definition, we can ‘“inductively’” define any nota-
tion N(p) depending on pe T, if we define initially N((«)) and then
define N(p) by means of N(p), ---, N(p,) in the case p=(p,, - - -, D).
So, define f7 e W, for f e W, and G?(t) € C([0, o0)) in the following :
(5) {1"=0 .

fszm[fpi, tt fpm], if p=(p1, Tty pm)’
G(t)=e",
(6) g .
{ G”(t)=amj e~ ¢ IGH(s). - -GPm(s)ds,  if p=(py, -+ -, D).

0
The convergence of the right hand side of (6) is easily seen if we

prove inductively that 0<G?(f)<1. Then we can define an extension
of Wild’s sum:

7 u(t, 1) _—.peZT G*@) 1.

3. For u, v e W, we define u=v if and only if u=v+w for some
non-negative measure w. Then we have

Theorem 1. (a) u(t, f) is the minimal solution of (1). (b) If
F(8)<K1, then (1) has unique solution (c). If the condition (3) is satisfied,
then (1) has unique solution for any fe W,. (d) If the condition (3)
is not satisfied, then the solution of (1) is not unique for some f, € B,.

Before proving this theorem, we prove the following three lem-
mas:

Lemma 1. (1) s equivalent to the following integral equation :

(8) w(t)=e-t f+j”e-<t-s>3[u(s)]ds.2>

Proof. Let (8) be satisfied. The differentiability of w(t) is clear
by the right hand side of (8), and differentiating (8) in ¢t we get (1).
Conversely let (1) be satisfied. The continuity of u(t) is clear, and
integrating by parts we have

2) In equation (8), we assume the continuity of u(t).
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Ite‘("’)u'(S)ds=u(t) —etf— re-(t-”u(s)ds,
0 0

so we get (8).
Lemma 2. Let u,(t) be a sequence of successive approximation

of (8):
u(t)=etf

Up (B = e"f+j:e'“"*>B[un(s)]ds, for n=0.

Then u,(t) increases to u(t, f), as n | + co.

Proof. Define the length L(p) of the tree pe T by L((a))=0 and
L(p)=r§1ax L()+1 if p=(p, -+, pn), and let T)={p; L(p)<n}. It
1sism

(9)

is clear that the set T'(n) is increasing and CJ Tn)=T. So it is suffi-
n=0

cient to prove u,()= >, G?(t)f?. If we notice that T(n+1)=T()U

PET(n)

CJ o=y, -+, Dw) ;s 01y -+ +, P € T(0)}, then the equality is proved in-
m=1

ductively by using the following formula :

> GRS

PET(n+1)

=e-tf+ i Z ap, J‘c e—(t-S)Gp:l(s). . Gpm(s)Bm[fpl, ey, fpm]ds

m=1 py,eee, P €T (n) 0

—etf 4 j’e-«—s)B[ ST Gr()folds.
0 PET (n)

Lemma 3. v(t)=wu(t, £)(S) is the minimal solution of an equa-
tion :

(10) dgf’ =S 4@ —v(@), v04+)=7), 0=vdH=1.

Proof. By the definition of Blul, we have B[u](S)=i a,u(S)",
n=1
so from (8) v(¢) satisfies

11) v(t)=e-t£(S) + j”e—<t~s> S a,0(s) ds,
0 n=1

which is equivalent to (10). It is easily seen that «,(£)(S) is a se-
quence of successive approximation of (11) and lim «,(8)(S)=v(?), so

v(t) is the minimal solution of (10). T

Proof of Theorem 1. It is clear that u(t, f) satisfies (8), so also
(1). Let u(t) be any solution of (1). By (9) and Lemma 1, we have
inductively u,(t) S u(t), so u(t, /)<u(t) by Lemma 2, proving (a). It
is well known that (10) has unique solution if and only if f(S)<1, or
f(S)=1 and the condition (8) is satisfied [2]. So, b) and ¢) is proved
by Lemma 3 if we notice that u=v with «(S)=v(S) implies u=v. By
Schauder-Tychonov theorem [1], there is f, e B, such that f,=BI[f,l.
By this initial condition, there is a trivial solution w(f)=jf, of (1).
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If (3) is not satisfied, v(f) is not trivial, that means w(t) #u(t, f).
q.e.d.
4., LetT=Tuy {4}, where 4 is an extra point. Define the number
n(p) of surmits of the tree pe T by n((a))=1 and n(p)= % n(p,) if
=1

p=(py, -+, pn). Foreach peT suchthat n(p)=nandgq, ---,q,¢T,
(g, -+, q,) is defined to be a tree given by replacing i-th (a) in p
J

—H e —
with ¢, for each 1=1, - .-, n. If for some i (1<i<n), ¢;={a), - - -, (@)
with 7=1 and q,=(a) for k=i, then we write p(i, /) instead of
P(q, -5 Q) )

Let 7:p={p(q1) ) qn) 31, 000 4y € T} and Tp ZATp U {A}' . CO(T)
(resp. C(T))) is the set of all continuous functions on 7' (resp. T',) van-
ishing at 4, where the topology of 1 is that of one-point compacti-
fication of the discrete topological space T. Let X={X,, P,;p¢ ’T} be
a minimal Markov chain on 7 with 4 as a trap, having the generator :
(12) GF(p)= lsg(p)ajﬁ’(p(i, N —n(p)F(p), for FeCyD),peT.

1s

We may assume that X is a Hunt process with a Feller semi-group.
Further, if we transform the state space of X by n(p): f‘—>{1, 2, ..
.-+, oo}, then X becomes the Galton-Watson process of continuous
time parameter with generator :

GFm)=n jzzzl a;F(n+j—1)—nF(mn), for FeC,{0,1,---, ).
So, P,(e,= +o0)=1 if and only if (3) is satisfied, where e,=inf {#: X,
=4} [2]. But in the following, we do not assume (3).

Theorem 2. wu(t, f)=E,,(f*), where f=0.

Proof. Assume that the following Lemma 4 is proved. Then,
for p=(p,, - - -, ) € T, and for first jumping time z,,

———
P (X,=p)=FE ,,(Px, (X, ;=D)|sey s Xo,=a), - - -, (@), T, £0)
—ap [0 1 P(X,=p0ds,
0 k=1

so, we can prove inductively that G»(t)=P,(X,=p), that is, u(t, f)
= E(a)(th)‘

Lemma 4. For pe T such that n(p)=nand q,, -+-+-,9,¢€ 7T,
(13) Pp(Xt=p(q1) t qn))= knl P(a)(Xt=qk)°

Proof. Property (13) is an analogy to the branching property,
so the proof is essentially the same as in [8]. For each p e T such that
n@)=n and f,, -, foeCyI), we define F(f,---,f)eCyT,) by
F(fy, -, f)@= kﬂl Sfilgw) if 9=plqy, -+, 9,)€T,. For each peT,
qeT, r=0,and f e Cy(T,), we define T f(Q)=E (f(X); t,St<Ts1),
where 7, is the r-th jumping time of X,. Then, it is sufficient to
prove the following equality :
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(14 TOF(fy - )@= 2 FTfy, -0, T 1)(Q).

71,04,7n 20
Titeertrp=1

Before to prove (14), we give the following two lemmas.

Lemma 5. Let +(q;ds, )=P/(r;eds, X,,=0). Then for each
peT such that n@)=n, q=p(q, -+, q)eT, and l=pl, -, 1,)
eT,cT,

(15) Vlg; ds, D= ;;1 V(@5 ds, L) T P, (71> )00, ()
1sh=n
Proof. If n(¢)=m and l=q(l, -, l,), then
(16) (g ; ds, D=me ™ds i i 1 @040,
i=1 j=1 M

=i=i: V(@) ; ds, 1% j];[i Py (7,>8)0 1 (19).

1=j=m
But it is clear that l,=gq,([¥+*, [M&*%, ... [Mk+1) where M,c:kin(qi),
3=1
so, by applying (16) inversely,

:i "I/'(qk ; ds, llc) ]—[ Pq (71>S)5[q )(lh)'
k=1 ntk r 2

1shs=n
Lemma 6. Let gM(8)=TOT".f(q). Then, for r=1,
(]
amn 97@=[ 3 TP rAwa; a6, D.
s1€Tq

Proof. By the strong Markov property,
9" E)=E(f(X);7,2t<7,,y, <7
:Eq(EXu(f(Xc—a) 3T St—0<7)|pery s s<T )

=[' = T rOva; as, .
sleTq

Proof of (14). We prove (14) by induction for . The case of
r=0 is clear if we notice that T f(¢9)=f(Q)P(z,>1). Let (14) be
proved in the case of r. Then, by Lemmas 4 and 5,

TeOF(F, - -, fn)(q)=j‘ B TRF Ly s FIOW ds, ]
01€Tq

n
= v 5[ 5 Tmacovasds ) T TOT )

n
= 2 [] 9:+(0)
Tyyeen,Tp20 k=1
Tyt trp=r+1

so, the case of r+1 is proved.
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