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196. Note on Homogeneous Homomorphisms

By Takayuki TAMURA
University of California, Davis, California U.S.A.

(Comm. by Kenjiro SHOI)A, M.J.A., NOV. 12, 1968)

A homomorphism 9 of a semigroup D onto a semigroup D’ is
called homogeneous if each congruence class of D induced by 9 has a
same cardinal number. A homogeneous homomorphism will be called
h-homomorphism.

Let S be a set and T be a semigroup. Consider a mapping (9 of
T T into the set of all binary operations defined on S, (c,/)@-0,,a,
(c, ) e T T, such that

(x,,a),,rY x,,r(aO,rY)
or all , fl, y e T, all a e S.

Let S T-- {(x, c0 x e S, c e T}. Given S, T, (9, a binary opera-
tion is defined on S T as follows"
( 1 ) (x, )(y, fl)= (x0.,y,
Then S T is a semigroup with respect to (1). The semigroup is called
a general product of a set S by a semigroup T with respect to 0 and
it is denoted by SoT or ST. If a semigroup D is isomorphic
onto some SoT, ISI>I, ]TI>I, then D is called general-product de-
composable (gp-decomposable).

Theorem 1. The following are equivalent"
(2) A semigroup D has a proper h-homomorphism.
(3) A semigroup D is gp-decomposable.
(4) There is a congruence p on D and there is an equivalence a

on D such that
pew, aCw, p.a-w, pa-v.

In Theorem 1, w-D D, r-{(x, x) x e D} and p. a {(x, y) (x, z)
e p and (z, y) e a or some z e D}.

The following theorem is concerned with the relationship between
h-homomorphisms and homomorphisms.

Theorem 2. If a semigroup D is homomorphic onto a semigroup
T, there is a semigroup such that

(5) D can be embedded into D.
( 6 ) D is h-homomorphic onto T and the homomorphism DT is

the extension of the homomorphism DT.
(7) D\D is an ideal of .

Also there is a semigroup D such that D satisfies (5), (6), and (7’)
below"
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(7’) D is an inflation of D.
The concept of general product is the generalization of various

concepts" direct product, Wreath product, semi-direct product, group
extension and so on. For example free contents [3], [4], the semi-
group of all binary operations on a set under a suitable operation [2],
[5], and -semigroups, i.e., commutative archimedean cancellative
semigroups without idempotent are isomorphic to general products;
commutative archimedean semigroups are the homomorphic images
of general products [1].

The detailed proof of this paper will be published in [5] and all
general products of a set S, IS1=3, by a right zero semigroup of order
2 will be published elsewhere; some special case of them will appear
in [2].
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