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1. Introduction and theorems.

1.1. Let f be an even integrable function, with period 2z and its
Fourier series be

(1) f(x)~i a, COS NX.

R. Mohanty [1] has proved the following

Theorem 1. If (I,1) the function log 2r/t)f(t) is of bounded
variation on the interval (0,7) and (I,2) the sequence (n’a,) is of
bounded variation for a 6 >0, then > |a,| < oco.

Later one of us [2] proved

Theorem 1I. If (II,1) f is of bounded variation and r log 2r/t)
0

| df()| < oo and (I1,2) the sequence (n’d(na,)) is of bounded variation
for a 6 >0, then > |a,| < oo.

Recently R.M. Mazhar [3] has proved

Theorem III. If the condition (II,1) is satisfied and (I11,2) the
sequence

n
e > e™a, n=12,...)
m=1

is of bounded variation for an a,0<a<1, then > |a,| <oco.

The conditions (I,1) and (II,1) are mutually exclusive and (I, 2)
and (I1,2) are also. The condition (I11,2) is weaker than (/1,2) ([3],
Lemma 2) and then Theorem III is a generalization of Theorem II.

1.2. Our object of this paper is partly to prove Theorem I with-
out using Tauberian theorem and partly to generalize the condition
(I, 1)as Theorem III, namely:

Theorem 1. Suppose that the sequence (m,) is positive and
increasing and satisfies the following conditions:

(2) My /M S A, My /m, AR for an g, 0<e<0<1,
where M,=m,+m,+ - - - +m, and there is an integer p such that
(3) | 427 (M ;41 /mp) | <A[] for all 7>1.

If (1,1) f is of bounded variation and ‘r log 2z /t)|df()| < oo and (1,2)
0

the sequence
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M S myFa)  (n=1,2,.-.)
k=1

18 of bounded variation, then 3, |a;| <co.

Theorem 2. The condition (1,1) in Theorem 1 can be replaced
by the condition (I,1).

For the proof of Theorems 1 and 2, we use the method in [2].

The sequence m;=¢e**, 1 —0<a<1, satisfies the conditions (2) and
3), with p=1/1—a).

2. Proof of Theorem 1.

2.1. By (@), an=3 rf(t) cos nt dt and then
T 0

/n

—ﬁan=lj sin nt df(t)—— + lj o’
/N

where §’ =4, is taken such that n'-% is an even integer and d,—o, o
being a small positive number <e/(p—1), as n—oo. We write

(4) %2' :nZJ%—U smntdf(t)‘
[

L j dr )|
1n /(k+1)

k=[né

s 1

n=1 N

IA

n=1 N

then we have
5) P=Z L™ igreiss
<AZ[ s "lg A3 |df ()| log k

/(k+1) =1Jx/(+1)

<A 5 [" 1g2E |df<t>|—Aj log 2 |d7(t)] <o
=1Jn/(k+1)

by the condition (1,1). It remains to prove that Q is finite.
2.2. By (1) and the assumption (1, 1),

df(t)~ ; ka, sin kt.

Since sinnt vanishes at the point t{=x/n", the following Parseval
formula [4] holds:

(6) Qn-_-j” sinnt df(H=>3; kakj” _ sinnt sin kt d.
z/nd’ k=1 z/nd’

For the sake of simplicity, we put d,=mr/n", then, by Abel’s lemma,
(7) Qn= fi (Ba)m,- L r sin nt sin kt dt

k=1 5 Yon

[ kl—ﬁ T . .

=2Ak.A( j smntsmktdt),
k=1 My, Jon

k
where A,=73" j’a,m,, since, for any fixed =,
=
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kl—ﬁ % . . A k .
\Ak. j sin nt sin kt dt‘g J—‘Z‘, y"ajmj(
My, Jin =1

ka
8; being the kth partial sum of the series ) a;. Using Abel’s lemma
again, (7) becomes

A

(8) Q=3 Ae a4 L2

k=1 I mk

Zsj((y-%l) My, — y‘%n,))-—»O as k—oo,

J” sin nt sin kt dt)
on

=aliMj'A<jl-a

my

r sin nt sin 7t dt)
dn

- Bl 2o

k=1 j=k+1 J

In order to see this, we have to prove that
(9) % > Mj.A(%’j; sin nt sin jt dt) 0 as k—oo

‘r sin nt sin jt dt> .
dn

P AT
for fixed »n, which is proved when the series
oo *1-8 T
(10) 5 Mj.A(f I sin nt sin jt dt)
J=1 m; in
is convergent for each fixed n. For this purpose we shall prove that

¥ . M, (" . ..
an > 4G —’f sin nt sin 7t dt
j=N mj dn

N’ .
+ j;v G+ M, 4 my) Ln sin nt sin jt dt
G+ M,
j;\l m1+1

ZRN,N'+SN,N'+TN’N/—>O as N >N-—oco.
We can suppose N>n. Since nd, is even multiple of =,

+ j sin ni(sin jt—sin G+ Dt)dt
dn

12 r sin nt sin jt dt = — —(%

an i—m)(G+n
and then, by (2),
(13) |Ryw <A z m <A ;N
Similarly,
14) | Sy | <A NZ 1‘1{15 A( )gA 1L 0 as Nooo.

mj j=N ] +e
By Abel’s lemma,
(15) Ty MEN_I sin nt sin Nt dt
My 1 3n
_ Nz”A((—f’Jf_l)iz‘if_) j sin né sin ( + 1t dt
j=N mj+l on

(£ DMy,

My 41

f " sin nt sin (V' + 1)t di
dn
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and then, by (2),

AM N’ M 1 M 1
16 Ty, N'[=NTJN—+AJZN<W+.’;HJ+F%A< ij))

AMy,
(N/)1+6mNI+1
By (11), (13), (14) and (16), the series (10) is convergent, and then the
formula (8) holds.

2.3. By (4), (6) and (8)

=3 Liqsas L
n=1 N n=1 N

+ —0 as N—oo.

oo y1-6 (r
5 M,A(f’_j sin nt sin jt dt)f
=1 mj in

A(ﬂ) i -1—‘ i} MJ-A<EI” sinntsinjtdt)\.
M,/ |n=1 n | =%+ my; Jon
By the assumption (1, 2),
amn Q<A max i i M, A( j sin nt sin jt dt)‘
1Ssk<eo n=1 N | j=k mj

<A max Z] {
1sk<e n=1 N

Z A “) J‘ sin nt sin jt dt I
in

+( > (j+1)1"’Mj-A(—1—)f sin nt sin jt dtl
mj an

+| 5 GHDTM, S sin nt(sin j6—sin G+ Do)t “
3n

Jj=k My
<A max (R,+S;+Ty).
1Sk<eo
Since
19) J sin nt cos (jil/Z)tdt‘é . A ,
on 2sin t/2 0n|j—nx1/2|
we have, by (2) and Abel’s transformation,
(19)
Re=3 L[ 4 6) T _sinnt o (j—1/2)——cos(j+1/2)t)dtl
n=1 N | j=k o 28int/2
& 1] sin nt
= = | Ak 2T cos (B—1/2)t dt
= ( ) an2s1nt/2 os ( /2
T 1 t .
— A(Al" > _sinnt 12tdt\
Z Y m 28in /2 cos (j+1/2)
=Hhafte 1
=1 n | E'm; o, k—n—1/2]
(M, 1 _JA(__>)_____L____
+ Al 7+ 74 e |
log k& log'y 1 1 1
=4 Jelte—o +4 Z (314-5:’3 ] _j_a+jajs—s>

—4EL A% lf’fi —4 5 a8 <a
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By (2), (8), (17) and (p—1) time use of Abel’s lemma,
@) S=3>1 )HM,A(_L)
n=1 mj

.S" sin nt
am 28int/2
log k& logk (M ) ( 1 ))

e (kf+k1 "M Az(m,c R m A (o

=, lo
A > 087 2 J

= l(pl)

(cos (—1/2)t—cos(j+1/2)t)dt l

A“((H DM, 4 (_Wll_j)).

a2 e

Similarly, by (2), (3), (17) and p time use of Abel’s lemma,

M, logk _oq (M M, log k
@D Tk_s_A-—_’i i +A(k‘ "A( :) + 4K m’; ‘) -

L)) ogs | Ms)

6 (p—De mj X
+

<A+4 5 logi 45 logs

Jim®-Date =k jo--ve

§A+AM+A 5 —l—o—gl—AP*I(M,HA( 1 ))gA.

kt—(p-l)a ik jd—(p—l)a mj+1
Collecting (17), (19), (20) and (21), we get Q< A, which proves the
theorem with (4) and (5).
3. Proof of Theorem 2.
It is sufficient to prove that P in the section 2.1 is finite under the

condition (Z, 1). Putting g(t)=log %75— f(t), we get, by integration by

parts,
7z nl" &3 nd’ T, nﬂ'
Pnzlj ™ sin ntdf(t)::—j " cosnt b dt:—f " cosmt g(®)dt
n Jo 0 g 2
og——t
z/nd’ z/nd8’
=—g(n/n"’)j/ cos ')zm du-{-J/ S cosgu du\dg(t)
log— log A
u u

z/nd’ 3 z/nd’
= —g(n/né’)—l—g ! Mdu—i—g ! (Sc cos mu du)dg(t).
nJo ) 0 2

(log _2£ 0 log a7
u

Thus we have

| Pl =

A s Afr 1401,

n(log n)? log 2::
since
=¥ sin nu =/ (a/nd 1
S 0 + x/m (log n)*

u
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by the mean value theorem, and then
> o 1 1 & =/k | dg(t)]
P=3|P, <A 1 a2 f _1dg®|
;U = nZ=-:2 n(log n)* * nzgl n k=Z[;ﬁ'] 7/ Ge+D) log&z'—
t

§A+YMMM<A.
0
Thus we get Theorem 2.
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