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150. 5-dimensional Orientable Submanifolds of R'. 1I
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Department of Mathematics, Josai University, Saitama

(Comm. by Kinjir6 KUNUGI, M. J. A., Oct. 13, 1969)

1. Introduction. In our previous paper [4], we showed that,
using the vector cross product induced by Cayley numbers, any
5-dimensional orientable submanifold M of R’ admits an almost con-
tact structure.

In this paper, denoting this almost contact structure by (@, &, ),
we shall study the torsion of @. First, we shall prove that if M is
totally geodesic then the torsion of ® vanishes identically (Theorem 1).
Secondly, we consider the converse problem. Unfortunately, this is
not true in general. But we shall prove that if M is totally umbilical,
then the vanishing of the torsion of @ implies that M is totally geodesic
(Theorem 2).

2. Basic informations.

(a) Almost contact manifolds.

Let M be a (2n+1)-dimensional C* manifold with an almost con-
tact structure (9, §, ). Then we have, by definition,

(1) n(§)=1,
(2) 2(§)=0,  79p=0,
(3) 0= —I+7(-)§,

where I is the identity transformation field.

By above relations, it can be easily shown that the rank of ¢ is 2n.

We denote the associated Riemannian metric of (9, &, n) by {, >.
Then it satisfies
(4) n= <‘S s * >’

(5) <9X,0Y)>=<(X,Y)—n(X)n(Y), for any vector fields X, Y on M.

The tensor N(X, Y) defined by
(6) NX, V)=IX, Y]+ 0loX, Y]+ 0lX, 0Y]-[0X, 0Y]

— (X (D) —Y - 7(X))€
is called the torsion of ® and M is called normal if N vanishes identi-
cally.

(b) The vector cross product on R'.

The vector cross product on R is a linear map P: V(R) X V(R")
—V(R,) (writing here P(X, Y)=X®Y) satisfing the following condi-
tions:

(8) XQY, Zy=<(X, T®Z),
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(9) ERNRZ+XRATYRZ)=2X, 2>V <Y, Z>X—<X, V>Z,

(10) Te(YRZ)=7:YRZ+ YRV zZ,

where V(R") is the ring of differentiable vector fields on R,
X,Y,Z e V(R") and T is the covariant differentiation of R'.

3. 5.dimensional orientable totally geodesic and totally umbili-
cal submanifolds of R'.

Let M be a 5-dimensional orientable submanifold of R’. Then
there exist locally defined mutually orthogonal differentiable unit
normal vector fields C,, C, to M.

For any X, Y ¢ V(M), we can put
(11) {‘?Xc'lz —A,X+s5(X)C,

VXCZ= —AzX—S(X)Cu
where — A, X (resp. —A,X) is the tangential part of 7xC, (resp. V'5xC,)
and s is a 1-form on M.

Then the equation of Weingarten can be taken of the form
(12) VyY=VyY+{AX, Y)C +<AX, Y)C,,
where V.Y is the tangential part of 7,Y. It is well known that
is the covariant differentiation of M with respect to the induced
Riemannian metric and A,, A, are symmetric (1,1) type tensors (e.g.

[3D.

We put
(13) S = C1®Cz,
(15) D(X)=X®(C,RC).

Then, as we showed in [4], (9, &, 9, < , D) gives an almost contact
metric structure on M.
Proposition 1. For §=C,QC, and any X, Y ¢ V(M), we have the
following identities :
(16) FxYQERE=V 1Y, EYE—T,Y.
amn NX, V)=(Y®V 3§ —XQFVE)QE + X@V gy & — YRV 55 &
+ (X, Vy&>—Y, Vx))E.
Proof. For (16), we have
FxYQERE=(F xYRE)RE +V x YR(ERE)
=2yY, EYE—LE, EXVxY —V2Y, &6 (by (9)
=FyY, EHE-T,Y.
For (17), we have
NX, V)=I[X, Y1+ 0[9X, Y]+ 0lX, oY]—[0X, 0Y]
—{X-9(¥)-Y - p(X)}¢
=VxY -V X+ Vg3 YRE —V 0XRE 4+ TV 0YRE
—Vor XQE —Vgx0Y + Vgy0X —{X - (Y)Y - n(X)}E
=Y —Vy X4V YRE — My XRE)RE — (XQVyE)RE
+ (V2 YRE)RE + (YR 1£)QE —F gy XQE — T 5, YRE
—YQRVgxE +Voy XRE + XQF g€ — (X - n(Y)—=Y -np(X)}§
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=7XY_7YX"—(<‘7YX’ €>$"7YX)“(X®7Y’S)®$
+(P2Y, EXE—T3Y)+(YQF x6)RE — YRF 556
+X®76Y‘S_(<VXYa §>+<Yy VXE>_<VYX’ $>
—(X,VyENE  (by (16)

=(YQV 1§ — XQVy£§)RE + XRF gy& — YRV 52

+ (X, Vy&>—<Y, Vx£))E. Q.E.D.
Proposition 2. For §=C,®C, and any X ¢ V(M), we have
18) Vyé=—A,XQC,+A,XR®C,

so that consequently

19) V€ +<AX, §C+<A,X, £1C,= - A, XRC,+ A,XRC,

holds good.

Proof. For (18), we have by (10) and (11),
7X§=7X(C1®Cz)

= 7X01®Cz + Cl®7xcz
=(—=A4,X+3(X)C)HRC,+ C,R&(—A4,X—s(X)C)
=—A,X®C;+s(X)C,RC,—C,®A,X —C,®s(X)C,

=—A4,XRC,+ A,XRC,.
And, replacing Y by & in (12) we have the left hand side of (19),
from which (19) follows immediately. Q.E.D.

Theorem 1. Let M be a 5-dimensional orientable totally geodesic
submanifold of R'. Then the torsion of ® vanishes identically.

Proof. Since M is totally geodesic, we have A,=A4,=0, which
implies 7 & =0 by (18) of Proposition 2. Hence we have N=0 by (17)

of Proposition 1. Q.E.D.
Proposition 3. For §=C,®C,, we have the following identities:

(20) C®E=—C,.

(21) CRE=C,.

Proof. For (20), we have
C\®5=CR(C,KC,
= Cl®(01®02) + (CI®CI)®CZ
=2{C,, C,yC,—<C,, C,yC,—LC,, C>C,
=—0C,.
Similarly, we have C,Q&=C,. Q.E.D.
Theorem 2. Let M be o 5-dimensional orientable totally umbilical

submanifold of R7. If the torsion of ® vanishes identically, then M is
totally geodesic.

Proof. Making an inner product N(X, Y) with &, and using (8),
we have
(22) (X, VoyERED—Y, Voxb®ED + (X, VyE>—(Y, Vx£)=0.
On the other hand, since M is totally umbilical we have A=A,/
and A,=21,I, for some scalars 4, and 4, Hence, we have by (18),
VorE=—29YRC,+ 1,0YRXC,.
Thus, we have



No. 8] 5-dimensional Orientable Submanifolds of R’. II 673

VorERE=(—A0YR®C,+ 19YRC)RE
=—-4Y®CHRE + 2,(0YRCH®E
= —2{0Y, £§)C,—<C,, £)0Y —(PY, C,)§ —pYR(C.QE)}
+2{2(PY, £)C,—(C,, £)0Y — (DY, C,)§ —pYR(C,®8)}
(by (9))
= 21Q)Y®(02®$) — 22@Y®(Cl®$)
=4L(YREKVC,+ 2,(YRERC, (by (15), (20) and (21))
=2{—{¥, £C,—YRERC}+ A1{— Y, £C,— YR(ERC,)}
(by (9))
= _21<Y’ S>Cl_lly®cz"‘22<Y, §>Cz+22Y®Cl
(by (20) and (21))
Hence, we have
(X, Varb®E>=(X, —2Y, £)C,— 2, YRC,— ALY, £§>C,+ 2,YRC,>
=X, -2, YR®C,+ 1,YRXC)>
:<X, 17YE>
= <X N2%3 > -
Similarly, we have <Y, VgxE®&E>=<Y, Vy&>.
Therefore, (22) reduces to
23) (X, V€ — (X, PxE>=0.
But, on the other hand, we have
(X, VyED LY, VE>=(X, —AYRC,+ 1,YRC,>
+<Y, —4XRC,+ 1,XKC,>
= —AKX®Y +YRX, C,)+ AL XR®Y +YRX, C;>
=0,
which, together with (23), implies V3£ =0.
Thus, from (19), we have
21<X’ S>Cl + Z2<}{, $>Cz= - 21X®Cz + zz}{®01-
Applying ®C, from the right on both sides of this equation, we
have
'22<X» $>CZ®CIZ - 21(X®Cz)®c1 + 22(X®C1)®Cl
=LXRC,RC)—4,X  (by (9))
that is,
Making an inner product (24) with X, we have
ALX, §'=1(X, X>.
Since p(X)=<(X, &), the above equation reduces to
22<@X, QX>=0’
by virtue of (5).
Since the rank of ¢ is 4 and ¢ , ) is a Riemannian metric, we can
conclude A,=0.
Similarly, we have 1,=0, which shows that M is totally geodesic.
Q.E.D.
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