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1. Introduction and Theorems.

1.1. Definitions. Let > a, be a given series and s, be its nth
partial sum. Let (p,) be a sequence of real numbers such that p,=0,
P,=p,+p,+ -+ +p,#0forallnand | P,| —oo asn—oco. If the sequence
(1) tn: 1 ipn—ksk (n::]-’ 2, "‘)

Pn k=0
tends to a limit s as n—oo, then the series 3 a, is said to be (N, p,)
summable to s. This method of summation is regular if and only if

(2) X |[pJ<A|P,|  forall =1 and p,/P,—0 as n—soo.
k=0
Let f be an integrable function with period 2z and its Fourier series be
(3) f(t)~-%_a0+ i} (a, cos nt+b, sin nt)= i} A, (x).
n=1 n=0

We write () =¢,(0) = f(@x+t)+ fx—t) —2f(x).

1.2. E. Hille and J. D. Tamarkin [1] have applied the (N, p,)
summation to Fourier series. Extending one of their theorems,
O. P. Vershney [2] has proved the following

Theorem I. Suppose that the sequence (p,) of real numbers
satisfies the conditions :

(4) n|p,| <SA|P,|log (n+1)  for nx1,

S k| 4p;)
(5) kglmgAanl for all n=1
and

: | Py |
(6) kglmgAan] for all n=1.

If
[ _ 1 -

(7) q)(t)_joup(u)mu_o(t/log_t_) as t—0,

then the Fourier series of f is (N,p,) summable to f(x).

On the other hand O. P. Vershney [3] proved the

Theorem II. Let (p,) be a positive non-increasing sequence.
Then the Fourier series of f satisfying the condition

o®)=o0 (l/log —1—) as t—0,
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18 (N, p,) summable at the point x, if and only if
U 2 S
kz;l klog (k+1)—

We are going to prove a theorem containing both of above
theorems :

AP, for all n=1.

Theorem 1. Suppose that L(u) is o positive non-decreasing
function on the interval (0, o0), k/L(k) | oo as k—co and f%g%

for all k=1 and that the sequence (p,) of real numbers satisfies the
condition

5, k| 4p, | _
(8) kZ=]1 70 <A|P,| for all n=1.
(i) If
5P| >
(9) ;}x 590 <A|P,| for all n=1,
then the Fourier series of f satisfying the condition
(10) o(t)= j lo@) | du=0/LL/t)  as t—0,
0

18 (N, p,) summable to f(x) at the point x.

i) If P,>0 for all n, then the condition (9) is a necessary and
sufficient condition for (N,p,) summability of f satisfying the
condition (10).

If L(w)=log (#+1) in Theorem 1, this is a generalization of
Theorems I and II.

The case L(u)=(og (#+1))* (0<a< 1) was treated by B.N. Sahney
[4] for f satisfying stronger condition.

The condition (8) implies
a1  n»|p,|L£A|P,|L(n) and n|p,.|<A|P,|L(n) forallnzxz1l
since

A2 2 "y Zhm |22 0 = ey

1.3. We define a function p(u) on the interval (0, o) such that

p(n)=p, for every integer n=>0 and p(w) is linear at every non-integral

point % and is continuous in the whole interval. We put P(u)=I: p)dv

for u>0, then P(n)=3" ps+ %pn-
%=1

We have proved the following theorem [5], as a generalization of
the T. Singh theorem [6]:

Theorem I11. If (p,)is a positive sequence satisfying the condition

12) ST k| dpy| <AP,  for alln=1
k=1
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and if
13) o@®)=o(|p/D|/|PA/D]|)  ast—0,
then the Fourier series of f is (N, p,) summable to f(x) at the point x.
We can generalize this theorem as follows:
Theorem 2. Suppose that (p,) is a sequence of real numbers
satisfying the condition

14 ST k|dpy| <A|P,|  foralln=1,
k=1

then the Fourier series of f satisfying the condition (13) is (N,p,)
summable to f(x) at the point x.
The condition (14) implies that n|p,| <A|P,| and n|p,.,| <A | P,]|
for all n>1.
2. Proof of Theorem 1. By (1), the nth Norlund mean of the
Fourier series is
1 & J" sin (k+1/2)t
= ne t —~———dt
B, &Pt 0O 5 e
" 9@ cos (n+1/2)¢ sin (n— k)t dt
0 2 sin ¢/2
@O SIn VD o6y Rt dt = — i
0 2 sin /2 !
~ We shall estimate u,. We write h(t)=¢(f) cos (n+1/2)t, then, by
(10) and (11)

_ 1 h(t)
j (2 sin t/2)? {k}; Ap,(1—cos (k+1/2)t)

—p,(1—cos t/2)+p,(1—cos (n+ 1/2)t)} dat

n—

1 R
= L(zs—{z Ap(1—cos (lc+1/2)t)}dt+0(1)

in t/2)*
1/k h(t) _
(L +L/k)m(1 cos (k+1/2)t)dt+o(1)
=v,+w,+o(1) as n—oo,
where
]’vn]<‘Pn|ZkZ|Ap,c|j lo(®)|dt=01)  asn—oco

by the conditions (8) and (10), and

w,| < Zl De Ij '9"“)‘ dt=o(1)  asn—oo,

anI

as k—oo

since
= le®l gy [q)(t)] of 2 4 ( k )
.[ ye g2 + j di= L(k)
by (10). Thqs we have proved that un=o(1) as n—oo.
Putting h(f)=¢(?) sin (n+1/2)t, we have
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Wy = h(t) n-1 .
B m {kZ=:1 dp;, sin (k+1/2)t

—p, sin t/2+p, sin (n+1/2)t} dt
ONE

{z Ap, sin (b+ 1/2)t} dt+o(1)

n— I/Ic h(t)

=vw+wn+oax
where 1, =o0(1) by similar estimation to w,. Now, 7, has a different
feature from v,. We have

1 5 (Lm +£/k) ) sin kt dt+ o) =&, + 7, +0(1)

where
n n-1
glpnlkgz klap.) 1ot
—o0 |Pn|L() z; | dpy| )_0(1) as n— oo

by (8) and (10). Again using (8) and (10), we get
P.g.= 3. 4p, jw ROt (kt+ () dt

B}
H

Il
DM iMT

p }jf” Rt dt + 0( P,

1/(J+1)

g
- j’” Rt dt(}jj chpk)+o(an|)

-

=1 1/¢j+1)
e h(t) ( _1./1 )
=5 [t (P(5) 2 () 2+ o0PoD,
since
i
kZ=:1 kdpk:Pj+1_(j+1)pj+l
1 1
- 4+ 4
P(t) tp( )+O(lml+lpj+1l+1l D;1)
and

3

uM

lylzojlf lo®ldt=o(5 ”’f')—oq P,),

2 - g14p;1 ) _
51w [ 1e@idb=o( 5 LB =oqPu)

by (8), (10) and (11). Therefore, putting H(t):j h(w) du, we get

TR T

j=1
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[ () - L2

o FI(t)p(T)dt_‘ ). ( )at-+o0P,)

yn 13 n

j H(t) P( )dt+ o(P,) as n—oo.
1/n
Collecting above estlmatlons, we get

(15) £ = H(t) P( )dt+o(1) a8 N—s00.

7rP yn
By (9) and (10), we get tn_o(l) as n—oo. Hence the condition (9) is
sufficient.

We shall now prove the necessity of the condition (9), supposing that
P,=>0. We suppose that t,—0 as n—oo. If the condition (9) does not
hold, then there are an increasing sequence (n;) of integers and an
increasing sequence (C,) tending to infinity such that

1 PQ1 /t) . o
16) v TLAJE) dt>C, (k=1,2, ...).
We can find a functlon ¢, such that

an j :|¢0(u) |du=e(®). t/L(1/t) for t>0,

where ¢(t) | 0 as ¢t | 0 and ¢(1/n,)=1/+/C, for all k. We define (m,), a
subsequence of (n,), by the inductive method as follows: Let m,=n,,
and if m, is defined, m,,, is taken such that

1/m 1/mp+1
as) [ lemidue [ ™7 g du

Ympg+

and

1 (vmes PAJY) gos 16 1 PA/Y) 41
mkjl/mk tL@/ty 2™ mkjumkltL(l/t) <36V 0

We shall define a function ¢ such that

o) sin (M, +1/2u= | ()| for (1/Mmye,y, 1/Mye_y) (k=1,2, ---).
Then, by (17) and (18),

1 f P(l/t)dtj o(u) sin (my+1/2)u du
mnk 1/mag

1 1/mak—1 P(l /t) .
= I3 j dt (L/m%“go(u) sin (m,, +1/2)u du

mag, ¥ V/M2k

_J:/m2k+l[¢(u)|du) 1 ngk 1 P(l/t) j lo(u) | du

mek

1 (1]*1/7".27«: IP(l/t)dtj |go(u)|du J‘l P(l/t) dt
szk 2 Jymag 1/maj+1 1/mag—1 t?

X [{l g du)

v
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1 (1 [Yma- 1P(l/t) [ PQ/t) 5. (*
= Pmnk (Zj/mak at ISOO(u)Idu fl/mﬁk—l t dtjolso‘)(u)ldu)
1 (1 Y/mae- ‘P(l/ De® 1. [* e(®)P(1/t)
=P, (Z j yma  tL(L[D) at j yma-s  tL(L/%) dt)
1 (e [my) (Vm-r P o, P/t
= P, ( j ymee  tL(1/) at .[ ymap-1 tL(1/1) dt)
; mgk/'\/szk 1 \/Cm,k 1 N/Cm,k as k—»oo,

which is a contradlctlon.

3. TProof of Theorem 2. Proof runs similarly to that of
Theorem 1, so that we shall only remark the following facts. By the
conditions (13) and (14), we get

j | p(t) | t2dt = [D(B)t ,,C+2j DBt dt

§A+o(k)+o(r ltg;gh/ 2)‘ dt) —o(k),

el Py )

—0(3 IpeApel [ 1Pl ) =0(3 Kl dpel ) =o( P,
and then we can use them for the estimation of w, and P,3,, respec-

tively. The integral of (15) is o(ﬁ kal>=0(zn: kldm|+n|pn+ll)
k=1 k=1
=0(|P,|). Thus Theorem 2 is proved.
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