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1. Introduction. The uniqueness theorems for generalized solu-
tions of first order quasilinear hyperbolic equations (or systems) were
proved by either Holmgren’s method [1],[2], or the method of using
the potential function [3]-[5].

The purpose of this note is to extend the uniqueness theorems to
certain second order quasilinear hyperbolic equations with two inde-
pendent variables (Section 2) and with » (>2) independent variables
(Section 3). The proofs of Lemma 1 and Theorem 1 in Section 2 are
based on the potential function, and Theorem 2 in Section 3 is obtained
by Holmgren’s method.

In this note we state the results only. Detailed proof will be
published elsewhere.

2. The case of two independent variables.

In 2={a<x<b,0<t<LT, T>0}, we consider the following equa-
tion

(1) o*u(x, t)/0t*=0A(x, t, u, dou/0x)/dx+ B(x, t, u)
with initial conditions
(2) u®@, 0)=ux),  oulw,0)/0t=vyx)

where %,(x) € Lip[a, b] and v,(x) € L.[a, b]. We assume that A(x, ¢, u, p)
is of class C* with respect to all arguments and satisfies
(3) 0A(x,t,u,p)/0p>0,  0*A(x,t,u,p)/dp*>0
and that B(z, t, u) is of class C' with respect to all arguments.

The definition of the generalized solution u(x,t) of the Cauchy
problem (1), (2) is the following: (a) u(x,t) e Lip(2). (b) u(x,?t)
satisfies the initial conditions (2) and the integral identity

(4) f, w(x, Hyda+ A, t,u, u,)dt — j f B(@, t, u)dadt=0

where I" is an arbitrary piece-wise smooth closed contour, bounding
a domain D and lying in 2. (¢) u,(x,t) possesses the semi-increasing
property with respect to ¢ (in the sence of Douglis), i.e., there is a
bounded measurable function v(z, t) defined in 2 such that

(5) u,(x, ty=v(x, t), a.e. in Q2

and that
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(6) (2, t;),—:(x, Y > K@ for 0<t<t#'<T

where K(t) is a nonnegative and non-increasing function of ¢ on the
interval 0<tT.
Introducing the potential function:

(1) U, b =j:u(x', tyda’ + f :(t—s)[A(s, s, u(&, ), ua(&, )

_BI(E’ 8)]d8,
where & is an arbitrary but fixed number such that & e [a, b] and
(8) B¢, 9= B@,su,s)d,
)

&o(s]
in which &,(s) is some smooth curve in 2, we obtain a nonlinear
integro-differential equation

(9) U /ot=As,t,0U) o, aZU/ax2)+J” B, 1,00, /02)da.
§o(t)

Now we consider the Cauchy problem for the equation (9) with
initial conditions

(10) Uz, 0)= j :uo(x’)dx', oU(z, 0))dt= S”vo(x')dx'.
&

The definition of the generalized solution U(x, t) of (9), (10) is the
following: (a) U(x,t) e C'(Q) and U,,U,c Lip(2). (b) U(z,t) satis-
fies the equation (9) almost everywhere with (10). (c¢) U,, possesses
the semi-increasing property with respect to ¢.

Then if u(x,t) is a generalized solution of (1) with (2), U(x,t)
defined by (7) is a generalized solution of (9) with (10). Conversely,
if there is a generalized solution U(x,t) of (9) with (10), the function
defined by

u(x, )=0U(z, t)/0x
is a generalized solution of (1) with (2).

Let M and ¢, be constants such that

(11) M=max (A,(z,t,u, p)"
12) t,=min (T, (8—a)/2M)
where maximum is taken for (x,t) in 2, |u|< nzaxlUJc(x, t)] and

|p|<sup|U,,(x,t)], and «, 8 are arbitrary numbers such that
2

a<La<fLD.

We shall call a trapezoid T5={(x,t); a+ Mt << f—Mt,0<t<r <t}
a trapezoid of determinacy for the generalized solution U(zx,t) con-
sidered if &,(t) belongs to a rectangle:

a+Mr<x<fp—Mr, 0<t<r<t,.

Denoting by I, the intersection TjN{t=p}, we obtain the following
lemma:

Lemma. Let Uy(x,t),i=1,2, be two generalized solutions of the
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Cauchy problem for the equation (9) with initial data (10) and E(t) be
the integral

(19) E(t):L [_ﬂi_t)(a Uz, t)0t—0U,(x, t)] 5t)?

+@Ux, t)/ax_am(x,t)/ax)z]dx,
where
a9  f@,H= j :Ap(x, t,00U,/0%+(1—0)dU,/dx, 05°U, o

+(1—0)0*U,/0x?da.
Then, in the common trapezoid of determinacy, there exist appropriate
positive constants A and p such that the quantity
e (k(t)*E(t)
decreases monotonically as t increases in the interval 0<tt,, where

k(t) = exp {— j ZIK(p)dp} .

The constant A depends on M=max (A, (x,t,u, p))"?, sup|0*U,/0xat|,
c,=max|A,(x, t,u,p)|, c,c=max|A,(z,t,u,p)|, c;=max|A,,(x,t,u, )|,
c,=max|A,,(x, t,u,p)|, ¢;=min|A,(z,t,u,p)|, c,=max|B,(x,t,u)]
where maximum and minimum are taken over (x,t) in £, |u|<n})ax

|0U,/0x| and over |p|<s%p|azUi/ax2|, t=1,2. The constant p is de-

termined from M, c, and b—a. If B=0, then we may take p=0.

As an immediate consequence of the lemma, we have

Theorem 1. If K(t) is summable in (0, T), two generalized solu-
tions of the equation (1), which satisfy the same imitial conditions,
coincide almost everywhere in a common trapezoid of determinacy.

Remark. We see eagily that the similar result as the lemma is
valid for the Cauchy problem for the equation of the form:

0*u(z, t)/ot*=A(x, t, ou/0x,, - - -, 0u/0x,, Ju)
with initial conditions
u(@, )=u,x),  u(x,0)/dt=v,x)
where x=(x,, - - -, &,) and du=0u/0x3+ - - - + 0*u/0x%.

3. The case of n independent variables. Let S={(x,?);{>0,2
eR", S;={(,1);0<t<T,xecR"} and S;={(,1);0<t<T,zcR"}.
Here T is an arbitrary positive number.

We consider the following second order quasilinear partial differ-
ential equation

(15) 0u(z, t) /0t = Z”} 0A(x,t,u, Fu)/0x,+ B(x, t,u, Fu)
with initial conditions
(16) w(®, 0)=ux),  ou(w,0)/0t=vyx)

where 2 = (z,, - - -, %,) € R", Vu = (0u/0x,, - - -, 0u/0x,), u,(x) € Lip(R™),
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and v, (x) ¢ L. (R®). We assume that A,(x, t,u,p) is of class C* with
respect to all arguments where p=(p,, ---,p,) and A, t, u, p)
=0A(x,t,u,p)|0p; satisfy the following conditions:

1) For all z,t,u and p

amn Aij(x’ t,u, p):Aji(x7 t,u, p)-
2) For all z,t,u,p and all real vectors E=(£,,---,&,)
18) 0<k 3 1< 35 Ao t,u, DI,

where k, is a positive constant.
3) For all z,t,u,p and for each k (k=1, .-.,n)

19 t;n:ﬂaZAi(x’ t,u, p)/apjapk§i$j>0°

We assume that B(zx,t,u,p) is of class C' with respect to all
arguments.

The definition of the generalized solution % of the Cauchy problem
(15), (16) is the following: (a) u(x,t) ¢ Lip (S;). (b) u(zx,t) satisfies
the integral identity

(20) ” gt izl Ay, b, P0G, — B, £, u, P0) - $ldadt
+ |uf(2) P (2, 0)dx— | vy(2)p(, 0)dz=0

for any C*? test function ¢(x,?) with compact support in Sy (o) its
first derivatives wu,(x,?) (=1, ...,n) possess the semi-increasing
property with respect to ¢, i.e., there exist bounded measurable func-
tions v,(x, t) (¢=1, ..., n) defined in S; such that

(21) Uy (T, 1) =02, 1) a.e. in Sy
and that
22) V@ =0, 8) o gy for 0<t<t'<T,

t'—t
where K(t) is a nonnegative and non-increasing function of ¢ on the
interval 0<tT.

Theorem 2. If K(t) is summable on (0, T), the generalized solu-
tion of the Cauchy problem for the equation (15) with the initial con-
ditions (16) is unique.

Outline of proof for Theorem 2. Let u,(x,t), u,(x,t) be two
generalized solutions of the equation (15) with the same initial data.
Then the difference w(zx, t)=wu,(x, t) —u,(x, t) satisfies

@) [ gt SA gt 3 Aue g,
— 37 Bu@, ywa.¢— Bu(x, Ywdldadt=0
where -
A, ) :ﬁA“(x, t, O, + (1 — Oy, OFu, + (L — ) ,)d0,
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A, (e, )= j ;8Ai(x, t, O, + (L—BO)uy, OV, + (L —O)Fu) | Gudb,
By, t)= j :aB(x, t, O+ (L— O)ts, OV, + (L — O)7u) [0p A0,

By, t)= j ‘0B, t, Ou,+ (L — O)ty, O, + (L— O) 1) | dudh.
0
We shall establish that w=0 by showing
24) j j O(x, yw(x, Hdadt=0
t>0

for any C*-function ¢ with compact support in S;.
By assumptions, there exist positive constants &, &,, ¢, ¢,, ¢; and
a function L(t) such that

0</51§ &< ﬁ: z‘iu(x’ t)&iéjﬁ"zg &1,

i,J=1 . -
Aij(x’ tl)_’Aij(x’ t)

AdB D80 e >

~ ~ ~ n
| Asu| <€y | By, | <€ | Byl <05 ;

2

—L(#) 4‘253,0<t<t’<T

for all real vectors & and for any bounded domain in S;. Here L(%)
is nonnegative and non-increasing on the interval 0<t<<T (note that,
if K(t) is summable on (0, T), L(t) is also summable on it). Then by a
familiar argument we may construct sequences of functions {A7,(x, )},
{Ar (2, D)}, {BP(x, D)}, {Bp(x, t)} which are infinitely differentiable and
converge in L (S;) as m—oco to flw(w, t),flm(x, t),BZ(w, t)wm,ﬁu(x, t),
respectively and satisfy

0<m 3181< 3 An(e, D8.8,<k 33 &1,
(25) | A7, )| <c, | BR(, D) | <6 | BY(®, )| <5
3 041w, 0/918.6,> L) 33 &
for all real vectors £ and for any bounded domain in S;.
We now consider the backward Cauchy problem of the equation

(26) 82¢M/at2=iéla(Az'g(x, t)dp™/0x,) 0%, — ; A7 (z, )0p™ /0,

- z By (x, ™ — Br(z, D™ =d(x, £)

with initial conditions
27) o™, T)=0d¢p™(x, T)/dt=0

In virtue of the conditions (24) and the summability of L(t), it is
easily to show the fact that d¢™/ox,, ¢™ are uniformly bounded in
L: (Sp), from which the validity of the relation (24), i.e., the conclu-
sion of Theorem 2, immediately follows.

Remark. If we are concerned with the equation (15) with con-
ditions (19) replaced by
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(19) 304, t,0,0) (00,0048 £, <0,
we must replace the inequality (22) by
@2) D=2 <1ty tor 0<t<t<T,

where J(f) is a nonpositive and non-decreasing function of ¢ on the
interval 0<t<T.
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